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0 Introduction
o qb sk & 1L .

I assume that anyone who reads this lecture notes has already finished the course Probability
Theory (and most preferably, also Measure Theory). It is clear that “Probability Limit Theory”
differs from “Probability Theory” by the additional “limit” in its name. This is what this course
is about.

In a more serious manner, we consider random variables indexed by n, our fundamental large
parameter, and we would like to understand what happens when n gets large. One of the simplest
examples is S, = X; + X9 + -+ + X,,, where {X,,},,>1 are independent, identically distributed
random variables. From the central limit theorem (CLT), we know that under the additional
assumptions EX? < oo and 02 := E[(X; — EX1)?] > 0, we have

Sn — By,

ML ~2, N(0,1) asn — oo,

where M, = o+/n and B,, = nEX].
0.1. Everything but the CLT

The first natural questions is, what happens if EX? = co? This is the motivation of Section
2. We shall see that, without the existence of the second moment, it is not always possible to find
M, and B,, such that S"A}f" converges to a non-trivial distribution; if it does converge, the limit
might not be Gaussian, but it can only be in a very special class of distributions.

When the second moment is finite, we can without loss of generality, assume that EX; = 0 and
EX? = 1. The CLT says S,/v/n 4N (0,1). This convergence in distribution means

li;bn]P’(Sn/\/ﬁ <z)=P(Z<2) (0.1)

for all z € R. Here Z denotes the standard normal random variable. The relation (0.1) is qualitative,
which only holds asymptotically as n — co. In Section 3, we shall see a quantitative version of the
CLT, which says under the additional assupmtion E|X f’| < 00, there exists some C' > 0 independent
of n, such that
sup |P(Sy/v/n < z) — P(Z < 2)| < Cn~1/? (0.2)
zeR

for all n > 1. Obviously, (0.2) is stronger than (0.1): it gives a rate of convergence.

The CLT estimates the probability that S,, ~ x+/n for bounded z, but it does not tell us what
happens when © — 0o as n — oo. This is another topic that we will be treating in Section 3, called
the large deviation theory, where for x > 1, we estimate the probability

P(S, = xv/n).

The CLT estimates the distribution of S,,//n, but it does not tell us anything about S, (w)/v/n
for any particular outcome w € €. In fact, we can deduce from the CLT together with Kolmogorov’s
zero—one law that

]P’(lim sup & = oo) =1, and analogusly IP’(lirnninf & = —oo) =1.

noVn Vn



In particular, S,,//n diverges almost surely. In Section 4, we will show that

. n
lim sup

n  v2nloglogn

which is known as the law of the iterated logarithm (LIL). The LIL tells us about the extreme
asymptotic behavior of .S,,.

=1 almost surely,

0.2. The Matrix

Almost everything we know about S, has its analogue in random matrices, i.e. matrices with
random coefficients.

Let H = HT € RV*N be a real symmetric random matrix. We assume its upper triangular
entries (H;j;)i<; are independent, EH;; = 0, and EHEJ = N~!. This is the model of Wigner
matrices. The conclusions stated below additionally require standard regularity hypotheses, such
as uniformly subexponential tails and the usual non-degeneracy assumptions; the displayed first
two moments alone are not sufficient. In the random matrix setting, we use N as our fundamental
large parameter, and we denote the (real) eigenvalues of H by A\; > Ay > --- > Ay. It is easy to
see that

1Y 1 1 &
~ Y BN =-ETrH?>=— > EH;H;=1.
N & N N

,j=1

In other words, the scaling EHEJ = N~! makes the eigenvalues to have typical size 1. We can
actually show that the empirical eigenvalue density converges weakly to the semicircle law almost
surely, which is equivalent to

N

1 as. (21

i=1

for any bounded continuous test function f. This can be thought as the law of large numbers for
the eigenvalues. For sufficiently regular test functions, one can in addition prove a central limit
theorem of the form

N 2
S ) - N / 2 %\/4 — 22 f(x)de ~L5 N (g, 0%) . (0.3)
=1 -

Note that scaling is very different from the classical CLT: it does not have the normalizing factor
N-12_ This is because the eigenvalues A\1 = A9 = --- > Ay are highly correlated. We can
furthermore also prove a convergence rate for the CLT (0.3). There are also results on the large
deviations and LIL of the eigenvalues, and some of them just came out recently.

We can also talk about the eigenvectors of H. Since H is real symmetric, we have the spectral
decomposition

N
H = E )\Z-ul-uiT,
=1

where each u; € RY satisfies |[u;||2 = 1. First thing we can prove about u is delocalization, namely,
for any € > 0, we have
max [u; (k)| < CN—1/2+e



with very high probability. In fact, we can further show that
VN giui(k) -5 N(0,1)

for bulk indices ¢ under the usual moment hypotheses, where ¢; is an independent random sign.
The sign is needed because an eigenvector is otherwise defined only up to multiplication by —1.

Research topics in random matrix theory normally have natural intuitions from classic proba-
bility theory, and the questions are hard enough that we are still working on some of them today.
In this course, if time permits, I will introduce some of the results to you, and hopefully, also give
some ideas of their proofs.



1 Preliminaries

This section recalls some basics in probability theory that we will use later.

1.1. Probability space, random variable, and probability distribution

Recall that the fundamental element in probability theory is the probability space (92, A,P).
Here ) is the sample space, which is the set of all possible outcomes of a random process under
consideration. The elements of 2 are denoted by w. A is a o-algebra on 2, which is a collection of
subsets of () satisfying

(i) Qe A
(ii) If A € A, then A° € A,
(iii) If A; e Aforalli=1,2,..., then U;4; € A.

The elements of A are called events, and A is often referred as the event space. Finally, a function
P: A — Ris a probability measure on A, which satisfies

(i) P(A) >0 for all A € A,
(ii) P(Q) =1;

(iii) For any 4; € A,i=1,2,...,if A;NA; =0 for all i # j, then
]P’(UAi) =Y P(4y). (1.1)
i=1 i=1

Remark 1.1. The property (1.1) is called countable additivity. Tt is a sufficient condition of finite
additivity, which says for any A; € A,i=1,2,...,n,if A;NA; =0 for all i # j, then

IP’( Q Ai) - i]P’(A,»). (1.2)

By setting Ay = () for all £ > n + 1, one can obtain (1.2) from (1.1).

Exercise 1.2. We say a function P : A — R is upper semicontinuous if for any By O --- D B, D -
satisfying N;>1B; = 0, then lim,_,, P(B,) = 0. Show that P is countable additive if and only if P
is additive and upper semicontinuous.

Next, X is said to be a random variable on the probability space (€2, .4, P), if it is a function
X : Q — R, and it is measurable w.r.t. 4. Let B denote the Borel o-algebra on R, and set
Px : B — R as Px(B) := P{w : X(w) € B}). Then we can induce a new probability space
(R,B,Px) from (2, A,P).

The function F(x) := P(X < x) is the (cumulative) distribution function of the random variable
X. It has the properties

(i) F' is non-decreasing, right-continuous;

(i) limy——oo F(z) =0, and limy_,o F(x) = 1.



Conversely, if a function F satisfying the conditions (i) and (ii) above, there exists a random variable
X whose distribution function is F'.

If two random variables X and Y have the same distribution function, we write X 2y, But
be careful that X and Y do not need to be on the same probability space.

Roughly speaking, there are 3 basic types of random variables. If there is a countable set B C R,
such that P(X = z) > 0 for all z € B, and P(X € B) =1, then X is a discrete random variable. If
P(X € B) = 0 for any Borel set B C R with Lebesgue measure 0, then X is absolutely continuous;
if there exists a Lebesgue-null Borel set B C R such that P(X € B) =1 and P(X = z) = 0 for all
x, then X is singular.

For an absolutely continuous random variable X, its distribution function Fy (x)! is also abso-
lutely continuous. As a result, for all x € R we have

Fx(.r) = /I px(t)dt

—0o0

for some nonnegative function px. Here px is called the density function of X.
By Lebesgue Decomposition Theorem, any distribution function F' can be written as

F(a:) = C’lFl(a;) + CQFQ(x) + 03F3(x) R

where C; > 0, 2?21 C; = 1, and Fy, Fy, F3 are the distribution functions of a discrete, absolutely
continuous, and singular continuous random variable respectively.

If Xy, ..., X,, are random variables defined on the same probability space, then X = (X7, ..., X;,)
is a random vector with distribution function

F(z1,...,xy) =P{{X1 <21, ..., Xy <ap}).
The marginal distribution of X; is

Fi(z;) == lim F(z1,..,zy) =P(X; < ).
x;j—00, jFi

Events F1,...,E, € A are independent if for every 1 < i1 < i9 < -+ < i < N, P(ﬂ?zl Eij) =
H§:1 P(E;;). If for any Borel sets By, ..., B, C R, the events {X; € Bi},...,{X, € B,} are
independent, then we say that the random variables X1, ..., X,, are independent. Equivalently,
random variables X1, ..., X, are independent if F(z1,...,z,) = [[}] Fi(zs).

If X4, ..., Xin+n are independent random variables, and f : R™ — R, g : R® — R are measurable,
then f(Xy,..., X;n) and ¢(Xpmt1, ..., Xintn) are independent.

Exercise 1.3. If X; and X» are independent, with distribution functions F; and F5 respectively,
prove that
FXH_XQ(QJ) = P(Xl + X9 < 1’) = / Fl(.%' - u)ng(u)
R
where then RHS of the above is the Riemann-Stieltjes integral. If we further know that X; and X»
have density functions p; and po respectively, then

P45, (&) = /R p1(z — wpa(u)du = py * pa(z).

Here the last notation is the conwvolution of p; and po.

'In the sequel, we shall omit this subscript if the dependence is clear.



1.2. Expectation

Suppose X is a random variable on (2, A,P). If [, |X|dP < oo, then we say the expectation of
X exists, and it is defined as

EX ::/XdIP’:/X+dIP>—/X‘dIP:/:UdFX(:n).
Q Q Q R

Recall that X := max{X,0} and X~ := max{—X,0}. Here [-dP are Lebesgue integrals, and
[ -dF(z) is the Riemann-Stieltjes integral. As expectation is essentially integration, it is linear, in
the sense that for any number a, b, we have

E(aX +bY) = aEX + bEY

provided that EX,EY exist.
More generally, for measurable g : R — R, if [ [g(X)|dP < oo, then

Eg(X) = /ﬂ 9(X)dP = /R o(2)dFx(z).

If X has a density function px, we can further write Eg(X fR g(x x)dz. For k > 1, the k-th
moment of X is denoted as

my, = EX* = /R:I:deX(x).
If EX? < oo, the variance of X is denoted as
Var(X) := E[(X —EX)?] =my —m? > 0.
The next result is a handy formula for calculating the expectation.

Theorem 1.4. Suppose the random variable X is nonnegative almost surely (we will abbreviate it
as a.s. in the future). Then EX ezists if and only if fooo P(X > z)dx < o0, and

e
EX:/
0

Proof. As the integrand below is nonnegative, Tonelli’s theorem applies, with both sides initially
allowed to equal +o00, and gives

EX = /X )dP(w // 1< x(wyde dP(w / / 1< x(w)dP(w )dx—/ P(X > z)dx.

This finishes the proof. O

Exercise 1.5. In the above proof, it is also OK to use the 1,y in the second step, which leads
to the result EX = fooo P(X > z)dx. Let us discard the proof, and simply compare the two results.
Why does

/ P(X > z)dx :/ P(X > z)dx?
0 0

Corollary 1.6. In general, E|X| < oo if and only if [[°P(X > x)dx,f_ooo P(X < z)dz < oo, and

0
EX = / d:v—/ P(X < z)dx.

—0o0



Corollary 1.7. For p € (0,00), E|X[P < oo if and only if 00 | P(|X| > n'/?) < co. It is also
equivalent to >"°° | nP71P(|X| > n) < oo.

Proof. By Theorem 1.4 and the change of variable x = 4P, we have

EIX? = / (X[ > o)de = / P 'P(IX] > y)dy

Observe that

/ P(IX| > /) dﬂf_Z/ P(|X| > z'/7) dx<Z}P’|X|>n1/P ZP(|X|>n1/p)+1
0 n=0 n=1

and

Z/ P(|X| > z'/?) dx>Z]P’\X|>(n—|—11/p Z]P’\X|>n1/p)

n=0 n=1

Thus [(°P(IX[P > z)dz = [[°P(|X]| > 2!/P)dz < oo is equivalent to > oo P(|X| > n!/?) < oo.
To compare the remaining integral and series, put ¢(y) = ¥ 'P(|X| > ). If 0 < p < 1, then ¢ is
non-increasing on [1,00), so the integral test applies. If p > 1, then for every n > 1,

n+1
P TP(IX| > n+1) < / Y TIB(IX] 2 y)dy < (n+ DPTIP(X] 2 n).
n
The shifted series on the two sides have the same convergence behavior as Y o n?~'P(|X| > n).

This proves the last equivalence for every p > 0.

O
Lemma 1.8. For any real random variable X, there is at least one m € R such that P(X >
m),P(X <m) > 1/2. In this case m is called a median of X.

Proof. Let 1 := inf{x : P(X < z) > 1/2}, then by the definition of x;, we have

PIX <z)=lmP(X <z)>1/2

zlry
and
P(X <z;)=limP(X <) <1/2.
T
Thus P(X > x1) > 1—1/2 =1/2. This makes z; a median of the random variable X. O

Next we introduce the expectation for random vectors (Xi,..., X, ). Suppose g : R" — R is
Borel measurable, and the random vector has the distribution function F(zx1, ..., x,), then

Eg(Xl,...,Xn):/ 9(1, ey op)AF (21, ooy ) -

If EX? + ]EXJ? < 00, their covariance is defined by
Cov(X;, X;) = E(X; — EX;)(X; — EX;) = E(X;X;) - EX;EX;
If both variances are positive, their correlation is

(jOV()(i,}(j)
(Var(X;) Var(X;))/2

Corr(X;, X;) ==

10



If one variance is zero, we set the correlation equal to 0 by convention. It is easy to see that we
always have Corr(X;, X;) € [-1,1].
If X; and X; are independent, then for any measurable function f, we have

E[f(X:)f(X;)] = Ef(X)Ef(X;),

provided that the expectations exist (Quick question: how to generalize the above relation to f(X;)
and g(X;)?). In particular, Cov(X;, X;) = 0 for independent X; and X;.
Finally, for a random variable X, recall the moment generating function

Mx(t) =EetX .
If My is finite on a neighborhood of 0, its name comes from the identity
my, = EXF = (0f Mx(1))],_,

for all k£ > 1. For independent X; and Xj;, we have Mx, x,(t) = Mx,(t)Mx;,(t). The moment
generating function also has the following nice property.

Theorem 1.9. For two random variables X and Y, suppose there exists ¢ > 0 such that Mx(t)
and My (t) are finite and equal for every t € (—c,c). Then X Ly,

However, the moment generating function has a huge disadvantage: it does not always exist.

Think about a random variable X with the density function px(z) = Ce_\/m, where x € R, and
C' is a normalization constant. Then all moments of X exist, but Mx(t) = oo for all ¢ # 0. In
the next session, we recall the mathematical object that is strictly more handy: the Characteristic
function.

1.3. Characteristic function

The characteristic function of a random variable X is defined by
ox(t) == Eel'X = / AR (x) .
R

By triangle inequality, |¢x (¢)| = |Ee™X| < Ele*X| = 1. In other words, the characteristic function
always exists. We summarize some useful properties of ¢ in the next result.
Theorem 1.10. (i) If X and Y are independent, then oxi+y = ¢x - ¢y

(i) The characteristic function is uniformly continuous on R.

(i4i) For any k > 1, if E|X|F < oo, the kth moment can be represented as
my, = EXF = (—0)* - (0 ox (1)) ],y -
(iv) [6, Theorem 3.3.11] For any random variable X and any a < b, we have

T e ita _ e—ltb

Jim o . o ex(t)dt =P(X € (a,b)) + %(]P’(X € {a,b})).

In particular, it implies that ox = py if and only if X 1y (why?).

11



(v) [6, Theorem 3.3.14] If [, |ox(t)|dt < oo, then X has bounded continuous density function,

which is given by
1

) = / e oy (t)dt .
2w R

(vi) There is a continuous branch of log ¢ x (t) in a neighborhood of 0, normalized by log ¢ x (0) = 0.
For £ > 1, if E|X|* < oo, then this branch is £ times differentiable at 0. In this case, for
k=1,2,....¢, we set

px (x

Cr(X) = (=0)" - (97 log ox (1) |,
to be the kth cumulant of X. It is not hard to see that C1(X) =EX and C2(X) = Var X.
Remark 1.11. (i) The converse of Theorem 1.10(i) is not true. If px iy = ¢x - py, then we say

that X and Y are subindependent. For instance, let X =Y with the density function

1
p(iﬁ):m,

which is the Cauchy distribution of scale 1. Then X + Y = 2X has density function

Ba) = — 2>
P = w4+ 22)’
One can check that @x .,y (t) = ox(t) - @y (t) = e 2.

However, if o,x1pv = wax - @py for all a,b € R, then X and Y are independent. To see this,
for a random vector X = (X7, ..., Xj), we define its characteristic function at t = (t1, ..., tx) by

k
@X(t) = Eexp (i Z tiXZ) .
i=1
As an extension of Theorem 1.10 (iv) to higher dimensions, we can show that
px = py if and only if X 4y, (1.3)
Now let X’ £ X, V' £V, and X',V independent. Then
PaX+bY = PaX " PbY = PaX’ LY’ = PaX'+bY’
for all (a,b) € R2. As a result, (X,Y) 4 (X', Y.
(ii) Although the moment generating function and characteristic function uniquely determines

the distribution, the same cannot be said for moments. A classical example is the (perturbed)
lognormal distribution X,, which has the density

(0] .’L'z
palz) = 1 eXp(_(lg)

5 5 )(1—|—asin(27rlogx)),:z:>0.
T

One can check that, EX* = EX¥ for all a,a’ € [-1,1] and k > 1 (see [6, Section 3.3.5]).

(iii) In part (vi) of Theorem 1.10, it is worth mentioning that it is not possible to define
logz : C\{0} — C that is even continuous. However, if f : R — C is differentiable and f never
vanishes, logof is differentiable. In this case, the log function takes value on the Riemann surface.

12



1.4. Convergence in distribution

Let F, Fy, F5, ..., be the distribution function of X, X;, Xo,... respectively. We say that F),
weakly converges to F (write F,, = F), if for any continuous points z of F, we have

li}@n F,(x) = F(z). (1.4)

In this case, we say that X,, converges in distribution to X, and we write X, 4 x.

Remark 1.12. It is important to only require the convergence at continuous points of F'. Consider

random variables X,, uniformly distributed on [0,1/n]. Obviously, X, 4 0 = X. We have
Fx(0) = 1, while Fx, (0) = 0 for all n.

Theorem 1.13. The following conditions are equivalent.
(i) Xo 5 X.

(ii) For any bounded continuous function f, we have lim, Ef(X,) =Ef(X). It is enough to test
this identity on bounded differentiable functions, or on smooth compactly supported functions.

In reality, the next result is used more often.
Theorem 1.14. Let X1, Xo, ... be random variables with distribution function Fi, Fo, ....

(i) If there exits a random variable X with distribution F, such that F, = F, then lim, ¢y, (t) =
ox(t) for all t € R.

(ii) Iflim, px, (t) exists for allt € R and lim, ¢x,, is continuous at 0, then there exists a random
variable X with distribution function F', such that

limgy, (t) = ox(t), VtER and F, 3 F.

Moreover, (by Arzela—Ascoli) the convergence of py, is uniform on any compact set.

Remark 1.15. (i) Theorem 1.14 (ii) holds in a slightly general form. Let p,, be a sequence of finite
nonnegative measures on R with Fourier—Stieltjes transforms

onlt) = /R €1 dyin (1)

Suppose ¢, converges to ¢, and ¢ is continuous at 0. Then there exists a finite measure on R such
that ¢(t) = [pe™du(z) and py 2 p. This is known as continuity theorem for Fourier—Stieltjes
transforms.

(ii) If we go back to the proof of Theorem 1.14 (ii), the condition that lim, ¢, is continuous
at 0 is essentially due to the tightness property. As a counter example, let X,, := A (0,n?). Then
ox, (t) = exp(—t?n?/2). Obviously, (X,,) does not converge, and

1 if t=0
lim goXn(t):{ !

n—00 0 otherwise.

Let us give the proof of Theorem 1.14 (ii) here. We start with the following result.

13



Theorem 1.16 (Helly). Let F,, be a sequence of distribution functions on R. Then there ezists a
subsequence F,, and a right-continuous, non-decreasing function F' on R such that

li]£n Fo,(x) = F(z)

on all continuous points of F'.

Lemma 1.17. If a sequence of probability measures pu, on R is tight, i.e.

Ve, IM >0, suppu,([-M,M]°) <e,
n

then any subsequential limit of Fy,(x) := p,((—o0,z]) is a distribution function?.

Proof. Let F satisfy
F(z) = lilgn Fp, (x)

at all continuous points of F'. Since each F,, is non-decreasing, so is F'. In addition, it is easy to see
that F' € [0, 1] and the discontinuous points of F' are at most countable. Suppose F is discontinuous
at wg, which means F(zo—) := sup,,, F'(z) < F(xo+) = infy>, F'(z). Note that we have the
freedom of choosing the value of F' at z¢ (it is not decided by F,, ). Set F(zg) = F(x0+) makes F
right-continuous at xg. Thus F' is always right-continuous and non-decreasing.

Let ¢ > 0 be given. Choose R > 0 such that sup,, un([—R, R|°) < €. Since F has at most
countably many discontinuities, we may choose M > R such that both M and —M are continuity
points of F. Thus

lim F(z) < F(—M)= lilgnFnk(—M) <e

T——00
and
1— lim F(z) <1—F(M)=1-limF, (M) <e.
T—00 k
This implies lim, o, F(z) =0, and lim,_,, F'(z) = 1. Hence F is a distribution function. O

Proof of Theorem 1.14 (ii). Let ¢ := lim,, ¢x,, and we use p, to denote the probability measure
on R induced by F,.

We first show that {u,} is tight. Let ¢ > 0. Since ¢ is continuous at 0, we can find a small
u > 0 such that

1 [« 1 u
> / (1-Rep(®))dt = “tim [ (1 - Repx, (1))t

U J _y u nJ oy
where in the second step we used Dominated Convergence Theorem. There exists ng > 0 such that

1 u
22> 1 [ (1= Repx, ()i

U —Uu
for all n > ng. Note that

1/u (1Rengn(t))dtZ/Ri/:;(lcos(tx))dtan(az) :2/ - YR (@)

U J_y, R uT

1
> 2/ 1— —dF,(z) > pnfx |z > 2071},
|z|>2u—1 ’ux‘

2As in (1.4), we only require convergence at points where the limit function is continuous.
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Hence 2¢ > pp{z : |z| = 2u~!} for all n > ng. By increasing 2u~!, if necessary, to control the
finitely many measures pi1, ..., tiny,—1, this shows {u,} is tight.

By Theorem 1.16 and Lemma 1.17, there exists a subsequence F;,, that converges to a distri-
bution function F'. Thus

or =limpy, =limpx, =¢.
k n

As ¢ is unique, any subsequent weak limit of F,, must equal to F.
Finally, suppose F;, does not converge to F, then there exists a subsequence F;, such that at
some continuous point x of F', we have

[P (z) — F(z)| > €
for all kK > 1. In other words, any subsequent weak limit of F;,, cannot be F. But per Theorem
1.16 and Lemma 1.17, F;, possesses a subsequent weak limit. This contradicts to the previous
paragraph. Hence we must have

F, 5 F and limer, = ¢F.
n

This finishes the proof of the first statement. The uniform convergence of ¢, on compact intervals
is left to the readers as an exercise. O

Let us also mention the multi-dimensional case. Let F),(z1,..., %) be a sequence of distribution
function on R¥. If there exists a distribution F such that

lim F, (x1, ..., xg) = F(z1, ..., k)
n

on all continuous points of F', then we say F,, weakly converges to F. In practice, we use the
following characterization in high dimension.

Exercise 1.18. Let X,, = (Xp1, ..., Xur) be a sequence of random vectors in RE. If there exists a
random vector X = (X7, ..., Xj) such that

k k
d
ZaiXm- — ZaiXi
i=1 i=1
for all (ay,...,ax) € R*. Use (1.3) to show that X, 4 X.

1.5. Other forms of convergence

Let X, X1, Xo, ... be random variables defined on the same probability space (£2, A4, P). We say
that X,, converges to X almost surely (or a.s.) if

P({w: liranXn(w) =X(w)}) =1.

The next result gives a more accessible condition for almost sure convergence [11, Page 52,
Theorem 5.2].
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Theorem 1.19. X,, — X almost surely if and only if for any € > 0, we have

nlLIEOP(sup | Xm — X| > 5) =0.

mzn

As a consequence, if Y P(| X, — X| > ¢e) < oo for anye >0, or Y E|X, — X|® < oo for some
c >0, then X,, = X almost surely.

Let X, X1, X, ... be random variables defined on the same probability space (2,.4,P). We say
that X,, converges to X in probability (write X, LA X), if

lim P(|X, — X|>¢)=0

n—o0

L
for any € > 0. For p > 0, we say that X,, converges to X in L, (write X, = X), if
lim E[X, — X[? = 0.
n—o0

Theorem 1.20. There are various relations between different types of convergence of random
variables.

(i) Xn — X a.s.implies X, 5X.
(ii) X, 28 X implies X, 5 X
(iii) X, = X implies X, % X.
(v) If X, 4 c for some constant C, then X, 5c.

Exercise 1.21. Give examples that the converses of Theorem 1.20 (i) — (iii) are not true. Give

L
examples to show that there are in general no relation between X,, - X a.s.and X,, = X.
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2 Infinitely divisible distributions and the universality of random
variable sums

Think about a collection of random sequence X1, Xo, ..., where
Xn = (th ---:Xnkn) .

We assume that for each n, the random variables X fn), e X ,g::) are independent, and lim,, k,, = oc.

In this section, we are interested in studying the limit of

kn
S, = ZXM . (2.1)
k=1

In Section 2.2, we shall see that under mild conditions, if S, converges, the limit always lies in a
special class of distributions that are “infinitely divisible”. Thus in Section 2.1, we first introduce
properties of infinitely divisible distributions. In Section 2.3, we consider the special case k, = n,
and completely characterize the possible limiting distributions of 5,.

2.1. Infinitely divisible distributions

A characteristic function ¢ is infinitely divisible, if for any n > 1, there exists a characteristic
function ¢, such that

p(t) = (en(t))" (2.2)

for all t € R. In this case, the corresponding distribution F' of ¢ is called an infinitely divisible
distribution. In other words, a random variable X is infinitely divisible, if for any n > 1, we can

find i.i.d.random variables X1, ..., X, such that X 4 Xo1+ - Xon-
Example 2.1. The following class of random variables are infinitely divisible.

(i) A degenerate random variable X that only takes value at point ¢, i.e. P(X = ¢) = 1. Then
SOX(t) _ eict _ (ei%t)" ]

(i) Let X < A(y1,02). Then

2,2 pooo® \yn

px(t) = exp(iut — o“t°/2) = (exp (itﬁ - —)) :

(iii) Let X g Poi()), i.e. Poisson distribution with parameter A. Then

it At "

ex(t) = exp(A(e" 1)) = (exp (S = 1)) )

(iv) Let X be Cauchy-distributed with parameter v > 0, i.e. X has density function px(z) =

1. _ v
- 72+$2,1‘6R. Then

px(t) = e MM = (e=alth)™

Theorem 2.2. (i) If v1,...,0k are infinitely divisible characteristic functions (IDCF), so is @1 - - p.
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(ii) If ¢ is an IDCF, so is |p|.

Proof. (i) Let us prove the case when k = 2; the general case follows by induction.

Let 1 and @2 be the characteristic functions of X and Y respectively. W.L.O.G. assume X
and Y are independent. Then ;9 is the characteristic function of X + Y. In particular, we see
that the multiplication of characteristic functions is again a characteristic functions.

Let n > 1. Since 1 and (o are infinitely divisible, there exists characteristic functions ¢1, ¢
such that ¢1 = @7, p2 = ¢5. Then @12 is also a characteristic function, with

P12 = (P1p2)" .

This finishes the proof.

(ii) Let n > 1, then there exits a characteristic function ¢ such that ¢ = ¢?*. If we write
B(t) = Ee™X, then ¢(t) = Ee X = Eeit(*f) is also a characteristic function. By (i), ¢¢ is a
characteristic function, thus |p| = |$?"| = (¢¢$)" is an IDCF. O

Theorem 2.3. Let ¢ be an IDCF. Then ¢(t) # 0 for all t € R.

Proof. By Theorem 2.2 (ii), |¢| is also an IDCF. Let ¢, be a characteristic function such that
lp| = @, If we examine the proof of Theorem 2.2 (ii), ¢, can be chosen to be the nonnegative nth
root of |p|. Thus

o(t) := lim ¢, =

{1 it () #0 23)

0 if ¢(t)=0.
As ¢(0) = 1 and ¢ is continuous, ¢(t) is non-zero in a neighborhood of 0. Thus ¢(¢t) = 1 in a
neighborhood of 0. In particular, ¢ is continuous at 0. By Theorem 1.14 (ii), ¢ is a characteristic

function, which implies ¢ is continuous. By (2.3), ¢ can only take value 0,1. Since ¢(0) = 1, we
must have ¢(t) =1 for all t € R. Using (2.3) again, we see that ¢(t) # 0 for all ¢ € R. O

Remark 2.4. In (2.2), it is not instantly clear which phase ¢,, sits among the n possible ones. As
¢ is never 0, we can write ¢(t) = exp(log¢(t)), where log ¢(t) takes value in the Riemann surface
and is continuous w.r.t.t. Let ¢y (t) := exp( log ¢(t)), where we choose log ¢(0) = log1 = 0. Then
©n and ¢, are both continuous, (¢, (¢))" = (¢, (t))™ for all ¢, and ¢, (0) = ¢,(0) = 1. Define

w(t) = on(t)/dn(t) ,
then (w(t))™ =1 for all t. Thus for each t, w(t) = exp(2kni/n) for some k € {0,1,....,n —1}. Asw

is continuous and w(0) = 1, we must have w = 1. As a result

1
#nt) = 6ut) = exp (- logia(1))
In the sequel, for a characteristic function ¢ = exp(log ¢(t)), we sometime use the notation /™
to denote @'/ (t) := exp(L log ¢(t)), where log ¢(0) = 0.

Theorem 2.5. If a sequence of IDCF (¢p)m>1 converges to the characteristic function o, then ¢
s also infinitely divisible.

Proof. Fix an integer n > 1. Let v, , be the distinguished nth root of ¢,,, and let v, , be its
probability law. Since ¢, — ¢ uniformly on compact sets and ¢(0) = 1, on some interval [—§, J]
the function ¢ is nonzero and the normalized logarithms converge uniformly. Hence

1
Ymalt) — exp (- loge(®), It <6,
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and the function on the right is continuous at 0. The tightness estimate from the proof of Theorem
1.14(ii), which uses only characteristic functions near 0, shows that {1y, }m is tight. Choose a
subsequence converging weakly to a probability law v, with characteristic function ,,. Then, for
every t € R,

o(t) = li}n ©Om; (t) = liJm T/ij,n(t)n = ()"
Thus ¢ has an nth characteristic-function root. Since n was arbitrary, ¢ is infinitely divisible. [
For the rest of Section 2.1, we shall prove the following result.

Theorem 2.6. The function o is an IDCF if and only if it can be represented as
_ . i itr 1+ z?
Sp(t) = exp (lat ‘l—/R (el r_ 1— m) TdG(CU) )
where a € R is a constant, and G is a bounded, non-decreasing, right-continuous function. In

addition, for g(x) := (eim —1- xith) 1J£§2 , define

= 1 = ——
9(0) := lim g(z) = —5
so that g is continuous in R.

The next section consists of some preparation work.

2.1.1. Poisson-type representation. Let A > 0, o, 5 € R. The random variable X is called
Poisson type random variable, if

PX =a+pk)=¢"—
for k=0,1,2,.... We write X := Poi(\, «, 5). It is not hard to see that

vx(t) = exp{iat + )\(eiﬂt - 1)}.

Proposition 2.7. Let ¢ be a characteristic function. It is infinitely divisible if and only if it is the
limit of finite multilpplicaions of the characteristic functions of Poisson type random variables.

Proof. (i) Suppose ¢ = lim,, ¢, where
om(t) = exp{iont + A1 (e”t — 1)} - - exp{iot + A (P — 1)},

and oy, B;, \; are parameters possibly depend on m, then by Theorem 2.2 (i), ¢, is infinitely
divisible. Together with Theorem 2.5, lim,, ¢, is also infinitely divisible.
(ii) Let ¢ be an IDCF. By Theorem 2.3 and Remark 2.4,

1 1
©'/" = exp (ﬁ log4p> =1+ - log +O(n™?%).
Thus for any t € R,
log p(t) = lim (" —1) = lim n(pn — 1)

n—oo

= lim n/R(eim — 1)dF,(z) = lim n/m (e — 1)dF, (),

n—00 n,Mm—00 —m
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where @, = <p1/ ™ is a characteristic function, and we denote the corresponding distribution by

Fo. Let —-m = 29 < 21 < -+ < &y = m, limymax;(z;41 — 2;) = 0. By the definition of
Riemann-Stieltjes integral,

=2

m —1
n/ (" —1)dFy(z) = lim n Y (e —1)(Fy(xj11) — Fu(w))

—m N—oo

.
o

—1
= i A —1
Ngnoo Z

where \j = n(F,(zj41) — Fu(z;)), Bj = xj. Thus

e(t) = lim Hexp (elFi — 1)).

nmN—>oo

For each integer R > 1, first choose the truncation and then the mesh so that the preceding
approximation is uniform for [¢| < R. A diagonal choice of n, the truncation radius, and the mesh
therefore produces one sequence of finite products converging to ¢ uniformly on every compact
t-interval. This finishes the proof. ]

2.1.2. The Lévy-Khintchine representation for infinite divisible characteristic func-
tions. Let a € R, and G(z) is a bounded, non-decreasing, right-continuous function on R. Define

. it itz \ 1+ 22
£(t) —1at—{—/R(e T 332“) ——dG(a). (2.4)
The next result proves the “if” part of Theorem 2.6.
Proposition 2.8. The function ¢¢®) is an IDCF.
Proof. By Riemann-Stieltjes integral, we have
oo, it 1 2 m : it 1 2
/ (¢ =1 ) =5dGE) = T [ (e 1 - )2 dG()
0 z>+1/ =z m—oe Ji/m, z>+1/) =z
N-1 . 2
. . it itx; 1+ o
© i 2 (1 ) Gt - 0,
j=0 J J
where 1/m =zg <21 < --- < xy =m, limy max;(zj11 —x;) = 0. Set
)‘j: xjg J(G(xj—l-l)_G(wj))a Bj = Zy, O‘j:_lj_;?a
then N1
o) : 2 —
.— it. lt‘r 1 + xz o . . it,@‘
= /o (¢ -1- ) d6@) = lm 2 (iast + X (e = 1)) .
The same can be done for I := f?oo g(x)dG(z). Note that
2
Et)=dat + 1) + I — E[G(O) - G(0-)],
and we conclude the proof by Theorem 2.2 (i) and Proposition 2.7. O
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To prove the “only if” part of Theorem 2.6, recall the definition of £ from (2.4), and let us

introduce
v sin 2
M@:[(L-ff;%m@ (2.5)
and
1 _
Mw:aw—[;ﬁt+m;5“ " an, (2.6)

where A(y) := (1 — %)1;—%’2 is defined at y = 0 by A(0) = 1/6. Clearly, A is nonnegative and
bounded. If A(co) > 0, then A(z)/A(c0) is a distribution function; if A(co) = 0, then dG = 0 and
no normalization is needed. In addition, by Fubini’s Theorem,

1, 2 1 2
A(t) = / / e (1 — cos hx) Lte dG(z)dh = / / e (1 — cos hx) Lte dhdG(z)
0o JR R J0

22 22

_ it _sin:v 14 22 _ it
—/Re (1 . ) 2 dG(J:)—/Re dA(z) .

When A(co) > 0, A(t)/A(o0) is the characteristic function of the distribution A(x)/A(c0).

(2.7)

Lemma 2.9. Let G(—o0) = 0. Then there is a one-to-one correspondence between & and (a,G).
For this reason, we write £ = (a, Q).

Proof. Obviously, (a,G) uniquely determines £. Let us prove the other direction. Given a function
&(t), by (2.6), it uniquely determines A(¢). From (2.7) and the inversion formula (Theorem 1.10
(iv)), A(t) determines A(x). Then we can deduce G from A using

2

Clx) ;—/m (1—Smy)_1 Y _aAl).

oo Y 1+ 92

Finally, (2.4) shows that G, £ determines a. This finishes the proof. (Quick question: where did
we use the condition G(—o0) = 07) O

Lemma 2.10. Let

ite itz \ 1+ 22

En(t) = iant + /

R

where a, € R, G, is a bounded, non-decreasing, right-continuous function satisfying Gy (—oc) = 0.
(i) If an — a and G, = G, then &,(t) = £(t) = (a, G).

(11) If £,(t) — &(t) and € is continuous, then there exists constant a and bounded, non-decreasing,
right-continuous G such that ¢ = (a,G), an — a, Gp, = G.

Here and below, G,, — G means weak convergence of the finite measures dG, to dG; in
particular, their total masses converge.

Proof. Part (i) is immediate from Theorem 1.13, and let us prove part (ii).

By Proposition 2.8, exp(&,(t)) is an IDCF. Since exp(&,(t)) is a characteristic function and
exp(&(t)) is continuous at 0, by Theorem 1.14 (ii), exp(£(¢)) is also a characteristic function. Since
exp(&,(t)) is infinitely divisible, by Theorem 2.5, exp(£(t)) is also infinitely divisible. Let I be a
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compact interval that contains the origin. By Theorem 2.3, exp(£(t)) is never 0. Then there exists
an € > 0 such that

min [exp(&(t))] > ¢ (2.9)

Since the sequence of characteristic functions exp(&,(t)) converges to the characteristic function
exp(&(t)), by Theorem 1.14 (ii),

exp(&n(t)) — exp(&(t)) uniformly for ¢t e 1. (2.10)
Combining (2.9) and (2.10) we see that the function
hn(t) 2= exp(&a(t) — £(2))

converges uniformly to 1 on I. Thus for n large enough, |h,(t) — 1] < 1/2 for all ¢ € I. On the
disk |z — 1| < 1/2, the logarithm is uniformly continuous and uniquely determined by continuity.
As £,(0) = £(0) = 0, we must have

&n(t) — &(t) uniformly for te 1. (2.11)

As I is arbitrary, by (2.6), we have
An(t) = A(t) (2.12)

for all ¢ € R. Since ¢ is also continuous, by (2.6), A is also continuous in R.
By (2.12) and the continuity theorem for Fourier-Stieltjes transform (see Remark 1.15 (i)), there
exists a finite measure A satisfying A(t) = [ €dA(z) such that

A, =5 AL (2.13)
Now G is defined from A via
o z B siny\-1 ¢
Glx) = /_Oo (1-20) 7 ),

and thus (2.13) implies G,, = G. Finally, (2.8) we get

= (it)~ (fn(t) ~ /R (ei“ —1- g;L) h;f?dc;n(x)>

for all ¢t # 0. As the RHS of the above is independent of ¢t and converges, we define its limit to be
a. This implies a,, — a and finishes the proof. O

Now we are ready to prove the “only if” part of Theorem 2.6. Let ¢(t) be an IDCF. As in the
proof of Proposition 2.7 (ii),

log p(t) = lim n(eY"(t) —1) = lim n(pn(t) — 1) = ligl/Rn(eim — 1)dF,(z)

n—o0 n—oo

. . T " itx L

where
x 2

B T . Y
an—n/RHx?an(m), @(az)—n/_w b ).

As lim, &,(t) = log (t) is continuous, by Lemma 2.10 (ii), there exits (a,G) such that a, — a,
G, — G, and log ¢(t) = (a,G). This finishes the proof of Theorem 2.6.
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Example 2.11. Let us see the convergence of a,, and G, through an example. Consider the Cauchy
distribution with median « and scale 1, which has the distribution function

1 [* 1
F = — [——|
(x) 71—/—0014'(?/_0[)2 v

which is infinitely divisible with characteristic function ¢(t) = exp(—|t| +iat). Clearly, ¢, (t) =
!/"(t) = exp((~[t| +iat)/n), and

Fu(z) = 1/36 1 )2dy.

nm J_oon 2+ (y—a/n

In other words, it is a Cauchy distribution with median a/n and scale n~!. Thus

Gn(m):n/x deFn(y):n/w v L — ! dy—)l/x ;dy::G(x),
oo 1412 oo L+ 92 nrn 2+ (y — a/n)? T ) oo 1+ 42
and
azlimn/xan(x):limn/ v 1 — ! de =limn—— _—¢q
n o g1+ 22 n Jpl+az?nrn=24 (x—a/n)? n o a?+ (1+n)?

2.2. The sum of independent random variables.

Now let us come back to the original question at the beginning of Section 2, which is

kn,
Sy 1= Z Xnk
k=1

where {X,x;k =1,2,..., k,} are independent and lim,, k,, = co. Note that for an arbitrary random

d
variable X, if we set X1 2 X and X =0 for all £ > 2, then S,, = X. So if we would like to
produce relevant results, certain restrictions are needed on the random variables. This motivates
the following definition.

Definition 2.12. We say the random variables {X,x;k = 1,2,...,k,} satisfy the infinitesimal
condition, if for any € > 0, we have

i 2¢e)=0.
A B, P 2 2) =0

There are some priori results where we leave the proofs to the reader.
Lemma 2.13. The following conditions are equivalent.
(i) {Xni} satisfy the infinitesimal condition;

.. 2
(ii) lg}é}lin fR ].i?dF”k(x) — 0;

(iii) For any bounded set S C R, we have  ax |onk(t) — 1| — 0 uniformly fort € S.

hvxxhvn

Lemma 2.14. If {X,i} satisfy the infinitesimal condition, then for any 7,7 > 0, we have

max / " dFy (z) — 0.
k || <7
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The main goal of Section 2.2 is to prove the following result.

Theorem 2.15. Let {X,;} satisfy the infinitesimal condition, and S, := Zi’;l X,k converges.
The limiting distribution class of Sy, coincides with the set of infinitely divisible distributions.

The proof consists of two steps, and similar to that of Theorem 2.6, one direction is easy.

Step 1. Let F be an infinitely divisible distribution, with characteristic function ¢. Then
/" is also a characteristic function. Set k, = n and ¢, = @/ for all k = 1,2...,n, and
we have ¢ = [, ¥nk. Thus there exists independent random variables {Xp,;}r=12. ., such that

Eexp(itX k) = onk(t), and
n
k=1

has the distribution F'. Recall from Theorem 2.3 that ¢(t) # 0 for all t € R, thus for any bounded
S CR,
max [k (t) — 1| = lon(t) — 1| = ! /™M(t) = 1] =0

uniformly for all ¢ € S. By Lemma 2.13, {X,x} is infinitesimal. Thus we have proved that any
infinitely divisible distributions is the limiting distribution of some S,, = le?;l Xnk-

Step 2. The proof of the other direction is substantially more complicated. Let {X,r} be
infinitesimal, and S, := Zi’;l X, converges to some distribution F. We would like to show
that F' is infinitely divisible. Let ¢, (t) = Eexp(itSy), pnk(t) = Eexp(itX,x), and ¢ denotes the
characteristic function of F. Clearly lim,, ¢, = ¢. Our goal here is to show that F' is infinitely
divisible. It suffices to show that

“ : ite \ 1+ x>
for some a, € R and bounded, non-decreasing, right-continuous function G, and &,(t) — 0. More
precisely, Theorem 2.6 implies that &, = (an, Gj) is the logarithm of an IDCF. By (2.14), we have

p(t) = lim g, (t) = lim exp(log ¢y (1)) = lim exp(£n(t)) - (2.15)

Hence by Theorem 2.5, ¢ is also an IDCF.
Now let us prove (2.14). Let S be a bounded set in R. By Lemma 2.13 (iii) we have (for n large
enough)

log pni(t) = 10g[1 + (0nr(t) = )] = @nr(t) = 1+ b (pnr(t) — 1)°
uniformly for ¢t € S. Here 6,,;, € C satisfies |0,x| € [0, 1]. Thus

kn
10g pn(t) =Y [onk(t) = 1+ Ong(ni(t) — 1)°]
k‘kznl | .
-3 / (€1~ 1)dFu(@) + > Glpmi(t) — 1)? (2.16)
k=1"R k=1
. o x o it it o
_ 175;/Rl+332ank(x) + ;/R (6 =1 = T YA (e) + ;enk(%k(t) Yy
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Then it is tempting to define

kn

kn,
X
an —;A 1—|—.’132an]€($) and G Z/ 1+ B) nk(y)

However, it is not necessarily true that the last term on RHS of (2.16) is negligible. Let k, = n.

Inspired by Example 2.11, consider X,,; with Cauchy distribution having median (—1)*n=1/2 and
scale 1/n, i.e.
F(e) = — / ’ ! d (2.17)
€Tr) = — . .
nk N J_o n2 4 (y — (—1)kn=1/2)2 Y

Clearly, X1 + - -- + X, converges to the Cauchy distribution with median 0 and scale 1. Note
that

euslt) =exp (= I (R

4t 1 O(n~1). This leads to

and thus ¢nx(t) =1+ (‘Ukﬁ

n n

> (sl =12 = 3 (D' =+ 0 = =+ 02,

k=1 k=1

which is nontrivial. This suggests that we need to shift the median of X,,; to 0 in our consideration.
As X, is infinitesimal, the median mainly comes from the regime near 0.
In this spirit, fix a small 7 > 0, and define

-
- / 2dFp (), Foil(a) = Fo( + ang) (2.18)
—T

Let ¢nr denotes the characteristic function of F';x. We have the following result.

Lemma 2.16. Let {X,} satisfy the infinitesimal condition and suppose that the row sums S, =

:*;1 Xk form a tight family (in particular, suppose S, converges in distribution). Then for any

t € R, we have
kn,

Z(logfnk(t) — (pnr(t) —1)) = 0.

k=1

The proof of Lemma 2.16 is technical and we omit here. Interested reader may refer to pages
38-43 of [11].

Exercise 2.17. Verify Lemma 2.16 for X,,; given in (2.17).

Now let us continue the proof of (2.14). Note that log v, (t) = log @i (t) —icnkt. Thus log ¢y, (t)
can be written as

b B
log [ en(t Z log it Z log pui(t) + Y icnit
k=1 k=1
= zn:(fnk(t) — 1) + Zn: iankt + 5n(t)

k=1

_1tz<ank+/ = dEu(e +Z/ 1? )ank( )+ En(t).
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Here &,(t) := >, (log pnk(t) — (@nk(t) — 1)), and Lemma 2.16 implies that &,(t) — 0. Set

kn kn T 2
— o = i

As each F,; is bounded, non-decreasing, and right-continuous, so is Gy,. This proves (2.14), and
concludes the proof of Theorem 2.15.
The next result is a natural consequence of Theorem 2.15.

Lemma 2.18. Let {X,x} satisfy the infinitesimal condition, with ok, Fnk, an, Gp(x) defined
as in (2.18) and (2.19). Let X be a random variable having infinite divisible distribution F, and
characteristic function

, " itz \ 1+ 22

Then Sy, == Xnk 4 x if and only if G, = G and a, — a.

Proof. Let ¢, be the characteristic function of .S,,. In the proof of Theorem 2.15, one core results
we proved is that if { X} are infinitesimal, then

it itr \ 1+ 2?
(et -1- o 1)7dGn(:p) = log pn — En(t) (2.20)

£n(t) = iant + /

R

for some &,(t) — 0.
(i) Suppose S, % X. Then the row sums are tight, so Lemma 2.16 justifies (2.20). We see that

lim exp (&, (1)) = lim gy, = ¢(t).

As £,(0) = log ¢(0) = 0, by the continuity argument used in the proof of Lemma 2.10 (ii), we have
&n — log . By Lemma 2.10 (ii), we conclude that G,, = G and a,, — a.

(ii) Suppose that G,, = G and a,, — a. In this direction the total masses G, (c0) are uniformly
bounded. The standard accompanying-law estimate for the canonical centering (2.18), together
with infinitesimality, gives

3" [tog gk (t) — () —1)| — 0
k

for every fixed t; thus (2.20) is valid here without presupposing tightness of the row sums. Using
(2.20) we get

. . . . itz 1422

hﬁn log on(t) = 117rln <1ant + /R (em -1- o 1) xQdGn(x)> = log p(t),
which implies g, (t) = vn(t) = ©(t). This yields S, % X as desired. O
Remark 2.19. In the above arguments, as it was always assumed that S, := Z’g’;l X, converges,

we (intentionally) ignore the “mean” of ), X,,. Consider the case when

bn =1, X2 N2 o).
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Then ), X, 4 N (v/n,0?), which does not converges. However, setting b, = n'/? yields

Sni= Xuk — bn N(0,0%).
k

In general, let {X,,;} satisfy the infinitesimal condition, and b,, be a sequence of numbers. Assume

kn,
Spi= Y Xpi — by (2.21)
k=1

converges. By going through the proofs of Theorem 2.15 and Lemma 2.18, we can get the following
extensions.

(a) The limiting distribution class of \S,, coincides with the set of infinitely divisible distributions.

(b) Let ay,, Gn(x) defined as in (2.18) and (2.19). Let X be a random variable having infinite
divisible distribution F', and characteristic function

¢(t) = exp <iat —F/]R (eim -1 it )szdG(a:)> .

2241/ 22
Then S, := 3, Xpk — by 5 X if and only if G,, 5 G and a,, — b, — a.

Exercise 2.20. Prove statements (a) and (b) in Remark 2.19.

Theorems 2.6 and 2.15 imply that the characteristic function of the limiting distribution of
> i Xnk is always of the form

¢(t) = exp (iat —i—/R (eim -1 it )MdG(x)> :

C22+1) 22
Note that G is not necessarily continuous at 0. Define o2 := G(0) — G(0—) > 0. Since

itx )1+x2

. .t
lim (elw—l—m

z—0

= —t2/2
x2 /2

we can rewrite
2,2 : 2
ot : itx 1+x
t) = iat — —— + (m—l—7>7dG .
o(t) = exp <1a 5 /]R\{O} e 1) 2 (x)

Sometimes, it is more convenient to use

[P BEAGy), @ <0,
L(z) =
—[F 2 4G(y), x>0,

y2

Thus L is non-decreasing in (—o0,0) and (0, 00), with L(co) = L(—o00) = 0, and

o2t? itz

o(t) = exp <iat — 5 + /R\{o} (eit‘r -1- xQH)dL@)) . (2.22)

By Lemma 2.9, there is a one-to-one correspondence between ¢ and (a,0?, L). If L(z) is constant
in (—o0,0) and (0, 00), the limiting distribution of >, X, is N(a, 0?).
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2.3. The triangular array case

Let us go back to what we are familiar of, i.e. the object
1 n
S, = A ; X —bn, (2.23)

where { X} }r>1 are independent, and M,, > 0. This can be thought as a special case of (2.21), by
setting k, = n, and X, = Xx/M,. In this case, the infinitesimal condition reads

lim max P{|Xy| > eM,} =0. (2.24)

n 1<k<n

for all e > 0. In the sequel, when considering (2.23), we shall always work under the assumption
(2.24).

Lemma 2.21. If a random variable X satisfy |ox(t)| =1 fort € (—0,9), where 6 > 0, then X is
degenerate.

Proof. |px(t)] =1 means px(t) = exp(if(t)) for some real function f. Then
E[| exp(itX) — exp(if (1))|*) = 2 = Eexp(itX) - exp(—if(t)) — Eexp(—itX) - exp(if(t)) = 0,

which implies
tX = f(t) (mod 27)

almost surely. Be careful that although f(¢) is deterministic, mod 27 might not be. We can find
a rational number p and an irrational number s in (0,6) such that pX = f(p) + 27k(p, X) and
sX = f(s) + 2mwk(s, X). Note that

{f(S)—;—Q?TZ} A {f(p);—QTI‘Z}

contains at most one point. Thus X must be degenerate. O

Lemma 2.22. If (2.23) converges in distribution to a non-degenerate random variable X, then
M,, — oo and My41/M, — 1.

Proof. Suppose M,, / oo, then there exists a subsequence of M,, that converges, i.e.lim, M, =
M € R. For t € R, set t,, = M,t. Since {Xy/M,} is infinitesimal, by Lemma 2.13, we have

ox,(t) = ox,/m,, (Mpt) — 1.
As the LHS of the above is independent of n, we get ¢x, =1 for all k. Thus

n n
05, (t) = e T [ oxyng, (1) = e [ | ox,, (t/ M) = 70,
k=1 k=1

which contradicts to the fact that lim,, S,, is non-degenerate.
From (2.24), we see that X,,11/M,+1 — 0 in probability, thus

Sy =

1 - d
M ZXk — bpt1 = St — X1/ Mp1 — X
n+1k:1
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Note that M oy
" S, + =" b .
Mn+1 " Mn+1 il

Set uy, := M, /Mp+1 and vy, := b, M,, /M +1 — bp41, then

Sp =

Sn = Nn/un _Un/un'

There exists subsequences u,/, v, such that lim, u, = u € Ryo U {oo} and lim, v,y = v €
R U {+£o0}. Suppose u = oo, then

ex (O] = |mes, (0] = [imeg g O] = |1 eg (/uw) exp(=itv fun)| = lex(0)] = 1

for all t. This contradicts to the fact that X is non-degenerate. Similarly, we can also show that
u # 0. In addition, for ¢ in a small neighborhood of 0,

s, (t/up) exp(—itvy /uy) . ox(t)
E T ox (/)

exp(—itvy [uy) =

which implies v = lim,,s v, € R. Then the above shows

1 = |exp(—itv/u)| = ‘@X(t)

ex(t/u)

Suppose u # 1, then we can iterate (2.25) and show that |px| = 1 in a small neighborhood of

0, which contradicts to the fact that X is non-degenerate. Thus we must have u = 1. Note that

the above argument shows that each converging subsequence of u, must converges to 1. Thus
lim,, u, = 1.

Note that the above argument also shows v, = b, M, /M,+1 — byy1 — 0. This finishes the

proof. O

. (2.25)

2.3.1. The i.i.d. case. Now let us further assume in (2.23) that {X,,} have identical distributions,
and consider

1 n
S, = T ; X5 — by, (2.26)

We denote the class of limiting distributions of (2.26) by S. We start with the following definition.

Definition 2.23. Let Xi, Xo,... be independent copies of a random variable X. We say that X
(equivalently its distribution F') is stable, if for any aq, ag > 0, there exists a > 0, 5 € R such that

a1 X1 + as Xy iaX—f—ﬁ.

In other words, a distribution is said to be stable if a linear combination of two independent
random variables with this distribution has the same distribution, up to location and scale param-
eters. It is easy to check that X is stable if and only if if for any ai,as > 0, there exists a > 0,
6 € R such that

px(art) - px(ast) = Pox(at).
If X is degenerate, then obviously X belongs to §. If X is stable and non-degenerate, then let
X1, Xo, ... be independent copies of X. By induction we have, for any n > 1,

X1+ + X, L M, X + B,
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for some M,, > 0, B,, € R. Thus by defining b,, := B,,/M,,, we have

1 & d
=3 Xk~ =
" k=1

In particular, S, — X in distribution. To show that X belongs to S, we still need to prove the
infinitesimal condition (2.24).
Note that we have

lox ()" = |ox (Mnt)]
for all t € R. Suppose M,, # oo, then for some subsequence M,, , we can find M > 0 such that
maxy My, < M. As ¢x is continuous, let [—4, d] be a small neighborhoods of 0 such that

tr[rl_ln]!w)c( )[>0. (2.27)

Let t. € [-0/M,d6/M] such that |px(t.)| < 1. This is always possible as X is non-degenerate.
Then

Hm | (M, te)| = lim |ox (t)[™ =0,
"k k—o0

which contradicts (2.27). Thus we must have M, — oo, which leads to lim, maxj<g<, P{|Xx| =
eM,} =0.

To sum up, stable distributions always belongs to §. By Theorem 2.15, stable distributions are
infinitely divisible.

The above argument proves the “if” part of the next result.

Proposition 2.24. A distribution F is in the class S if and only if it is stable.

Proof of the “only if” part. Let F' € S be the limit of (2.26). As degenerate distributions are stable,
we W.L.O.G. assume that F' is non-degenerate. Let X be a random variable with distribution F,
and let X1, Xo,... be independent copies of X. Fix a3 > as > 0. Let

my =max{j:j <n,M; <aaMy/o}.
As Lemma 2.22 implies M,, — oo and M,,1/M,, — 1, we can show that
my, — oo and My, /M, — as/a; .

Let Mn = M, /a, Zn = (Myb, + anbmn)/Mn. Consider

n+mqn n+mp
( ZXk—b) ( Z X — ) Z Xp, — by - (2.28)
Min,, k= M, 3
It is not hard (exercise) to show that
M n+mnqn
( ZXk—b)—>OqX1, mn< Z Xk—b )—)OQXQ,
Mn m" k=n+1
and
n+mqy n—+mn
1 M ~
72Xk_bn_ iLi_mn(M ZXk_anrmn)_‘_M'anrmn_bn
M, 1= My, gy My,
M, M, ~
= G i — b (2.29)
M, My,
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So now we know that the RHS of (2.29) converges in law, and S, converges to the non-
degenerate random variable X. Thus the coefficients on RHS of (2.28) must also converge (you can
prove this by the “subsequent argument” as in the proof of Lemma 2.22). Set

M ~
o = lim —2"™  and b= lim —2t brtm, — bn -
n n n n
Taking limit in (2.28) yields a1 X7 + aoXo L ax + B as desired. This finishes the proof. O

Recall the representation (2.22) of the IDCF. The final goal of Section 2 is the following result.

Theorem 2.25. An infinitely divisible random variable X (with characteristic function ¢) is in S
if and only if its L and o? satisfy (i) L(x) = 0; or (i) 0> =0 and

L(x):{cl/]aza\, x <0,

—cp/z?, x>0
for some a € (0,2), c1,¢2 20, ¢1 + c2 > 0. In case (ii), we say that L is a-stable.

Proof. Let us prove the “only if” part. The proof of the other direction is a simple verification. Let
X € S with the characteristic function ef, where £ = (a,0?, L) according to Lemma 2.9 and (2.22).
Let X1, Xo, ..., X,, be independent copies of X, and Y,, :== X1 +---+ X,,. Then

o’nt? - itw
1 t) =1 1 x, (1) = né& = iant — (““”—1—7) dL(z).
o8, (1) = log ox, o, () = =iomt = T [ (o1 i)

Since X € 5, by Proposition 2.24 we know that Y, 4 anX + Bn, and thus

o?a2t? ; itanx
1 £) = i(aan + Bo)t — o (et —1 = 22 )aL
0g oy, (t) = i(acy, + By) 5 +/]R\{O} e 21 )@

o2a2t? : itz
=i n+ On + )t — N4 e _ 1 " _)dL n),
l(aa B ) 2 /\{0} (e 3 1) (.CC/O{ )

where

(679 (o7
n = — dL(x).
L /]R\{O} (1 + a%xQ 1+ 5172) (IB)

As the representation (2.22) for the characteristic function of Y}, is unique, we must have

an = aoy, + By + T

2, _ 22
o‘n =oc°a;,

ndL(z) = dL(z/ay,) .

Case 1. If 02 # 0, then o, = n'/2. The scaling relation holds for every integer n. Applying
it successively with m and n, and then taking ratios, shows that each nonzero positive or negative
Lévy tail T satisfies

T(vVm/nz) = %T(x), m,n > 1.
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Since the numbers \/m/n are dense in (0, 00), continuity of the tail at its continuity points and
monotonicity extend this identity to T'(rz) = r—2T(z) for every r > 0. Hence

L(x) = {cl/$2, x <0,

—ca /22, x>0

for some cq,co > 0. As

ffoo 1;“2?’2 dG(y), x <0,
L(z) := 2 (2.30)
- [ HdGy), 2> 0.

and G is bounded, we must have lim,_.( xQL(ar) = 0 (since G is monotone and bounded, this can
be proved via e.g. integration by parts). Thus ¢; = c2 = 0, which makes L(z) = 0.

Case 2. Suppose 02 = 0 and L # 0. Uniqueness of the scale parameter for a non-degenerate law,
applied to Y;,, in one block and in m blocks of size n, gives an = amay,. The scaling constants
are monotone (compare any nonzero positive or negative Lévy tail), so this multiplicative relation
yields oy, = n'/® for some a > 0. Together with

ndL(z) = dL(x/ay,), n>l1,
the same ratio argument as in Case 1 gives, for every nonzero positive or negative tail T,

T((m/n)l/ax) = %T(x), m,n > 1.

The scales (m/n)'/® are dense in (0, c0); monotonicity and continuity at continuity points therefore
give T'(rz) = r~*T'(z) for every r > 0. Consequently,

«

cilz|™%, x<0
L(z) = ™, ’ c1,c2=20, c1+co>0.
—cox™ %, x>0,

Finally, the Lévy-measure condition [p(1 A 2?)dL(x) < oo forces 0 < a < 2. This finishes the
proof. O

2.3.2. Domain of contraction. The remaining question is, for which distributions of X,, does
the i.i.d.sum X7 + ... + X, converge?

To answer this question, we introduce the terminology of slowly varying function, which is a
positive, measurable function V : (0,00) — (0, 00) such that for any fixed a > 0,

lim Vi{az)

=1.
200 V(J;)

In other words, V' (x) changes so slowly at infinity that multiplying its argument by a constant factor
a doesn’t change its asymptotic behavior (up to lower-order terms). Every slowly varying function
satisfies, for each € > 0, 7°V(x) — 0 and 2°V(z) — oo under the usual positivity assumptions,
but the converse is false. Standard examples are constants, (logz)?P for p € R, and loglogx on a
sufficiently large half-line.

We state the next result without giving the proof.

Theorem 2.26. Let X1, Xo,... be a sequence of i.i.d. random variables with a non-degenerate dis-
tribution function F(z).
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(i) There exists My, > 0 and b, € R such that

MLZXk —b,
k=1

n

converges to the limiting distribution (a,c?,0) with o > 0, if and only if

lim 22/ dF(x)// 22dF(x) =0 (2.31)
200 lz|>2 lz|<z

(ii) There exists My, >0 and b, € R such that
Ly Xi—b
RE S
k=1
converges to limiting distribution (a,0, L), where L is a-stable with o € (0,2), if and only if

F(z) = (e1 + o(1)) ||~V (|z])

as x — —oo, and

1—F(z) = (c2+0(1)z "V (x)
as x — oo. Here c1,c2 20, ¢c1 +c2 >0, and V is a slow-varying function.
Remark 2.27. The condition (2.31) can be met in two scenarios.
m EX? < co. In this case we recover the classic central limit theorem, i.e.
Xit -t X = nloX, LN N(0, Var(X7)) .
\/ﬁ

m EX? = o0, and P(|X3| = 2) = (1 + o(1))|z| 72V (z) for some slow varying function V. Then
we have

X1+ + X, —nEX,

o) 45 N(0,1).

Here f(n) satisfies the implicit form

) Vg
f(n)w\/Qn/1 V;)dx.

For instance, if V' = C, then f(n)~y/Cnlogn; if V(x) = logz, then f(n)~ %\/ﬁlogn; if
V(z) =1/logz, then f(n)~+/2nloglogn.
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Homework 1
Question 1. Are the following distribution infinitely divisible?

(i) P(X =k)=d*(1+a)"1a>0k=0,1,2,..;

(i) po=P(X =0) = (1 +a))~* a,A >0, and

A Ve(l+a)---(14(kE—1a)
P(X =k) =
(X =F) <1+a)\> ! po
fork=1,2,..;
(iii) The density function f(x) = m, z eR.

Question 2. Let ¢ be a characteristic function. Suppose there is an integer sequence ny, satisfying
limg_ oo ng = oo such that for every £ > 1, there exists a characteristic function ¢ satisfying
© = (vr)™. Show that ¢ is infinitely divisible.

Question 3. Compute the Lévy-Khintchine representation for the follow characteristic functions.
(i) o(t) = QA —it/B)"% a,B>0;
(ii) o(t) = e 0 > 0;

(iii) @(t) = (1 + %)L

Question 4. Let X and Y be independent, infinitely divisible random variables. If X + Y has
Normal distribution, show that X and Y also have Normal distributions.

Question 5. Let { X,k }n>21<k<n be independent random variables having distributions
P(X,k =k/n) =P(Xpx = —k/n)=1/n and P(X,;=0)=1-2/n.
Let Sy, := > Xnk. Show that
(i) For any n > 2, S,, is not infinitely divisible.

(ii) There exists a non-Normal, infinitely divisible random variable S such that S, 4.
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3 Around the central limit theorem

3.1. Three approaches to CLT
We shall give three different proofs for the following result.

Theorem 3.1 (Central limit theorem). Let {Xj}r>1 be a sequence of i.i.d. random variables, with
EX; = p and Var X7 = 02>0. Let S;, .= X1+ -+ X,,. Then

Sp—np 4
WHN(O,:{).

Note that by setting X! = (X;—u)/o and S}, := X|+- - -+ X/, we have EX{ = 0 and Var X] = 1.

In this case, Theorem 3.1 is equivalent to
S
Vn

Thus we shall W.L.O.G. assume that p = 0 and o2 = 1.

—L, N(0,1).

3.1.1. Proof 1: the classic method. As we already have the Levy-continuity theorem, Theorem
1.14, we can prove Theorem 3.1 rather simply.
Let o(t) := Eexp(itX;). As EX? = 1 < oo, the function ¢ is twice-differentiable at 0, and by

Taylor expansion we have
2

ot) =1- 5 +o(t?)

2
as t — 0. Thus for any fixed t € R, we have
Eexp(itS,/v/n) = [ Eexp(itXy/v/n) = e(t/v/n)" = (1 - o(n_l))
i=1

2

= exp (o (1= 3+ o)) = exp (n( — .-+ ol + 072 ).

which converges to e /2 as n — co. By Theorem 1.14, we conclude Sy /v/n 4 N(0,1) as desired.

Remark 3.2. In the above argument, it is important that the variables {X}}x>1 have identical
distributions, so that the error o(n~!) in (1 — % + o(n=1))" is uniform.

The next two proofs do not reply on Theorem 1.14, and as we shall see, the methods are also
of independent interest. In fact, these ideas are still being used in current (as of January 2026)
research of probability theory.

3.1.2. Proof 2: Lindeberg replacement method. This approach starts with the observation
that, for two independent random variables with distributions N (u1,0%) and N (2, 03), their sum
has the distribution N (u1 + p2, 0% + 02). Let {Y,} be a sequence of i.i.d. random variables with
distribution N (0, 1), then

T =Y+ -+ Y, £ N(0,n). (3.1)

In other words, T, /+/n 4 N(0,1). The central limit theorem simply state that, a sum of i.i.d. random
variables is close to the sum of i.i.d. Gaussian, as long as the second moment exists.
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Let us perform one modification before starting the proof. For ¢ > 0, let )ka(c) = Xi1lx,|<c
for all k. Denote

i(c) =EX1(c), &%(c)=VarXi(c), and Sp(c):=X1(c)+ -+ Xn(c).

Lemma 3.3. If for any fized ¢ > 0 (implicitly, here we choose ¢ large enough so that )Z'k(c) 18
non-degenerate, and thus 52(c) > 0), we have

s NN (3.2)
then Theorem 3.1 holds.
Proof. Consider ~ i
E(c) == Sn Sale) = nj(e) _ Su— (Su(c) — nii(c))
Vin NG NG

We have

1 & ’
EE%(c) = E<\/ﬁ S (Xkqxse) E[Xkl{lxkx}]))
k=1

= E[X{1yx, ] — (E[X11{|X1|>c}])2 =: h(c).

By dominated convergence theorem, h(c) > 0 satisfies lim,, o h(c) = 0. Fix ¢ > 0 and let x € R.
By Markov inequality we have P(|€(c)| > ¢) < h(c)e~2, which implies

P(W <z—c) = he)e™2 < P(Sn/ Vil <) < P(S’l(c)\_ﬁfﬁ(@ <zte)+h()e2.

Thus

Sp(c) —nji(c)  x—e¢
P( NG

Let @ be the distribution function of A'(0,1). By (3.2), we have

Su(c) — nfi(c) _ a+e
e S a0

> —h(e)e 2 < P(S,/vn < x) < ]P’(

Tr+e
al(c)

@({;})E) — h(c)e 2 < liminf P(S, /vn < z) < limsupP(S,/vn < ) < <I>< ) + h(c)e™?
g n n
Letting first ¢ — oo and using lim. ,~ 0(c) = 1, we get

®(z —¢) < liminf P(S,,/vn < z) < limsupP(S,,/vn < x) < ®(z +¢).
n n

Letting next ¢ | 0 and using the continuity of ® gives lim,, P(S,/v/n < z) = ®(z) for all z € R,
which finishes the proof. O

Lemma 3.3 implies that we can W.L.O.G. assume the random variables {Xj}r>1 in Theorem
3.1 are bounded. Let f be a smooth function in R with bounded derivatives. By Theorem 1.13
and (3.1), it suffices to show that

mES(Sn/v/n) = TmEf(T,/v/n). (3.3)
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For k € {1,2,...,n}, define

R := 7( A+ Vi1 + Xe1 o+ X))
Then
Ef(Sn/vn) = Ef(Rnl) + fj%) - Ef(R< )+ 3;%) +Ef(R§}> + f/(%) Ef(R<1 3;%)
=Ef(RP + \)/(%) +Ef (R + \)/(%) ~Ef(RY + \}/fﬁ)
- Ef(Rn”) + f/(%) + knl <Ef(R§f) f/(%) Ef(R(k \/ﬁ))
= Ef(T,/vn) + k; (Ef (R;’ﬂ + f/(%) _Ef (Rff) + 5’%)) . (3.4)

Take f € C3(R). Taylor’s theorem gives, for a random 6y, € [0, 1],

X X X} X} X
0 ¢ Xk _ p(p0y 1 Kk gy 4 Xk gk ® (R k
7 (R +\/ﬁ) JORE) + L f(RID) + S (RO + o s (R + 6, Jﬁ)'

Since R;k) is independent of X}, and X} is bounded after truncation, taking expectations yields

\)/(ﬁ) IEf(R(k)JrIE(\F f/(i

The same expansion holds with Y} in place of X}, because E|Y;|> < oo; the Gaussian variables
need not be bounded. Thus

E
Vi i

As X}, and Y}, have identical first two moments, we have

IEf(R;k) f}) Ef( k)—i—\}/fﬁ)—O(n_‘g/z)

uniformly for all k. Inserting the above into (3.4) yields

Ef(Sn/v/n) = Ef(T,/v/n) +O0(n~Y?).

This proves (3.3) and finishes the (2nd) proof of Theorem 3.1.

Ef (R + JEF(RW) + JE[(TE) |EFORD) + 0.

Ef(RD) + 3E[(L) TEFDRY) + 0w

(k)
Ef (Rn + NG

) IEf(R(k)JrIE(

3.1.3. Proof 3: Stein’s method.

Lemma 3.4 (Stein’s lemma). A random variable X has the standard normal distribution if and
only if
EXf(X)=Ef(X)

for every f € CH(R) such that the functions x v xf(x) and f' are bounded.
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Proof. Let X N (0,1), and let f belong to the test class in the statement. Then the integration
by parts formula implies

1

EX f(X) = /R xf(x).ﬁe*ﬁ/?dx: Flx) (e ™2 dw

1
Vor Je
_L / —x2/2 . /
m/Rf(m)e de =Ef(X).

This proves the “only if” part.

To prove the “if” part, let Y 4 N(0,1), and let g be a smooth function on R with compact
support. It suffices to show that Eg(X) = Eg(Y). Consider the function f satisfying the ODE

F(@) = 2f(@) + g(x) — Eg(Y). (3.5)

It is easy to see that the solution is of the form

o) =2 [ e gt - Egay+ ).

Setting C' = 0 makes f a smooth function satisfying || f|lcc + || f/llcc + ||/ |cc < 00. Setting x = X
in (3.5) and taking expectation, we have

0=Ef(X) ~ EX[(X) = Eg(X) — Eg(Y)
as desired. ]

Lemma 3.5. Let .
fla) = &2 / V2 (g(y) — Eg(Y))dy,

—00
. . d / 1"
where g is smooth with compact support, and Y = N(0,1). Then || flloo + |/ loo + |/ [0 < o0.

Proof. Let ®(z) =P(Y <z) = [ \/12fe_y2/2dy. For large x, we can show that

™

2 2
re T /2 e T /2
————— < 1-®(z) < ;
(1+ 22)V/2m (=) x\/ 21
which implies
x

< 612/2\/ﬂ(1 —P(z)) <

8=
—
«w
o)
N—

14 22

As g has compact support, for x large enough, we have

fla)=es/? / eV 2g(y)dy — " /2 Bg(Y) / " ey = *2/am(1 - B (a))Eg(Y),
R

—00

and limg_, | f(z)| = 0 follows from (3.6). Similarly, lim,_,_~ |f(x)] = 0. This proves || f|lec < 00.
For x large enough, we have

f'(z) = of(x) + g(a) — Bg(Y) = 2™ /*v/27(1 — &())Eg(Y) — Eg(Y),

and lim, o | f/(2)] = 0 follows from (3.6). Similarly, lim,_,_ o | f'(z)| = 0. This proves || f/||cc < 00.
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In addition, note that
f'(z) = (xf(z) + g(x) —Eg(Y)) = f(z) + af'(z) + ¢'(2)
= (1+2°)f(z) + xg(z) — 2Bg(Y) + ¢'(x).

On a compact interval f” is bounded. Outside a sufficiently large compact interval, g = ¢’ = 0, so
f"(z) = (1 +22)f(x) — zEg(Y). It therefore remains only to control 22 f(z) — 2Eg(Y) in the two
tails. We have, for x large enough,

22 f(z) — 2Eg(Y) = 22" /227 (1 — @(x))Eg(Y) — zEg(Y)
=Eg(Y) - (zzezzﬂ\/ﬂ(l —®(z)) —z) =0,

where the last step again follows from (3.6). We can also prove the analogue for + — —oo. This
finishes the proof. O

The Stein operator A is defined as
(Af)(@) = f'(z) —2f(z).
From Lemma 3.4, a random variable is standard Gaussian if and only if E(Af)(X) = 0.

Lemma 3.6. Let {X,},>1 be a sequence of random variables, with EX,, = 0 and sup,, EX2 < co.
Then X, % N(0,1) if and only if

for any f € CHR) with || flco + || f']lcc < 0.

Proof. (i) Suppose X, 4 N(0,1) and we denote Y 4 N(0,1). Let f € CYR) with || flloo+ /£ llec <
oo. Then (why?)
d d
an(Xn) — Yf(Y) ) f/(Xn) — f/(Y) :
As sup,, EX2 < oo, then {X,,},>1 is uniformly integrable (recall that this means for any ¢ > 0,

there exits K such that sup,, E[X,,1x,|>x| < ¢). As f is bounded, { X, f(Xpy)}n>1 is also uniformly
integrable. Then (why?)

hranE[an(Xn)] = E[Yf(Y)] ; and lizn Ef/(Xn) = Ef’(Y) :

AsE[Y f(Y)] =Ef(Y), we conclude the “only if” part of the proof.
(ii) Suppose
E[an(Xn)] - Ef/(Xn) -0

for any f € CY(R) with ||f|lsc + ||f/[lsc < 00. Let Y £ A(0,1), and let g be a bounded smooth
function on R. As in the proof of Lemma 3.4, and consider the function f satisfying the ODE
f'(@) =xf(x) + g(x) — Eg(Y). Then

Eg(Xn) - EQ(Y) = Ef/(Xn) - E[an(Xn)} — 0.

By Theorem 1.13, we have X, 4 x4 N(0,1). This finishes the “if” part of the proof. O
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Exercise 3.7. (i) Work out the two “(why?)” in the proof of Lemma 3.6.
(ii) Given a counter example that Lemma 3.6 fails if we drop the condition || f|oc < 00.

Now we prove Theorem 3.1 using Lemma 3.6. By Lemma 3.3, it suffices to assume that {X,,}>1

are uniformly bounded. Let Sék) := 5, — X;. Note that X} and Sék) are independent. Let f be a
smooth function in R satisfying || flec + || f/l|oc + |/ ]|cc < c0. We have

(5 (52)) = e (5h) - Som(Zer(5h) - Ba(%5)

M= T[M=T

S
o2 [ (S )+ (2 [ (B 2 - ()
)

k=1 k=1
_ RS / S'r(lk) —1/2
_nk_lJE<f (25 )) +om™2, (3.7)

where in the last step we used

<X2/ <f/(ﬁ) i(%)_f(sw) >’ ZE(%}Q 1F@e) = O(n~1).

Similarly, we can also show that

l iE(f/(Snk))) _ l iE(f,<Sn)) + O(n—1/2) _ E(f,(&)) + O(n_1/2) ‘
"= vn ni Vn Jn

Combining the above equation with (3.7) yields

Sn . Sn\\ _ /{ Sn —1/2
B( = (05) =B (7)) + 0w,
Now let g € C2°(R) and take f to be its Stein solution from Lemma 3.4. The preceding auxiliary
lemma shows that f, f’, f” are bounded, and hence

Eg(Sn/v/n) —Eg(Y) = O(n~"/?) — 0.

Since C2°(R) is convergence determining, S, /v/n AN (0,1), completing the third proof of Theo-
rem 3.1.

Remark 3.8. Although Proof 3 is slightly more complicated than Proof 2, Stein’s method has its
own advantages and is applicable in general. For instance, we can take g(r) = 1(_ (), and in
this case Eg(X) —Eg(Y) =P(X < w) — P(Y < w). Although g is not differentiable, we have

fla)=e"/? /_“" (9(y) — Eg(Y)e ¥/ 2dy
=2 [ i) — By = e [T ) — @)l Ry

—0o0

[ V2rer o () (1 - ®(w))
| V2rem 20 (w) (1 — B(x))
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The function f is bounded and continuous, is smooth on (—oo,w) and (w, o), and has bounded
one-sided derivatives at w; it is not differentiable at w. This piecewise-smooth Stein solution can
nevertheless be used to estimate Kolmogorov distance.

3.1.4. Necessary condition and the non-identical case. The following result asserts that
the existence of the second moment is necessary for getting the CLT.

Theorem 3.9. Let {X,,}n>1 be a sequence of i.i.d. random wvariables, and S, := X1 + -+ + X,,.

Suppose
\/ﬁ ’ ’ '

then IEXl2 < 00. In addition, we have EX7 = 0 and Var X1 = 1.

Proof. The proof of EX? < oo is technical and we omit it here. The readers may refer to [11, pages
62-63].

Assuming that EX? < oo is true, by Jensen’s inequality, we get (EX;)? < EX? < oo. This
implies ;1 := EX; and 0? := VarX; = EX? — (EX;)? exist. Moreover, as the limit of S,, is
non-degenerate, so is X;. This implies 02 > 0. Using Theorem 3.1, we get

Sn_n,u d

Comparing the above with (3.8), we must have = 0 and o2 = 1. This finishes the proof. O

With certain effort, Theorem 3.1 can be generated to the case where the distributions of X, are
not identical. In fact, we can even assume X,, have different means and variances. Here we state a
simple version of this type of result; for the general case, one may refer to [11, page 64].

Exercise 3.10. Let { X, },,>1 be a sequence of independent random variables, where inf,, Var X,, > ¢
and sup,, E|X?| < C for some constants C,c > 0. Denote S,, := Xj + - + X, and 02 = Var X,,.
Use the Lindeberg replacement method to show that

S, — ES,,
- 45 N(0,1).
of+---+ ol

3.2. The convergence rate

A natural problem to study after Theorem 3.1 is, how fast does the convergence happen, in terms
of n. To make the question mathematical rigorous, for two random variables X, Y (or equivalently
two random variables), we define their Kolmogorov-Smirnov distance by

AX)Y) = sgg IP(X <z)-P(Y <2)|. (3.9)

We shall prove the following result?.

Theorem 3.11 (Berry-Esseen). Let {X,,},n>1 be a sequence of i.i.d. random variables, with EX, = 0
and EX? = 1. Suppose that L := E|X}| < co. Denote S, := X1+---+ X, and Y 4 N(0,1). Then

A(Su/v/n,Y) < CL/Vn

for some universal constant C' > 0.

3The proof we present here is based on notes by Jordan Bell [3]. You may also read the recent exposition by
Vershynin [13]
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Remark 3.12. The Berry-Esseen theorem actually holds under more general assumptions, in terms
of the distribution and variance profile of {X,,}. For simplicity, we do not pursue it here.

The starting point is the following result.

Lemma 3.13. Let F' and G be two distribution functions. Assume G is differentiable with M :=
|G'||loo < 0. Abbreviate § := 51 A(F,G). Then there exists a € R such that for all T > 0, we have

11— 1-— T
TMém — 6T Mo ﬂda} < / w(F(x—l—a) —G(x+a))dz
T T R x

Proof. As lim,_, 1 |F(z) — G(x)| = 0, there exists a compact interval K such that

2M§ = sup |F(z) — G(z)| = sup |F(z) — G(z)|.
zeR zeK

By definition, there exists a sequence {z,} C K such that lim, |F(z,) — G(z,)| = 2M¢. Since
K is bounded, there exists a subsequence {u,} of {z,} that converges. Since K is compact,
u := lim,, u, € K. Then either there is a subsequence {u,} of {u,} with lim,, @, | u, or there is a
subsequence {u,} of {u,} with lim, %, T u. In the first case we have

F(u) — G(u) =2Mé§ or F(u)—G(u)=—-2M¢,
and in the second case we have
Fu—)—G(u) =2Mé§ or F(u—)—G(u)=—-2MJ.
We shall proceed the proof under the assumption
F(u—) — G(u) = —2M9; (3.10)

other cases work in a similar fashion. Let a = u — 4. For |z| <, v +a < § + a = u. Then
0<GW-Gl+a)= [ Gudy=[ Gy <M6-0),
z+a u+x—0
which implies G(z 4+ a) > G(u) — M(§ — x). Since = + a < u, we have
Fz+a)—Gx+a) < Flu—)—Gu)+ M6 —x)=—-M(z+9).

Thus

é é é
1- T 1-— T 1-— T
/ COQSHT(F(:U—Fa)—G(x—I—a))d:Bé—M/ ;O;x(:n+(5)d:v:—2M6/ %dx
-5 x -0 0

On the other hand, as |F(z +a) — G(x + a)| < 2MJ, we have

1- T 1-— T o0 _ T
/ —— L (F(r+a)~G(a+a))dz| < 2M6 Lo oosTe g gngs / L-cosTay
R\[-4,0] x (o) . i .
Hence
1= T 1-— T 1 _ T
/C(;SHC(F(:U—I—CL)—G(w—I—a))dm 2M5/ ﬂd +4M5/ de
R x
= - 2M6/ S e+ 6M5/ — e = ~TMém+6TMS | — " "da.
° ) 0 v TS €
This finishes the proof for the case (3.10). -
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Exercise 3.14. Prove Lemma 3.13 for the three cases other than (3.10).

Lemma 3.15. We adopt the assumptions of Lemma 3.13 and let F,G, M, be as in Lemma 3.13.
In addition, assume

/ |F(z) — G(z)|dz < co.
R

Denote

wr(t) ::/ReimdF(x) and  @a(t) ::/Reide(x).

Then for any T > 0,

T —
A(F,G) < 2/ lor(t) —valt)l ,, , 24M
™Jo t xT

Proof. As F' — GG vanishes at +o00, an integration by parts formula yields

or(t) —pc(t) = /

AR — G (x) = —it / (F - G)(2)e"da
R

R

Let a be as in Lemma 3.13, then

Prlt) = e6ll) oy gy = (1 1 / (F(z +a) — Gz + a))e*da
R

Put

_ [T er® —¢a(t) ivaip
i /0 — (T — 1) dt.

Since [ |F(x) — G(x)|dz < oo, Fubini’s theorem gives

Rel = /(F(m +a) — G(x _i_a))l—c;):(Taz) dz.
R
Consequently,
—_— T —_—
/(F(x+a) - G(azm))le(Tx) da:‘ <) < T/ i (t) - LU
R z 0

Together with Lemma 3.13 we get

o T _
TMér —6TMs | —2Tdg < T/ [r(t) t pa®)l g,

T z 0
As
6TMS | ——2Tde <6TMS | —yde=12M
s €z 5 L
we have
T _
TMér —12M < T/ or(t) . w6l gy
0
This implies the desired result. O

43



To prove Theorem 3.11, let F}, be the distribution of S,,/v/n, and let ® be the distribution of
Y. By Markov inequality, for x < 0 we have

S2 1 1
A&@ﬁzpwdvﬁgxy\ﬁE<n>_;@ (@) =P(Y <) < E(Y?) = .
Similarly, for x > 0
1 1
1 — Fo(x) =P(Sp/vn > ) < S 1-%@) <5

Thus |F,(z) — ®(x)| < min{1, 272}, and hence

1
/ | (z (x)|dx < / —dz < 0.
|z|>1 z

As a result, we are allowed to use Lemma 3.15 with F' = F}, and G = ®. Note that M = ||®'|| =
. Thus Lemma 3.15 implies

5
3

A(S,/v/n,Y) < /0 o, (t )t <Pq>(t)!dt+2i¥

9 (T _ 122 24
:/ lpr,(t) —e IdtJr ‘
T 0 t \/27T7TT

Abbreviate ¢, = ¢p,. Our main task is estimating |¢n(t) — e /2| for t € [0,T]. To get the rate
n~Y2 as in Theorem 3.11, we would have to set T ~ /n.
The following is an easy consequence from Taylor expansion.

(3.11)

Lemma 3.16. Forn > 1 and |z| < 1, we have

”_1 z+1 P |2|™
log(1+ z) — ; n(l—\z|)
In particular, when |z| < 1/2, we have
|log(1 + 2) — 2| < |2]?.
Recall that L := E|X}| < oco. The next two results estimate the characteristic function on

different scales of t.

Lemma 3.17. If |t| < we have

L1/3 )
[on(t) — e /2| < Ln~ Y2 |tfPe™t/2,

Proof. Write ‘

wn(w = Eétxl/\/ﬁ, on(t) = wn(t)n

Taylor’s formula with an integral remainder gives

t2 Lt

Un(t) =1— m + (1), Irn ()| < RRCYC (3.12)
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Set u = ¥, (t) — 1 and A = L|t|3/\/n. By Lyapunov’s inequality L > 1, and under the assumption
of the lemma, A < 1/8 and |u| < 1/2. Hence |log(1 + u) — u| < |u|>. Moreover,

n|u\2<ﬁ+L2t6<A ! - <4
S on  18n2 T T\ 4LA/B3pl/3 0 144n ) T 37

Therefore, with z = nlog,(t) + t2/2,

(2 < nlra(t)] + nllog(1 +u) — u <

o

Since €* = @y (t)e”/2 and |e* — 1] < |z]el!,
’QDn(t) - 6_t2/2‘ < e—t2/2‘z‘e\z| < Ln—l/?,ﬂ?)e—t?/Q_

Lemma 3.18. If |t| < /2

42
n=, then |pn(t)] < e7/3,

Proof. Let X} be an independent copy of X; and put t,(t) = EeX1/VP  Since X; — X/ is

symmetric,
(X, — X
[¢n(t)|* = E cos <(1\fnl)>
Using cosy < 1 —9%/2 + |y|?/6, E(X; — X})? =2, and E|X; — X{|> < 8L, we obtain

t2 ALt 2t2
a()P < 1=+ iy <exp(— 5-).

where the last inequality uses |t| < y/n/(4L). Thus

lon ()] = [n ()" < e7/2,

Combining Lemmas 3.17 and 3.18, it is not hard to deduce that

lon(t) — e /2] < 16Ln~Y/2|tPet"/3 (3.13)

nl/2

for all || < %. Setting T' = "7~ in (3.11) and applying (3.13) yields

2 [T Jpnlt) — /2 24
A(S, YY) < — dt +
(S Y) < 2 /0 . =

nl/2

oT ) 96
<z 16Ln~ Y22~ Bqr 4+
7r/0 V2rmnl/?

oo
< i . (32/ t2e_t2/3dt + 96 ) )
Vn T Jo 2T

This proves Theorem 3.11 with

8

C =

2

96
26~ 3qt + ~ 35.64 .
/0 \ 27
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Remark 3.19. The order O(n~'/2) in Theorem 3.11 is sharp. Consider the case of Rademacher
random variable, namely P(X; = 1) = P(X; = —1) = 1/2. Suppose n is even. Then

n! 1

P(S,/v/n =0)=P(S, =0) = (n’;z) (1/2)" = R
<o ()" (Ve (5)") e

Here A =~ B is defined as A = B(1+0(1)). Thus the distribution function of S;,/+/n has at 0 a jump
of size p,, ~ \/2/(mn). Its Kolmogorov distance from any continuous distribution function is at least
Pn/2, so this example gives the lower bound 1/ V21 = 0.39894 ... for the universal Berry-Esseen
constant. More sharply, Esseen’s example gives

o V10 +3
- 6V 21

whereas Shevtsova proved Copy < 0.4748 [14].

Copt = 0.409732...,

3.3. Local limit theorem (good news: no proofs)

Let {X,}n>1 be iid. with EX; = 0 and Var X; = 1. Let S, := X; + -+ + X,,. The Central
Limit Theorem, Theorem 3.1, is a qualitative result. It implies that, for any fixed (independent of
n) interval [a,b] C R, we have

b
(S, /v € [a,b]) = / \/%e_IQ/de +o(1).

Here the small o notation means o(1) — 0 as n — oco. On the other hand, the Berry-Esseen bound,
Theorem 3.11, is a quantitative result. It implies that for any interval [a, b] € R,

b
P(Sy/vn € [a,b]) = /a \/12—Tre_x2/2dx +0(n~Y?). (3.14)
Here the big O notation means, there exists a constant C' > 0, independent of n, such that
|O(n~Y2)| < Cn=/2 for all n > 1. In (3.14), when a is bounded, the estimate is meaningful as
long as b —a > n~1/2.
The quantitative result does not involve taking the limit of the fundamental large parameter
(in our case, it is n), and it is generally stronger than the asymptotic, qualitative results.

Now, can we push Theorem 3.11 and (3.14) a bit further, and obtain a meaningful result when
b—a=0(n"12)? If so, the most ideal guess would be

_h

—a%/2 4 (12 3.15
e o) (3.15)

P(Sn/v/ € [a,a + h/ V)
for bounded a and fixed h > 0.

However, (3.15) cannot always hold. Consider the example as in Remark 3.19, where P(X; =
1) =P(X; = —1) = 1/2. Let n be even. Then

n n! 2

n_ : 1
(n—k)/2>'(1/2) SR (k2 2V

B(S/ Vi = k//) = (
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when k is bounded and even. P(S,,/v/n = k/y/n) =0 if k is odd. Thus

P(S, /v € [0,0 + 0.1/v/A]) = P(S,/v/7i = 0) = \/Z 7& \/%

which disproves (3.15). The reason of the above is the special structure of X, which makes S,,/\/n
only takes values in 2Z/+/n.

To distinguish this case, let L(a,\) := a + A\Z. A random variable X is said to have lattice
distribution if there exists constants a € R and A > 0 such that P(X € L(a,\)) = 1. Obviously,
P(X € L(a,\)) =1 implies P(X € L(a,\/m)) =1 for any m € N. Let

A :=max{\:3Ja € R,P(X; € L(a,\)) =1}.

The next results links the concept of lattice distribution to the behaviour of the characteristic
function.

Proposition 3.20. Let
ty :=inf{t > 0: |px(t)| =1}, inf @ := oo.
Ezactly one of the following occurs.

(1) t« € (0,00). Then |px(ts)| =1 and |ox(t)] <1 for 0 <t <t.. The law of X is lattice, with
mazimal span A = 27 /t,.

(ii) t. = 0o. Then |ox(t)| <1 for everyt >0, and the law is non-lattice.

(111) t« = 0. Then |px(t)| =1 for every t € R, and X is degenerate.
Example 3.21. Let X; satisfy P(X; = 1) = P(X; = —1) = 1/2. Then ¢x, (t) = (e + ™) =
cost. Then |px, (t)| =1 if and only if ¢t € 7Z. Thus t, =7 and A = 2.

Theorem 3.22. Let {X,,}n>1 be i.i.d. with EX; =0 and var X1 =1, and let S,, = X1 + -+ X,.
Suppose the law of X is lattice with mazximal span A, so that P(X; € a+ AZ) =1 for a suitable a.
Then, uniformly in z € R,

A 2 A
—z2/2 —-1/2
e + o(n , TE+na+ Z,
P(S,/vn=x) =< 2mn ( ) v Vn
0, otherwise.

Theorem 3.23. Let {X,}n>1 be i.i.d. with EX; = 0 and Var X1 = 1. Let S,, := X1+ -+ + X,,.
Suppose X1 has non-lattice distribution. Then For every fixed h > 0,

ilelﬁ VnP(S,/v/n € [a,a+ h/\/n]) — \/};7_6_“2/2 — 0. (3.16)

We will not prove Proposition 3.20, Theorems 3.22 and 3.23 here. The readers may refer to [8].

47



3.4. Large and moderate deviations

Let us go back to the setting of the central limit theorem. We have a sequence of i.i.d. random
variables { X}, },,>1, with EX; = p and var X; = 02>0. S, :=X; 4+ X,,. We have seen from
Theorem 3.1 that

_ X4+ X, —
Su—o Xkt Xa i d )
Vno oyv/n

In other words, S, — nu is most likely to be on the scale O(y/n). On the other hand, it is still
possible for S, to take larger values, even to the scale O(n). Large deviation theory studies the
quantity

P(S,, — nu > xn)

for fixed x > 0, while moderate deviation studies the behavior of
P(S,, — np > zv/n)

for any 1 < x < n'/2.

3.4.1. Large deviation. In this section, we prove the following result.

Theorem 3.24 (Cramér’s theorem). Let {X,}n>1 be iid., S, = X; + -+ + X, and suppose
Ee!*1 < oo fort in a neighborhood of 0. Define the extended-real cumulant generating function

K(t) = logEe!X1 € (—00, 00].

Then, for every fized x > EX1,

lim LlogP(S, > na) = —I,(x),  Ii(z) = sup{tz — K1)},

n—o00 N t=0
where the equality is understood in the extended real line. If I (x) < oo, equivalently

P(S, = nx)'/™ = e+ @)(1 4 0(1)).

For a random variable X7, its rate function is defined via I(z) := sup,cr(tx — K(t)). Theorem
3.24 implies that
P(S,, = an) ~ exp(—nl(x)).

Exercise 3.25. (i) Let X; be a Bernoulli random variable with parameter p, i.e. P(X; = 1) = p,
P(X;=0)=1—p, pe (0,1). Show that the rate function is

Ha) - {718 (;) 4 (1—2)log G:’;) Czeo1]

400, otherwise.

(i) Let X1 < A(0,1). Show that I(z) = 22/2.
We present the proof of Theorem 3.24 given in [5]. For = € R, define
1
s(x) := sup — log P(S,, = nz).
n>1 M

We have the following duality.
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Proposition 3.26. For allt > 0, we have

K(t)= ilelg (tu+ s(u)) .

Proof. (i) One side of the equality is easy to prove. From the Markov inequality, we have
1 1 1

K(t) =logEexp(tX;) = —logEexp(tS,) > — log (e”t”]P’(etS" > em")) = tu+ —logP(S,, = nu).
n n n

Hence, taking the supremum over n and then over u, we get
K(t) > sup (tu+ s(u)) .
u€R
(ii) In this step we prove the equality for ¢ = 0. Note that for al u € R, we have
1
s(u) = sup — logP(S,, = nu) > loglP(S1 > u) =logP(X; > u).
n>1 T
Letting u — —oo in the above yields
m s(u) > lim logP(X; >u)=0= K(0).

Sups(u) > ugfoo U——00
u

Together with part (i) we proved the proposition for ¢ = 0.
(iii) Now we prove the general result. Let M > 0. Since {X,,},>1 are i.i.d. we have

1 1
log B(e" 11, 1<) = 510gE(et(X1+ XL e L jem) < - log E(e"*" 1|5, |<nr)

1 Sn/n
— logE((e‘”tM —I—/ ntent“du)l‘SnKnM))
n —M

1
< ﬁlog (e_”tM + / E(1_M<u<5n/n1|5nKnM)nte”t“du) :
R

Here in the last step we used the Fubini theorem (it is possible since the integrand is nonnegative).
Since

E (1 r<uss,/nsni<nnr) < E(Ls,sunl-mrcucnr) = B(Sp 2= un)Lycnr < €Ml
we get,
1 M
log E(e"*'1x,<pr) < — log (e‘”tM + / e"s(“)nte”t“du)
n -M
1
< —log (e*"tM + 2Mntexp(nsup(s(u) + tu))) i
n u€eR

By part (ii), we can choose M large enough so that
—tM < sup(s(u) + tu).

u€R

Then

1 1
log E(etX1 1x,1<m) < — log ((1 +2Mnt) exp(nsup(s(u) +tu))> = —log(14+2Mnt)+sup(s(u)+tu).

n u€R n u€R
Taking n — oo yields

log E(etXll‘XlKM) < sup(s(u) + tu) .
u€R

Finally, taking M — oo yields K (t) < sup,ep (tu + s(u)) as desired. O
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To use the above duality, we need to show that s is a concave function.
Lemma 3.27. We have 1
lim — log P(S,, > nx) = s(x) € [—o0, 0]
n n
for all x € R.

Proof. If P(X1 > =) = 0, then the result is trivially true. Otherwise set Sy = 0. Fix m > 1 and
write n = mp + ¢, where 0 < ¢ < m. Independence gives

P(Sy, > nz) = P(S,, = ma)P P(S,; > qx).
Consequently,
1 1
—logP(S,, > nx) > P log P(Sy, = mz) + —logP(S, > qz).
n n n
Because P(S; > qx) > P(X; > x)? > 0, the second term tends to zero, while p/n — 1/m. Thus
1 1
liminf —log P(S,, > nz) > — logP(S,, > mx).
n n m
As the above holds for all m, taking supremum over m yields
1 1
liminf —log P(S,, > nz) > s(x) > limsup — log P(S,, > nz),
n n n n
where the last inequality comes from the definition of s(x). This finishes the proof. O]

Armed with Lemma 3.27, we can prove the following.
Corollary 3.28. The function s : R — [—00,0] is concave.
Exercise 3.29. Prove Corollary 3.28.
Now we can finish the proof of Theorem 3.24. From Proposition 3.26 we know that

inf(K(t) —tx) = %gg iléﬁ(t(u — )+ s(u)) (3.17)

t=0

It remains to prove that the (3.17) equals s(z). The result is standard in convex function theory
and known as Fenchel-Legendre duality. Let us give an elementary proof in our setting. The right-
hand side of (3.17) is clearly greater than or equal to s(z): take uw = x. To prove the converse
inequality we set

zy = inf{z : P(X; > 2) = 0} € (—o0, 0] .

If x < x,, then s(x) > —oo. Since s is concave, the function

s(x) = s(u)
g(u) == ————
T —u

is non-increasing in R\{x}. Set

—t, := lim g(u) € [—00,0].

U—T —

Then we have s(u) + t.(u — x) < s(x) for all w € R. From this the result follows.
If © > x,, then P(X; > x,) = lim. 0, P(X1 > 2, +¢€)=0. Forallt >0 and ¢ > 0,

K(t) —tx = log Eet()ﬁix) = 10gE<et(X17x)(1X1<a:f€ + 1x75§X1SI*)> < IOg (eitE +]P)(X1 ZT— E)> ’

Taking minimum over ¢ and sending € — 0, we get

inf(K(t) — tx) <logP(X; > z) = s(x).

>0
This finishes the proof.
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3.4.2. Moderate deviation. Recall from Theorem 1.10 (iv) that for a random variable X with
all finite moments, its kth cumulant is defined via

Ci(X) == (—1)* - (0F log E[e"™])[,_,

for all k& > 1. If E[e'X] < oo when ¢ is near 0, we can also write

Cr(X) := (5{;C logE[etX]) ‘t:O’

We have the following result.

Theorem 3.30. Let {X,,}n>1 be i.i.d. with EX; =0 and var X; = 1, set S,, = X1 + -+ + X,,,
and let Y ~ N(0,1). Suppose Ee!X1 < oo for t in a neighborhood of 0. Then, uniformly for

0<z=o(Vn),
P(S, > v/nx) 3 x 1+
—_— = —A—= 140 .
PY >z) P \/ﬁ<\/ﬁ> + (\/ﬁ>
To define the analytic Cramér—Petrov series A, let t = t(z) be the analytic solution near 0 of
K'(t) = z, and put

22/2 —I(z)
B
with the removable singularity at z = 0 filled in analytically. In particular,

I(z) = zt(z) — K(t(2)), A(2)

)

C3(X1) n C4(X1) — 3C3(X1)?
6 24

Az) = 24+ 0(2%).

The proof of Theorem 3.30 is complicated and we omit here. Interested readers may refer to [11]
for the case that X; has a density. We will interpret what the result tells us.

(i) When z > 0 does not grow with n, Theorem 3.30 can be reduced to

P(S, > v/nx) _
“BZsay —lTOm 1/2)

This is a result that agrees with Theorem 3.11, the Berry-Esseen bound.

(ii) When 1 < = < n'/6, we have

P(S, > /nx) _
TRZsa) —LTOERT).

Thus the leading contribution of P(S,, > \/nz) is still given by the standard Gaussian random
variable.

(iii) If 0 < 2 = o(n'/*), then

log

P(S, > ynz)  C3(X1)a? 1+
P(YY >z) 36\/171 +O(Z+ \/ﬁ>

Thus, when n'/6 <« = < n'/* and C3(X1) # 0, the third cumulant gives the leading loga-
rithmic correction. In the larger range x = o(y/n) one must retain the full Cramér—Petrov
series.
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(iv) When X; 4 N(0,1), we have E[e!X] = ¢t*/2. Thus

1 ifk=2

0 otherwise .

Ce(X) = (OF logE[etth:O = {

This makes \(z/y/n) = 0.
(v) Under the exponential-moment hypothesis, the Gaussian relative-tail asymptotic is universal
in the range 0 < z = o(n!/%):
P(S, > v/nx)

1.
PY >z)

At the scale 2 < n'/® the third cumulant generally enters. Without an exponential-moment
(or another suitable tail) assumption, the CLT alone does not imply a Gaussian approximation
for growing =x.

Homework 2

Question 1. Let {X,},>1 be i.i.d.random variables having the uniform distribution on [—1,1].

Show that
Xi+---+ X,

VXi+-+ X2

Question 2. Let {X,},>1 be a sequence of i.i.d. random variables with EX; = p > 0 and 0 <
0% = Var X; < co. For t > 0, define the random variable

4 N(0,1).

Ny:=sup{n: X3+ -+ X, <t}.

Show that /
11,32]\7—15 L
( t /) d N

o (0.1

as t — oo.

Question 3. Use the central limit theorem to show that
n k
_n n 1
k=0

Question 4. Let Z < A/(0,1). Show that

for all x > 0.
Question 5. Solve Exercise 3.25.

Question 6. Let {X,,},,>1 be asequence of i.i.d. random variables, with EX; = 0 and Eexp(tX;) =
oo for all t > 0. Show that

1
lim —logP(X; +---+ X, > nz) =0
n

n

for all fixed = > 0.
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4 Law of large numbers

4.1. The strong law of large numbers

I trust that everyone at this stage can prove the following result.

Exercise 4.1. Let {X,}n,>1 be a sequence of random variables, with EX,, = p for all n, and
sup,, EX2 < co. We assume that the random variables are uncorrelated, i.e.

COV(XZ',X]') = E(Xl — ]EXl)(X] - EX]) =0

for all ¢ # j. Show that
X1+ + Xy L

- (4.1)

as n — oo. In particular, the convergence also holds in probability.

The relation (4.1) is called the weak law of large numbers. In fact, even only given the existence
of the first moment, we can prove the convergence in probability quickly.

Proposition 4.2. Let { X, },>1 be a sequence of i.i.d. random variables, and assume EXy = p. Let
Sni=X1+---+X,,. Then
Sh

P
n
as n — oo.
Proof. Let ¢1(t) := Eexp(itX;). By Taylor expansion,
e1(t/n) =14 iut/n+ o(1/n).
Then

Eexp(itSp/n) = ¢1(t/n)" = (1 + iptn ™t + o(n_l))n = exp (nlog (1 + iptn ™t + o(n_l)))
=exp (n(iptn™" +o(n™"))) = exp(int) + o(1).

By Theorem 1.14, we have S,,/n a4, W, which is equivalent to the desired result. O

Our main goal in Section 4.1 is to prove the following strong law of large numbers (SLLN).

Theorem 4.3. Let {X,}n>1 be a sequence of i.i.d. random variables, and assume EXy = p. Let
Sy i=X1+---+X,,. Then
Sn a.s.

_> /’L

as n — oQ.

Remark 4.4. The SLLN, in the strongest possible form, only requires the sequence {X,},>1 to
be pairwise independent. It is easy to construct pairwise independent random variables that are
not mutually independent. (Think about independent X, Y both having the Bernoulli distribution
with parameter 1/2, and let Z = X +Y (mod 2).)
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The classic proof of Theorem 4.3 (you can find it in [6] for instance) is lengthy and it does not
tell us too much beyond the proof itself. Here we present one shorter alternative.
For a sequence of random variables { X}, },>1, we define

fn = O'()(n7 Xn+1, )

for all n > 1. The definition means, F, is the smallest o-algebra that contains all o(X,)?,
0(Xn+t1),0(Xnt2), ... The asymptotic o-algebra of {X,,} is defined as

e.¢] o0
Fooi= [ Fn= )Xk =n).
n=>1 n=1

Elements of Fo, are called tail events. For example, it contains the set of convergence (in [—o0, o0])
of the series ), -, Xy:

0 = {w €N limianXk(w) = limsupZXk(w)} ,
[ - k=1
since for each m > 1,

= {w eN: lin%inf i Xj(w) = limsup i Xk(w)}e Fm s
k=m "

k=m
which implies Q1 € N Frn = Foo-

Lemma 4.5 (Kolmogorov 0-1 law). Let {X,,}n>1 be independent random variables, and let A be a
tail event of {X,}. Then

P(A) € {0,1}.
Proof. Obviously, for any n > 1 the sets (X1, Xs,...X,,) and F are independent, meaning
P(AN B) =P(A)P(B)

for any A € o(X1, Xo,..X,,) and B € Foo. As a result, |Jo2, 0(X1, X,...X,) and Fu are also
independent. Fix B € F,, and define

L:={ACQ:P(ANB)=P(A)P(B)}.
It is easy to verify that £ is a A-system, meaning
(i) Qe L;
(i) X e L = X¢eL;

(iii) For pairwise disjoint {X,} in £, we have U, X,, € L.

“The o-algebra generated by a random variable X is the smallest o-algebra containing the set {X~'(U) : U C
R is open} .
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In addition, ;2 o(X1, Xo,...X,,) is a w-system, meaning it is closed under finite intersections.
Recall that the m — A\ theorem® states

“If A is a m-system, B is a A-system, and A C B, then o(A) C B.”
Thus applying the theorem with A = J77, 0(X1, X2, ...X;) and B = L yields

0( G (X1, Xo, ...Xn)> cL.

n=1
Obviously,
Fi =0{o(X1),0(X2),...} C 0’< U (X1, Xo, Xn)> cL.

n=1
Hence P(AN B) =P(A)P(B) for all A € F;. As B is arbitrary, 1 and Fo, are independent. Since
Foo C F1, Foo is independent with itself. Thus for any A € F,, we have

P(A) =P(ANA) =P(A)P(A)
This finishes the proof. O

Corollary 4.6. Let {X,,},>1 be a sequence of independent random variables. Then the probability
that Y 02 | X, converges is either 0 or 1. Similarly, the probability that

1 n
o 2 X
n
k=1
converges is either 0 or 1.

Having Lemma 4.5 at hand, we now present a short proof of Theorem 4.3 found in [7]. The
main step is the following result.

Proposition 4.7. Let {X,}>1 be i.i.d. random variables with EX; > 0. Let S, = X1 + -+ + X,,.
Then

inf S,, > —0
n=1

almost surely. In particular,
S,
liminf = > 0
nn
almost surely.

Let {X,} and S,, be as in Theorem 4.3, with EX; = u. Let ¢ < p. Applying Proposition 4.7

for {X,, — c}n>1, we get
.. .S, —nc
lim inf
n n
almost surely. Thus liminf,, S,,/n > ¢ almost surely. Since ¢ is any number smaller than p, we have

=0

liminf S, /n > p a.s.
n
Applying the same augment to {—X,,} to see that liminf, —S, /n > —u a.s. Thus
limsup S, /n < p  a.s.
n

This finishes the proof of Theorem 4.3.

5The proof is rather abstract and we omit here.
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Proof of Proposition 4.7. Let p = EX; > 0, and J, := min{Sj,...,S,}. Note that each J, is
integrable and n +— J, is non-increasing. We have

Jn = X1 +min{0, Sy — 1,583 — S1, ..., Sp — S1} =: X1 +min{0,J)_},
where J),_; has the same distribution as .J,_;. Therefore
EJ, = p+ Emin{0, J,,—1} .
Subtracting EJ,_1 from both sides yields

E[Jy — Jn1] =p—EJ .

Telescoping;:
> EBJF =np+EMA = Jaga] = np
k=1
Thus
RPN
lim nf — ;Eﬂjk > (4.2)

The sequence ap = IEJ,;|r is non-increasing and nonnegative, so its Cesaro means converge to limy ag;
hence limy, IEJ,;Ir > p. Since J,j 1 JE and J,j < Ji € L', dominated convergence gives

EJS = liinEJlj > .

Therefore P(Jo > 0) > 0. The event {Jo > —oo} is a tail event and contains {J» > 0}, so
Kolmogorov’s zero—one law gives P(Jy > —o0) = 1. O

Theorem 4.3 can be extended to cases where E|X;|P < co. We present the following result
without proof.

Theorem 4.8 (Marcinkiewicz SLLN). Let {X,}n>1 be a sequence of i.i.d. random variables, such
that E| X |P < 0o for some p € (0,2). Then there ezists a € R such that

Py (Xp —a) 25 0. (4.3)
k=1

Remark 4.9. (i) For non-degenerate X; and p > 2, (4.3) can no longer hold: it would violate
Theorem 3.1 (CLT). Nevertheless, we have

nil/o‘Z(Xk —a) %0
k=1

for any « € (0, 2).
(ii)) For p € [1,2), a = EX;, and Theorem 4.8 generalizes Theorem 4.3 to smaller scales:
_ r — a) 1s a.s.a point when viewed at the scale n*/*. For p € ,1), a can be any rea
(X i int when viewed at the scale n!/?. F 0,1 b 1
number.
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4.2. The convergence of independent sums
The goal of Section 4.2 is to prove the following result.

Theorem 4.10 (Kolmogorov’s Three-Series Theorem). Let { X, }n>1 be independent random vari-
ables. Let ¢ > 0 and set X; = Xp1|x, |<c- Then Y02 Xy converges a.s. if the following conditions
hold for some ¢ > 0, only if the following conditions hold for any c > 0.

(i) 22021 P(IXn| > ¢) < oo;
(ii) > o2 | EXE converges;
(iii) > o>y Var X& < oco.

Remark 4.11. By Lemma 4.5, the probability that Y > | X,, converges is 0 or 1. Thus if at least
one of (i) — (iii) in Theorem 4.10 does not hold, Y7, X,, diverges a.s.

Example 4.12. Let {Z,}>; be i.i.d.random variables, with P(Z; = 1) = P(Z; = —1) = 1/2. Let
X, = Z,/n® for some a > 0. Set ¢ = 1. Then

(i) 2onzi P(IXn| > 1) = 0;
(i) Yoo, BXG = 3700 EX, = 0;
(iif) Yo7 Var(X5) = 307 Var(X,) = 307 n 2
Thus by Theorem 4.10, 7 ; X,, converges a.s. if and only of o > 1/2.

Let {Ay}n>1 be a sequence of events. Define

o o0 oo [o.¢]
limsup A4,, = m U A, and lirr%inf A, = U m A .
n n=1k=n n=1k=n

Obviously, liminf A,, C limsup A,,. If these two sets are equal, we call it the limit of {4, }, denoted
by lim, A,.

Lemma 4.13 (Borel-Cantelli). (i) If > P(A,) < oo, then P(limsup A,) = 0.
(it) If {An} are independent and ), P(A,) = oo, then P(limsup A,) = 1.

Proof. (i) We have

P(lim sup A,,) = IP’( ﬁ G Ak> < P( G Ak) <Y P(4y)
k=n

n=1k=n k>n

for all n > 1. As the RHS of the above goes to 0 as n — oo, we have P(limsup A,) < 0, which
implies the desired result.
(ii) We have for every n > 1 that

1-2(U 4) = (U 4)) =#( ) 40) = [0 - P

k>n

< H e P(AR) — o= 2k P(AR) —

k>n
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Here in the third step we used independence, and the last step comes from ) P(A,) = co. Thus
P(Ue,, Ag) =1 for all n > 1, which implies

P(lim sup 4,,) ( ﬂ U Ak> = hm]P’( U Ak>

n=1k=n

as desired. O

Lemma 4.14 (Kolmogorov inequality). Let {X,,},>1 be independent random variables, with EX,, =
0 and Var X,, < oo. Let S, = X1+ -+ X,,. Then for any € > 0, we have

1 n
P{ max |Sk| > ¢} < ?ZEX,%.

1<k<n

Proof. Let us first decompose
n n

Ap = Skl = €,19; j<k}= Sk| = €}

U e = Ui > el < for atl <) = {50 > )

Then

n

ESZ > E[S214,] =D E[(Sk + Sn — Si)*14,]
k=1

k=1

> ZE[SlzlAk] + Z2E[Sk(sn - Sk?)]‘Ak] = ZE[SlglAk] (4'4)
k=1 k=1 k=1

> ;gQIP’(Ak) = 521["{11%1&)(” |Sk| =€}

Here in the fourth step we used E[Sk (S, —Sk)14,] = E[Sk14,]E[S,—Sk] = 0. AsES2 =31 EX2
(4.4) yields desired result. O

The Kolmogorov inequality implies the following.

Theorem 4.15. Let {X,,}n>1 be a sequence of independent random variables, with EX,, = 0 and
S (EX2 < oco. Then Y 2% | X, converges a.s.

Proof. We will show that 5, is a Cauchy sequence a.s. For N > 1, define

Wy := sup |Sm — Snl.

mn=>N

As Wy is nonnegative and non-increasing, we have Wy | Wy, as N — oo. It suffice to show that
Wso =0 a.s. For € > 0, since

sup |S;, — Sy| <e = sup |Sp, — Sp| < 2¢
m>N m,n=N

we have

P(Wy > 2¢) < P(sup |Spm — Sn| >¢)= lim P( sup [|Sn —Sn|>¢€).

m>=N M—oo  "Ng<mgM
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Now by Lemma 4.14 (think about why)

M 00
1 1
k=N-+1 k=N+1

N<m<M
Combing the above two relations yields
1 oo
P(Weo > 2¢) <P(Wy > 2¢) < 5 > EX}
k=N-+1

for any € > 0 and N > 1. Taking N — oo and then take ¢ — 0 we get P(W,, > 0) < 0. This
finishes the proof. O

Now let us prove the “if” part of Theorem 4.10; the proof of the “only if” part is more technical
and we omit here. You may refer to [11] if interested.
Suppose conditions (i) — (iii) in Theorem 4.10 hold. Define Y,, := X¢ —EXE. Then {Y, },>1 are

independent, centered, and Y o0 | EY,2 = "> | Var X¢ < co. Thus Theorem 4.15 implies > o0, Y,
converges a.s. Together with (ii) we know that

o e} [e.e]
Y Xe=> Y, + ) EX; (4.5)
n=1 n=1 n=1
converges a.s. Thanks to the first lemma of Borel-Cantelli and Condition (i), we have
P(liminf{|X,| < ¢}) =1 — P(limsup{|X,| > ¢}) =1.
n n

On the set of liminf,,{|X,| < ¢}, it holds that

oo oo
ZXn(w) converges <= ZXfL converges . (4.6)
n=1 n=1

Hence (4.5) and (4.6) imply Y >° | X,, converges a.s. This finishes the proof.
4.3. The law of iterated logarithm

Once again, let us go back to our classic model. Let {X,} be a sequence of i.i.d.random
variables, with EX; = 0 and IEXl2 =1. Let S, = X1+ -+ X,,. By Theorems 3.1 and 4.3, we
know that

Sn

N
The LLN tells us that n grows too quickly relative to S, to retain any useful information about
the deviation as n — oo. CLT does a better job, by showing that S,,//n converges to a non-trivial
distribution. However, CLT does not tell us what happens for any particular outcome w. For
M >0, let Apyr = {limsup,, S, /v/n > M}, a tail event. For every N,

a.s

~2, N(0,1) and % 5. (4.7)

P(supi>M>>supP<i>M).
k=N VEk k>N Wk
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Letting N — oo and using the CLT shows that the event {Sy/vk > M infinitely often} C Ay,
has probability at least P(Y > M) > 0. Kolmogorov’s zero—one law therefore gives P(Ay;) = 1.
Intersecting over integer M > 1 yields

: S
limsup —= = oo a.s.

nooVn

Applying the same argument to —X,, gives the corresponding liminf —oco. In particular, S,/\/n
diverges a.s.

We hope to find a function f(n) with /n < f(n) < n such that we can say something stronger
about the convergence of S,,/f(n). By Theorem 4.8, we have

£;7l a.s. ()
nl/2+e

for any fixed € > 0. The following law of iterated logarithm (LIL) gives a precise scaling for S,,.

Theorem 4.16 (Hartman—Wintner). Let {X,,} be a sequence of i.i.d. random variables, with EX; =
0 and EX? =1. Let S,, = X1+ --- + X,,. Then

. n
limsup ———==1
n  v2nloglogn
almost surely.

The following figure is a plot of S,,/n (red), its standard deviation 1/y/n (blue), and its bound
v/2loglogn/n given by LIL (green). Notice the way it randomly switches from the upper bound
to the lower bound. Both axes are log-transformed.

LAH OF THE ITERATED LOGARITHH
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sqrt{1/n)
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-0,1 ‘e 1

-.5 - -
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Remark 4.17. (i) Applying the theorem to the i.i.d. sequence {—X,}, we also have

lim inf S

n  +/2nloglogn -

—1

almost surely.
(ii) Comparing Theorems 3.1 and 4.16, we see that LIL provides the scaling factor where the
two limits become different:
S. S a.s.
—ni>0, while ———— A0
2nloglogn 2nloglogn
In other words, for any given large n, |S,/v/2nloglogn| is less than any predefined ¢ > 0 for

almost all outcomes w; on the other hand, for almost all w, S,,/v/2nloglogn will be visiting the
neighborhoods of any point in the interval (—1,1).

Proof of Theorem 4.16: the Gaussian case. Let us further assume that X; 4 N(0,1). In this case,
Sn/v/n 4 N(0,1) for all n. By Question 4 in Homework 2, we know that

1 e 1,

for all > 0.
(i) Fix € > 0. Then (4.8) implies

S
P(m>l+e>:P(Sn/\/ﬁ>(1+5)\/210glogn) "

1 )7(1+E)2

<
(14 ¢)y/4mloglogn

for all sufficiently large n. Choose ¢ > 1 such that

exp(—(1 + €)?loglogn) < (logn

e2/(g—1)>2. (4.10)

Choose the subsequence ny = [¢*|. We can find an M = M (e) € N such that loglognys > 0 and
all the preceding tail bounds hold for £ > M. This leads to

S S - 2
Z IP’(# > 1 —I—a) < Z (log ng,)~(1+)
i v2ny loglog ny

k= k=M
0o (I+1)M~-1 0
= Z Z (lognk)_(H'E)2 < ZM(llog 2)_(14'5)2 < 00.
=1 k=IM =1
Then Lemma 4.13 (i) implies
P(limsup{% >1 —i—a}) —0,
k v 2ng loglog ny

which further shows (why?)

P(limsup% >1 +5> ~0. (4.11)
¢ vV2ngloglogny

61



To handle the terms between each nj, note that we have the reflection principle

P( max Sy > a) < 2P(S, > a) (4.12)

1<m<n
for all @ € R and n > 1. To prove (4.12), define the stopping time
7 :=min{m: S,, > a}.
Thus 1 > Y7 | 1;—p,, which leads to

n

P(S, > a) > iIP(Sn>a,T:m):ZP(Sn>a]T:m)-}P’(T:m)

m=1 m=1
> Zl JB(r=m) =BT <n) = gP(lgggﬁm > a) ;
-

where in the third step we used {X,,},>1 are independent and symmetric (w.r.t.0). Choose n > 0
so small that €2/(q — 1 +n) > 1. Since (ngr1 — nx)/nk — q — 1, for all sufficiently large k the
reflection inequality and the Gaussian tail bound give

P( max  (Spy — Sp,) > ev/2n4 loglognk)

NE<MENE 41

< 21?( Shjesr = > e 2loglog nk)
V41 — N q—1+n

The last expression is summable because logn, =< k and its exponent is greater than one. Thus

i IF’( max  (Sp — Sp,) > ev/2n4 loglognk) < 00,

Py’ nE<MENE41

and together with Lemma 4.13 (i) we get

Sm — S
P( limsup max ————k—>¢]=0. (4.13)
g mesm<ngi 4/2ny loglog ng

Combining (4.11) and (4.13) yields

S
P{ li —>142¢) =0 4.14
( 1mnsup v2nloglogn * 5) (4.14)
for any fixed £ > 0.
(ii) Fix 6 > 0, and let p € {2, 3, ...} such that
@gl and = <5 (4.15)
p—1 VD

Consider the subsequence nj, = p* and define the event

S

WESE Snk

V41 — N

A :={ Sy =Sy > (1-0)\/2n441 loglog g1} = { > (1=6)+/2ploglog npi1/(p — 1)} :
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By the first relation of (4.8), we have

Cp.§ _(1—68)2 _ Cp.s —(1— 0 7 —(1—
P(Ag) > ——2%—(lognpy) 0P/0-D) > P20 (Jogny,,) 170 > 22 p—(1-9)
loglogng41 v/loglogngi1 log k
for k > 1. Here ¢, ¢, c;)’(; > (0 are constants. This leads to
[e.e]
D P(A) =o0.
k=1
As {Ay} are independent events, Lemma 4.13 (ii) yields
P(limsup Ax) =1,
k
which yields
. Sﬂk+1 B Snk
P( limsup >1-6)=1 (4.16)
ko \/2npp1 loglog ngy
Note that we can repeat the proof of (4.14) for {—X,,} and {—S,,} to show that
-5,
P ( Tim sup ———"— >2) =0,
1mnsup v2nloglogn
and thus
P Tim su o 2) =1
n P v2nloglogn -
which implies
_ — 2
1:P<limsup#<2> g[[”(limsup S <—>.
r  \2ngloglogny ko /2ngs1loglogngyr /P

Together with the second relation of (4.15) we have

P(liminf S > —5) =1. (4.17)
ko \/2np41 loglog ngi

Combining (4.16) and (4.17) gives
Sn
P( L —_—
( 1mnsup 2nloglogn

Letting ¢ | 0 through a countable sequence and combining with the upper bound (4.14) proves that
the limsup equals 1 almost surely. ]

21—25):1.

Under the assumption of Theorem 4.16, we can also show that

maxlgkgn |S]€‘ o

lim sup — kst PRy (4.18)
n v?2nloglogn
almost surely. Comparing Theorem 4.16 and (4.18), we see that S, and maxj<r<y, |Sk| have the
same asymptotic behavior in terms of limsup. For liminf, we have the following result.

Theorem 4.18 (Chung). Let {X,,} be a sequence of i.i.d. random variables, with EX; = 0, IEXI2 =
1 and E|X3| < 0o. Let Sy, = X1+ -+ + Xy,. Then

8log1
lim inf L;)gn max |S| =1
n nim 1<k<n

almost surely.
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Homework 3

Question 1. Let {X,},>1 be i.i.d.random variables, with the uniform distribute on [0,1]. Let
Yy, := ([T}, Xi)¥/™ > 0. Find a constant a such that

P
Y, —a.

Question 2. Let f,g be L; functions from [0, 1] to (0,00). Suppose there exists C' > 0 such that
f(z) < Cg(x) for all z. Show that

[ V() 44 flon) o f@)da
h%“/o /0 9@+t glam) A= fig(@% '

Question 3. Let {X,},>1 be i.i.d.standard Gaussian random variables. Find a function f(n)
such that

limsup —= =1

almost surely.
Question 4. Let {X,,},>1 be pairwise independent random variables, having symmetric distri-

butions and satisfy sup,, EX2 < co. Show that

X1+ + X a-s
n

0.

Question 5. Let {X,,},>1 be i.i.d.random variables with EX; = 0 and EX? < co. Let S, =

X1+ -+ X,. Show that
limninf 57% =0

almost surely.

Question 6. Let {X,}n>1 be ii.d.symmetric random variables with EX? = oco. Let S, =
X1+ -+ X,,. Show that

1111 Sup

n  vnloglogn -

almost surely.
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5 Some stories

From now on, let us move on to the topic of random matrix theory. We start with some motivations.

In 1999, a Czech physicist named Petr Seba took his first trip to Mexico. While riding a bus
in a small town, he noticed something very interesting: at every bus stop, a boy would come up to
the driver and hand him a piece of paper. The driver would look at the paper and then give the
boy some money.

At first, Seba thought this might be related to the mafia or drug dealers. But then he realized
that what was written on the paper was simply the departure time of the previous bus. Because
the buses in Mexico were independently operated for profit, the drivers needed to know the status
of other buses in order to maximize their earnings. If the previous bus had just left, the driver
would slow down to allow more passengers to accumulate at the next stop. But if the previous bus
had left a long time ago, the driver would speed up, since there would already be enough people
waiting at the next stop. By doing this, he could also avoid being caught by the bus behind him.

Because of the presence of these boys, behind the simple event of bus departures was actually
the interaction of all the drivers in the town. Seba found this very interesting and thought it might
relate to something he had seen in physics. So he paid one of the boys for the data he had collected
on bus departure times, and Seba plotted them on a computer.

Now, please look at the image in this link (I cannot include it in this file for copyright reasons),
and think about which of the three patterns corresponds to the bus departure times.

Clearly, the last pattern is deterministic, so it is not our answer. The first pattern is a typical
realization of a Poisson process, which means that the events are independent of each other. More
generally, Poisson statistics are a useful idealization for systems in which events occur indepen-
dently. Some natural event data may be approximately Poisson only after trends, seasonality, and
clustering, such as earthquake aftershocks, have been removed.

The second pattern corresponds to what happened with the buses in Mexico. We see that it
walks the fine line between being completely fixed and completely chaotic. This is what we observe
when we look at strongly correlated systems.

400 700 1000
ENERGY (eV)

Seba thought this was very interesting because it related to something he had seen in physics
before. So let us go back a bit in time. In 1955, physicists had experimental data on heavy nuclei
and wanted to understand why the pattern they observed looked the way it did. But theoretically,
this was a very difficult question: the structure of heavy nuclei is extremely complicated, and there
are many interactions occurring within a single atom, including certain relativistic effects. Thus it
was impossible to determine the entire structure of a heavy nucleus and compute its energy levels
explicitly (as could be done for hydrogen, for instance).

Then the physicist Eugene Wigner came forward and suggested that the question could be
approached from another perspective: while it was not possible to compute the energy levels
directly, statistically, this pattern could be modeled by the eigenvalues of random matrices—that
is, matrices with random coefficients.
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The model Wigner considered back then is now known as the Wigner matrix.

Definition 5.1. Let H = H* = (H;; : 1 <i,j < N) € CV*N. We call H a Wigner matrix if the
variables (H;; : i < j) are independent,

1 . . _
EH;; =0, E|H;;|* = N (i #7), E|H;)* = O(N™1),

and, for every fixed k > 3,

E|H;;|* < O, N~F/2

uniformly in ¢, 7, N.

For GOE, Hz‘j ~ N(O, Nﬁl) fori < J and H;; ~ N(O, 2N71). For GUE, Hij = (Xl] —i—i)/ij)/\/ 2N
for i < j, where X;;,Y;; ~ N(0,1) are independent, and H;; ~ N(0, N~1).

In the random matrix setting, IV is our fundamental large parameter, and we are interested in
the properties of the model when N gets large. The famous Wigner’s semicircle law asserts that
the empirical eigenvalue density converges to the semicircle law when N — oo.

As far as our heavy nuclei (and the buses in Mexico) are concerned, the more interesting object is
the gap distribution between individual eigenvalues. For GOE and GUE the joint eigenvalue density
is explicit, and the limiting gap laws can be characterized exactly, although not by elementary
formulas. A remarkably accurate approximation to the GOE nearest-neighbor spacing density is
Wigner’s 2 x 2 surmise

People in 1955 could already see that the patterns of the heavy nuclei look very similar to the gap
distribution of the GOE, but they could not verify this statistically: every nucleus only has a few
dozens of energy levels, and this number is not enough in the statistical sense.
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In 1982, Haq, Pandey, and Bohigas combined 1407 resonance energies, arranged in 30 sequences
from 27 nuclei, into the nuclear data ensemble (NDE). If we compare the gap histogram of NDE
and the gap distribution of GOE (which is computable), we can see that they match quite well,
even towards the tail. As a comparison, if we look at the gap of the Poisson process, which has
exponential decay, it does not match the gap histogram of the NDE at all.

Let me give one more example related to random matrices. For Res > 1 the Riemann zeta
function is

o0

()= _n"",
n=1

and it has a meromorphic continuation to C, with a single simple pole at s = 1. Its trivial zeros
are —2, —4, —6,.... The Riemann hypothesis asserts that every nontrivial zero has real part 1/2.
A rigorous interval-arithmetic computation has verified this up to imaginary height 3 - 10'2, which
includes more than 10'3 zeros.

Write the ordinates of zeros on the critical line as

1 _ . UIntl — In Tn
<(§ + Wn) =0, On = o0 log o

Montgomery’s 1973 pair-correlation conjecture predicts GUE statistics for the locally rescaled zeros,
and Odlyzko’s computations in the 1980s found striking numerical agreement, including data near
the 102%th zero.
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8, for 70 million zeros near the 102°th zero of ¢, versus GUE.

So now we see that things from totally different worlds, the buses in Mexico, the heavy nuclei,
the Riemann Zeta function, all have something to do with random matrix theory. The reason is
quite simple: systems with enough complexity and randomness always show the same pattern. We
study random matrix theory, partially because it is one of the mathematically simplest complex

systems.
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6 Local semicircle law for Wigner matrices

6.1. Global and local law

In Section 6, we consider the N x N Wigner matrix H as in Definition 5.1.

Convention. In random matrix theory, we use N as our fundamental large parameter. We are
interested in the properties of H when N gets large. Most quantities we study shall depend on NV,
thus we almost always omit the explicit argument N from our notation. Quantities are independent
of N will be called a constant (or sometimes fixed), and they are usually denoted by C,c. Every
quantity that is not explicit a constant is in fact a sequence indexed by N.

From Definition 5.1, we see that for fixed k > 3,

1 Hijll2 < || Hijlle < (Co)V*N=Y2 < O Hijl2 -

This means the entries of a Wigner matrix are light-tailed.
Let Ay > -+ > An be the eigenvalues of H, and let

1 N
=N 25)%
i=1

be the empirical eigenvalue measure. Here 0, is the unit point mass at a, characterized by

[ f(z)da(dx) = f(a).
Let 1
0sc(T) = Py (4 - $2)+

be the semicircle density. The famous Wigner semicircle law asserts that
= Osc (6.1)

almost surely. The above convergence holds in two layers: the almost sure convergence is w.r.t. the
randomness of x, and “—” denotes the weak convergence of probability measures. Equivalently,
we can write that for any bounded continuous function f,

/R F(@)u(dz) - /R £ () ose(2)de

almost surely.
Another way to formulate the convergence (6.1) is through Stieltjes transforms. For the rest of
Section 6, we write
z=FE+in, n>0.

The Stieltjes transforms of p and gg. are given by

s(2) = /R L (dz) and ma(z) = /R Oscl®) g,

x—2z x—z
They are well-defined as n > 0. The following is a standard result on Stieltjes transforms.

Lemma 6.1. We have i — 04 almost surely, if and only if s(z) — mse(2) almost surely for any
fized z € Cy.
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Note that

Thus Im s(z) is a control of the empirical distribution of ;1 smoothed on the scale 7. For this reason,
7 is called the spectral resolution.

N N
Ai — E +in 1 1
— ————, Ims(z)=— —_—.
"N B

Theorem 6.2. We have s(z) — ms.(z) almost surely for any fized z € C.

In Theorem 6.2, z is N-independent, which means we are on the spectral resolution of order 1.
Theorem 6.2 is therefore called the global semicircle law.

A local law is a result that controls s(z) —ms.(2) for all i satisfying > N~1. In other words, n
depends on N. The restriction 1 > N~! is obvious, since the N eigenvalues lies roughly on [—2, 2],
and the typical separation of the eigenvalues is of order N 1.

6.2. Statements and consequences of the local law
In order to state the local law, we shall need the following notion.

Definition 6.3 (Stochastic domination). Let
X=XMw):NeNueUM), v=M@w): NeNueUM)

be two families of random variables, where UY) is a possibly N-dependent parameter set, and
Y > 0. We say that X is stochastically dominated by Y | uniformly in wu, if for any fixed D, e > 0,

sup P(|X|=YN®) =O0.p(NP).
ucUW)

If X is stochastically dominated by Y , we use the notation X = O<(Y), or equivalently X < Y.
We say an event 2 holds with very high probability if for any fixed D > 0, 1 — P(Q2) = Op(N~P).

Remark 6.4. (i) Stochastic domination provides a good measurement on the scale of a random

variable. For instance, consider the random variable Y LY (0,1), whose typical size is of order 1.
But we cannot find C such that |Y| < C almost surely. However, we can write Y < 1.

(ii) If Y is deterministic, in practice to prove X <Y, we show that E|X|? < C,Y? for any fixed
p. Then given €, D > 0, choose p large enough such that

P(|X| > N°Y) < C,N~* < NP
As the local law is stated via Stieltjes transform, we introduce the Green function
G(z):=(H—2)"'.

We denote the normalized trace G(z) := & TrG(z) = + ZZ]L = = s(2). The local law controls
G as well as G;j. Fix 7 > 0, and define the spectral domain

S=S,(N):={z=E+in:|E| <10, N~"7 <5 < 10}. (6.2)

The next result is our main target in Section 6.
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Theorem 6.5 (Local semicircle law). We have

1
G(z) — mge(2) < — 6.3
Gl = mas) < 5~ (63)
and
1 Immge(2)
Gii(2) — 0;imge < — | — 6.4
HZ!:’:]L.X| (2) iMse(2)] N7 N7 (6.4)

uniformly for all z € S.
The local law has several consequences, which we will prove in later parts of Section 6.

Corollary 6.6. We have
b
number of eigenvalues in [a,b] = N p([a,b]) = N/ 0sc(z)dz + O (1)

uniformly for all [a,b] C R.

For the eigenvalues Ay > --- > Ay of H, we denote the typical location of A\; by ~;, which is

defined via ) .
1

sc dr = —.

X/ 0sc(@)de = —

i

The next result is known as the rigidity of eigenvalues.

Corollary 6.7. We have
X — il < N72BGA (N +1-4))73
uniformly for all i =1,2,...,N.
Note that
Vo — Vo1 ~ N72/3
for fixed k, and
Vi — Yigr ~ N7

for i € [cN,(1 — ¢)N]. In other words, the result of Corollary 6.7 is optimal, subject to the N¢
hidden in the definition of “<”.
The next result is about the eigenvectors.

Corollary 6.8 (Delocalization). Let uy,...,uy be the eigenvectors of H associated with A\y > -+ >
AN. Assume the eigenvectors a normalized, i.e.||u;||2 = 1 for all i. Then
max_|u;(k)| < N~V2.
1<i, k<N
Proof. Use the uniform version of Theorem 6.5. On the event, holding with very high probability,

on which that law holds and ||H| < 3, fix j, k and set z = \j + in with n = N~!'7. The spectral
decomposition

N N *
H=UAU"=Y Nunj, G(z)=Y A‘f‘_l’fz
/=1 /=1
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gives

N
\W Ju; (k)
Im G (z E > .
= (A= X))+ n

The local law yields Im Gy (2) < |Ggx(2)| < 1, uniformly in j, k. Hence

max luj (k)| < N~H7.
]7

Since 7 > 0 is arbitrary, this is equivalent to max; s [u;j(k)| < N~1/2. O

6.2.1. Outline of Proof. We first give an outline of how to prove Theorem 6.5. It is easy to see
that

/ 1 /(4—2?)4 —z+Vz22—4
mse(2) = [ — dz = .
R2T T —2Z 2

Here v/22? — 4 denotes the branch analytic on C\[—2, 2] and satisfying v/22 — 4 ~ z as |z] = oo. We
often use that ms.(z) is the unique solution of

1+zm+m?=0

satisfying Imm(z) > 0. We show G is close to my. by proving 1+ 2G + G? ~ 0.
Step 1. The probabilistic estimates. Suppose that for some z € S,, we have max;; |Gi;(2)| <
1+ ¢ for some ¢ € [N~ N7/19]. For any fixed n € N, prove that

E[l +2G + G*" = O(&1(¢)") and  E[d; + 2Gij + GGy|" = O(E2(9)")
and conclude that
1+2G+ Qz <& <¢) and (Sij + ZGz'j + QGZ] < 52(¢) .

Step 1.5. Reflection. The error terms &1 (¢) and E3(¢) in Step 1 are small enough if ¢ < N7/10,
However, it is already non-trivial to establish max;; |G;;| < N /10, By spectral decomposition, we
can only get

k( '

Gij(2)] = "

nt Z lug (Dur(§)] <0t (6.5)

k=1

which is terribly bad if n < N~7/10,

Step 2. Initial bound. In our analysis, we consider one particular F, and go down in the
spectral resolution 7. We first treat the case when n > 1, where (6.5) gives max;; |Gj;(z)| < 1. The
estimates 1 + 2G + G2 < & (1) and dij + 2Gij + GGy < E2(1) then gives

G —mg. <1 and Gz‘j — (5¢jmsc <1,

which is the global law at n > 1.
Step 3. Finally we perform a “bootstrap” argument and extend our results for all n > N~1F7,
Suppose we have the local law at zyg = E + ing. Then we know that

|Gij(20)| < [msc(20)0i5] + |Gij(20) — dijmse(z0)| < 1.

To reach smaller n, we have the following result.
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Lemma 6.9. Let I'(z) := max;; |G;j(2)|. For any M > 1, we have
['(E+in/M) < MI'(E +in) .
7/10

From Lemma 6.9, we know that for all ny € [noN~7/Y no),

T(E +im) < °T(E + ing) < NT/1°.
m

Thus from Step 1 we know that

142G +G? < E(NT0) and 65 4 2G5 + GGy < Eo(NT/10).
at z = F + in;. This will imply local law at E + in;, and allows us to repeat step 3.
6.3. Proof of Theorem 6.5: probabilistic part

We shall work on the case when H = H7 is real and symmetric, which makes H;; real random
variables. The complex Hermitian case works in a similar fashion. The main probabilistic estimate
is the following result.

Proposition 6.10. Let us define
I(G) =1 +2G + GG € CN*NV

Let z € S; and suppose that max;; |Gi; — msc6ij| < ¢ for some deterministic ¢ € [N71, N7/10] at
z. Then

I SC +
max [1(G) ] < (1+9)°) | = ’ (6.6)
and I L e
6 1M Mse
(G) < (14 9t 67
at z.

6.3.1. Cumulant expansion. For a real random variable h, all of whose moments are finite, the
kth-cumulant of h is
dk :
R Nk th
Ci(h) := (—1) (dtk log E[e! ])

t=0
One easily checks that Ci(h) = Eh, C2(h) = Varh, C3(h) = E(h — Eh)3. The cumulants have
the following properties.

(i) Let a € R. Since log Ee™"*%) = itq + log Ee", we have
n

Culh+a) = (—1)" <§t log E[eit<h+a>]>

_JCi(h) +a if n=1
o \Calh) if n>2.

(ii) Let hy, ha be two independent random variables with E|hT|, E|h%| < co. Since
logEeit(h1+h2) _ log[]Eeithl . EeithQ} — lOgEeithl + 1Og Eeithg ’

we have Cp,(h1 + h2) = Cp(h1) + Cp(h2).
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(iii) Let h 4 N (p,0?), then

ith 22 _ ity — 102252 _

: 1
= 1 ltu_ia
oge 2

log Ee
Thus C,(h) =0 for all n > 3.
(iv) Cn(ah) = a"Cp(h).

Note that (i)—(iii) in the above are in general not true for moments. The main tool that we
use in our computation is the following formula by Andrew Barbour [1]. It is a generalization of
Lemma 3.4.

Lemma 6.11 (Cumulant expansion). Let h be a real random variable with moments of all orders,
and let F : R — C be a smooth function, and denote by F™ its nth derivative. Then, for every
fized £ € N, we have

4
Efn- F()] = 3 2 Cert WEFO (0] + Ren, (6.8)
k=0 "

assuming that all expectations in (6.8) exist, where Ryyq is a remainder term (depending on f and
h), such that for any t > 0,

1/2

Rip1 = 0(1) . (IE | SIHI‘Z‘ |F(€+1)(x)|2 .E ‘h2£+41|h>t‘> + 0(1) _EWHZ . ‘Slllp ‘F(”l)(x)‘ )
x|< x|<t

We start with an elementary inequality.

Lemma 6.12. Let X be a nonnegative random variable with finite moments. Then for any a,b,t >
0, we have
EXE[X"1x5] <E[XP1y,].

Proof. Tt suffices to assume a > 0. Let us abbreviate || X ||, := (EX®)'/®. For t > || X||a, we have

EXE[X1x]) <E[t"X 1xs] <E[X*"1x.], (6.9)
which is the desired result. For ¢ < || X4, we have

EXE[X1x«] > E[t"X 1x«] > E[X " 1y4]. (6.10)
Jensen’s (or Holder’s) inequality yields

EX*EX® < EXT (6.11)

and the claim follows from (6.10) and (6.11), using 1 = 1x<; + Lx>¢. O
Proof of Lemma 6.11. Let x(t) := logEe'*". For n > 1, we have

ar (X0 = ap 1 ( ()X V) = zn: <Z

k=1

-1

L)t (e (@),

hence

Eh" = (—i)"ofeXD],_ =" (Z: Dck(h)Eh”k.
k=1
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For g(h) = h*, we have

E[h-g(h)] = Eh*H = Zi:l < ¢ >Ck(h)Eh‘+1_’“ = i: ick (R)E[g™ (h)]
o\l =¥ - |

and by linearity the same relation holds for any polynomial P of degree < ¢:
£
E[h-P(h)] =) —Ck+1(h)IE[P(k)(h)] : (6.12)

Next, let f be as in the statement of Lemma 6.11, and fix ¢ € N. By Taylor expansion we can
find a polynomial P of degree at most ¢, such that for any 0 < k < ¢,

1

F®(h) = P (h) + [

FED ), (6.13)
where & = £(h) is a random variable taking values between 0 and h.

By (6.12), (6.13), homogeneity of the cumulants, and Jensen’s inequality we find that the error
term in (6.8) satisfies

l
Rep1 = Z klck+1 f(k (h)]
k=0
l
= E[h- (f(h) ~ PW)] — 3 1iCera(WE[F® () — PO(n)]
k=0 """
1 l
— o 1)!E[f(f+1 he+2 z:: £+ 7 Ck+1( )E[f(“l)(ﬁk) ) he+1—k]
{41 (
0-STELE R FED ()| - ptr2k
Pt gy el
+1
< O B - sup [F(@)| + O0)- B B[ sup [£4D(@)]- 57 ]
|z|<t |z|<|h|

The desired result then follows from estimating the last term of the above by Cauchy-Schwarz
inequality and Lemma 6.12. O

6.3.2. Proof of Proposition 6.10 (i). A main tool that we use in our estimate is the following
identity.

Lemma 6.13 (Ward). Let G = G(z).Then
Im Gy;
> 1Gy1? = —
J
Proof. We have } . 1Gi;|? = > GijG;; = (GG™);;. Here G* = (H* — z*)7! = (H — z)~!. For any
convertible matrices A, B € CV*¥  we have

AN B-AB'=4"1-B7, (6.14)
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Setting A= H — z and B = H — Z yields

G(H — 72— H + 2)G* = 2iGG* =G — G* .

Hence o o G
> 1Gy[E = (GG = T = S
- 2in U
J
as desired. O
The Ward identity sums up N many O(1) quantities, and get a result of order n~!. This gives
an improvement of factor (Nn)~!. Note that our assumption gives us
max |G| <1+ ¢, (6.15)
ij

which will be used to estimate the additional Green functions in our computation. Now we are
ready to prove Proposition 6.10.
Let i,7 € {1,2,..., N}, and we use the abbreviation

Hij = H(G)ij = 52']' + ZGij —l—QG,’j = (HG)Z']' +QGij .

Fix n > 1. We have

)

E|TT 2" = E((HG),; + GGy Tl = E( Y Gy + GGy )T T
k

= EHyGyp I} I + EGG, I I =: (A) + (B).
k
Now for each k, we apply Lemma 6.11 with h = Hy;, and f(H) = ijﬂ%_lﬁ?j. As the upper
triangular entries of H are independent, here we first consider the randomness of H;; and Hy; in
f(H). Thus

4 ¢
1 s n—177" k
(4) = Z Z QCSH(HM)EBM(GMHM L) + ZREUA =: Z Ls+ R,
k ) k 5=0

where we abbreviate 9, := ﬁa_k. The Green function is easy to differentiate, i.e.

_ 0G(H — 2) oG O(H — 2) oG

(H — 2) + G(AY + A7) (14 6;5) 7"

Here AY € RVXN satisfy A% = §;6;;. Thus

oG y .
_ ij Ji A !
o, = G(AY + AT (1 +6;) 7@

in the matrix sense, which implies

0Gyy
O0H;;

= —(GriGji + GriGu) (1 + ;). (6.16)
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Recall that Ci(H;;) = EH;, = 0, and Co(Hj) = Eka = N1+ O(6;)). For simplicity, here we
assume EHZ = N71(1 + &%), i.e. the diagonal entries of H have variance 2/N. Thus Ly = 0, and

ZN (1 + i) Edi (G 1T 'TI)

=

= Z N7+ 0i)E(—(GriGirj + GraGig) (1 + 63) TS + Y - N7HL + 630 EG O (17
k:

=: L1,1 +Li2.
Now,
-1 2 —1F" 15
Ly =—-N"EG )in?j 1I;; — EGG; H” HZ] ,
and we get our key cancellation
L1+ (B) = =N 'E(G*),11} ;.

Thus
¢ ¢

E[IL;|*" = (A)+(B) =Y Li+Rep1+(B) = Lig+ Y Lo+ Ry — N E(G?);, 17T . (6.17)
s=0 s=2

Let us look at the last term on RHS of (6.17). By Lemma 6.13, we have

1/2
()il < Z‘szGka (Z’GM) (Z!ij‘ )1/2 (Im G Im G5) ’
K

n

and thus

=N

‘N TE(G2);,1 T <

1 _
RS mE((Im G“ Im ij)1/2|HZ‘j|2n 1) .
We can deduce stochastic domination from moment estimates, and we can also use stochastic
domination to assist moment estimates. More precisely, by max;; |G;j — ms.d;j| < ¢, we have
Im Gy < Immge + |Gy — mse] < Immge + ¢

Let D = 100n, and for any fixed € > 0, we can find C' = Cp such that

P(E.) := P((Im Gy Im G ;)2 > (Immg. + ¢)N°) < ON P
for all N. Hence

1 _
WE((ImGiiImij)l/zlﬂijF" =
< (Im Mge + Qb)Ng

N—nE((Im Gy Im Gy) | (g, + 1g¢))

: 1
E|Hij|2n_1 + mE((Im Gy Im ij)1/2|Hij|2n_11Eg)

E|I; > + P(E.) - N0,

where in the last step we used the deterministic bound max;; |G;;| < n~! < N. Since ¢ is arbitrary,
we arrive at

1
NT'E(G?),1T;, <y ~E((Im G Tm G5) /(12" )
m s o (6.18)
< Cn,eN€#<Erﬂier"> o).

We aim for the following estimate.
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Lemma 6.14. For every fired n, € > 0, and D > 0, for all sufficiently large N,

2n
n—a I
BT 2 < N3 E9(BIT, P05 4 NP, €= (14 ¢)P [ T2
a=1 NT]

Young’s inequality applied to Lemma 6.14 yields the usual high-moment bound E|Hij|2" <
NC¢eg?n 1 N=P: since n is arbitrary, Markov’s inequality gives (6.6).

By (6.18), the last term on RHS of (6.17) is good. Let us look at other terms in (6.17). There
are several terms in L1 2. For instance, we have

‘ SN+ 6 EG; 0 (2Gi I T
k
< CZ N_1(1 + (Slk)E‘Gk](G“Gk] + leGU)(l + (Sik)_ll_[?]n_2
k
SCN™'D E(GrGuGrj| + |Gy GinGig )T}
k

< CneN°(1+0)

2n—2

(E|IL*") > + NP

Immg. + ¢
Nn

Here in the second last term we used (6.15) and Lemma 6.13. Other terms in L; 5 works in a similar
way. We have

2n—2

|L1| < Co e NEEX(BIM[*") 2 + N-P (6.19)

We have finished the estimates of L1, which corresponds to the second cumulant of Hjj.
The higher cumulant terms are easier to estimate: recall our assumption

E|VNH;;|* < Cs

which implies
C.(VNH;)| < Cs and |Cy(Hij)| < CaN~5/2.

Here in the last step we used Cs(aH;j) = a°Cs(H;j). One readily sees that

(s+1)A2n
J— 2n—a
|Ls] < CaN~CHIRN"R|05 (Gl T < Cos e N Y EXE[T,PP) 20 + NP
k a=1

for all s > 2. A complete proof requires the corresponding Ward-identity bookkeeping for every
derivative term and a uniform estimate of R,.1; we omit those technical details. Thus the argument
above is a proof sketch of (6.6).

6.3.3. Idea of the Proof of Proposition 6.10 (ii). For (6.7), note that the summation in
I(G) = % >, I;; gives rise to one more Ward Identity. We omit the details here.

6.4. Proof of Theorem 6.5: deterministic part

Let z = E + in. In this section, we always consider the same E € [—10, 10].
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Step 1. We first consider n € [2,10]. In this case, |G;;| < 71 < 1/2. Since |ms.| < 1, the
hypothesis of Proposition 6.10 holds with the deterministic choice ¢ = 2. By (6.7),

I 1
1+2Q+Q2-<(1+¢)6w-<

N7 Ny’
and thus
6= —5(1+0:(5,))
= z4+G “\Nn//)"
Note that Im(z + G) =n+ImG > n > 2, and 1+zmsc+m§C:0impliesmsc:—Z+71nsc.Hence
1 1 1 G—m 1
L1 0-) s e 0
- se z+G = Nn z4+mge (24 mg)(z+ G) = Nn

which implies G — mg. < (Nn)~!. This proves (6.3). To prove (6.4), we need the following input.

Lemma 6.15. Recall the definition of S from (6.2), and let z € S. Suppose at z we have
max;j |Gij — Mscdij| < ¢, ¢ € [N_l,NT/lo], and G — mge < 0 for some § < N~7/19. Then

Im my, 1
Nn  Nn’

max ‘G” — mscdij] <0+
1]

Proof. By (6.6), we know that

I SC
0ij + 2Gij + GGy < (1+ )%y mn]anJr 2

Z+Q_ Z+mSC+Q_msc B Z+msc+0<(0)__msc+o<(9)a

Immg. + ¢
Gij — Msediy < 0+ (1L + @)%y [ — .
J J ( ) NT]

Immg. + ¢
Nn

Since

we get

In other words, we have

max |Gij — msedij| < 0+ (1+¢)° (6.20)
17

provided that max;; |G;j — mscdij| < ¢. Iterating (6.20) finitely many times yields the desired
result. O

Now for n > 2, the condition of Lemma 6.15 holds, with G — m. < NLn =: 0. Thus

Im my, 1
Nn  Nn’

mi?x ’G” — mscéij] <

which proves Theorem 6.5 for n > 2.
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Step 2. Let us consider the general case n > N~1*7. Recall that Lemma 6.9 states I'(z) :=
max;; |Gij(z)|. For any M > 1, we have I'(E +in/M) < MT(E + in).

Proof of Lemma 6.9. Fix E and write I'(n) = I'(E' +in). For h small enough,

U0+ h) = T(n)| < max |Gy (B +i(n + b)) = Giy (B +in)| = [h| max [(G(E +i(n + h))G(E + in))5]

L+ m)I'(n)
(h+mn)n

9

< [hlmax ) |G(E +i(n + k)il |Gy (B + im)| < |hl
k

where in the second step we used (6.14) and in the last step we used Lemma 6.13. The above
implies I' is locally Lipschitz continuous, and its almost everywhere exists derivative satisfies

dr T
7’ <.
dnl ~n

Thus %(nf(n)) > 0, which implies the desired result. O

To proceed the proof, we need one more result.

Lemma 6.16. Let A : S — [0,00) be a function such that
142G+ G <A.

Suppose A € [N72, N~¢], and A = A(z) is Lipschitz continuous with Lipschitz constant N. More-
over, assume that for each fixred E, the function n — A(E + in) is non-increasing. Then

LA
Immsc—&—\/g'

The proof of Lemma 6.16 is in fact quite technical (and non-trivial), as the square root /z is
unstable when Im z is close to 0. It can be found in e.g. [4, Lemma 4.5].

Now let us decompose {E} x [N71*7,10] = Up_ Wy, where Wy := {E} x [2,10], and W}, :=
{E} x [2N—% 2N—9*=D] for k > 1. Here 6§ := 7/100, and n = O(6~!'). In particular, n = O(1).
The following result will finish the proof of Theorem 6.5.

To apply Lemma 6.16 rigorously at each stage, the displayed deterministic error bounds below
must be replaced by non-increasing Lipschitz majorants and checked to lie in the range required
by the lemma. This standard envelope and finite-net regularization is omitted; accordingly, the
remainder of this subsection is a bootstrap proof sketch.

G — myge

Lemma 6.17. For k =1,2,...,n. Suppose Theorem 6.5 holds for all z € Wj_q, then it also holds
for all z € Wy.

Proof. Let by, := E +i2N %% =1 be the upper edge of W}, (and the lower edge of W;_1). Since

1 Immy,
II;%X |GZ] — 5Z~jmsc| < m + NT]

at by, we know that max;; |G;j| < 1 at by. By Lemma 6.9, max;; |G;;| < N9 for all z € Wj,. Thus

max ‘GZ] — 62-ij6] < N6
)
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for all z € Wy. Now pick z € W. By Proposition 6.10,

6Immsc+N5

1+2G+G?<(1+N°
+2G+G° < (1+N°% N7 ,

and Lemma 6.16 shows

1
Q_mSC = (N?”)l/4 .

Now suppose G — mge < 0, 0 < N~7/19 Lemma 6.15 shows

Immyg, r
%?X\Gl]—mscézﬂ%H—i-“ N —i—N—n—.qb.

Applying Proposition 6.10 yields

Imm 1 0
142G+ G* < =+ +—=A.
Nn (Nn)? ~ Nn
By Lemma 6.16, we get
A 1 0

G—Mge < ——————— < —— 4| —,
= TImme+VA  Np Nn

provided that G — mg. < 6. Iterating the above yields G — mg,. < Nin Finally, applying Lemma

[ITmm 1
Hli?x ’Glj — mscéij] < anc + N777 .

This finishes the bootstrap sketch. O

6.15 with 0 = N%?, we get

Remark 6.18. Theorem 6.5 proves the local law for individual z. In fact, the result can be easily
strengthened to

sup N1 |G(2) — mse(2)] < 1, sup e |G (2) = digmse(2)] < 1. (6.21)
2€S zes (Nn)~1 + /Immg.(2)/(Nn)

Obviously, by the definition of Stochastic domination, the local law is true if we take the supremum
over a N73-net of S. One can then prove (6.21) by observing that

|Gij(2) = Gij(z + 8)] <ISII(G(2)G (= + 8))is| < N?|4]

whenever z,z + § € S. The analogous deterministic continuity bounds for ms.(z) and for the
comparison scale on the right-hand side of (6.21) complete the passage from the net to all z € S.

6.5. Applications of the local law

6.5.1. Proof of Corollary 6.6. We shall also use the following result in complex analysis.
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Lemma 6.19 (Helffer Sjéstrand formula). Let f € C2(R). Let f be the almost analytic extension
of f defined by N
flz+iy) = f(z) +iyf (). (6.22)

Let x € C*(R) be a cutoff function satisfying x(0) = 1, and by a slightly abuse of notation we
write x(z) = x(Imz). For any A € R, we have

fN) = 1/@@(];(2_»;(«3)) d2s .

0
Here 0z = (0, +10,) is the antiholomorphic derivative.
Proof. Exercise (it is essentially Cauchy integral formula and Green’s theorem). O

Fix ¢ > 0 and let n = N~'*¢. Let I C [-10,10] be given. Choose f € C2°(R) such that
f(x) =1for z € I, f(x) = 0 for dist(z,I) = 1, || f'lec = O(n~Y), and || f"||cc = O(n~2). Let f be
as in Lemma 6.19. Then

JRCICER ;;m NZ / D . 2 [ ou(FlonnGe) .
and similarly, [, f(2)osc(x)de = L [0, (2))mse(z) d22. Thus
/f — 0se(z /a N(G(2) — mael(2)) 22
[0 + 0 @) () + inf" @XE)] (L) - muc())ds"

(6.23)

27T

Note that in (6.23), we have the freedom of choosing x to our advantage (it can depend on N if
needed). Let x(z) =1 for [Imz| < 1, and x(z) =0 for |Im z| > 2. By Theorem 6.5, we have

! — Mge(2 z2 ’ x i x -1
[ S @) —matnazt < [ |15 dvde <N (6.21)
and as | /]y < | f/le - [supp(f))] = O(1),
N S | _
/C W@ C)EE) ~mad)az < /R / IS @) - duda < N7 (6.25)

To estimate the last term on RHS of (6.23), we need the following result.
Lemma 6.20. We have

for all0 <y <n=N"1te,
Proof. By Theorem 6.5, we know that

max |Gij(x +in)| < 1.
ij

Using Lemma 6.9,

max |G (z + iy)| = Tz + iy) < gm +in) =
ij

which implies the desired result. O
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By Lemma 6.20,

" " N* N¢
/0<y<n/1Ryf @X(2)(G(2) = mae(z))dzdy < /0 e /R " @)l dedy < - (6:26)

In addition,

/11277 /Ryf//(x)x(z)(G(z) — Mge(2))dady = _/

y=n

/R uF (@)X (2)00(G(2) — mael2))dxdly
=i [ [ uF@x)0,(G) - mele)dsdy
y=n JR
—i [ nf @Gl +in) — o+ iz =i [ [ 0,(ur @G ~ mucl2)dudy < N7
R y=n JR
Inserting the above and (6.24) — (6.26) into (6.23) yields

/R F(@) [i(dr) — gselw)da] < N1, (6.27)

Thus for any I C [-10,10],

/L(I) < /fl’n(x) M(d.%') < /flvn(x)gsc<x)d$ + O-<(N71+€) < QSC(I) + O—<(N71+6) .

Let I’ := {z : dist(z, I°) > n}. Then

pu(l) = /ff/,n(fﬂ)#(dw) > /fff,n(ﬂf)gsc(:v)dfﬂ +O<(N79) > 05e(I) + O< (N1,
As e is arbitrary, we conclude that
u(I) — o0sc(I) < N7* (6.28)
for all I C [—10,10]. Note that (6.28) also implies
((=2,2%) = 1 pu([=2,2]) = 1 — 0.e([-2,2]) + O<(N"1) < N2,

This finishes the proof of Corollary 6.6.
6.5.2. Proof of Corollary 6.7. We shall prove

)\i — v < ]\771 (629)

for all i € [¢N, (1 — ¢)N]. The edge case is more complicated and we omit here.
Define the eigenvalue counting function ¥ : R — {0,1,..., N} by

Y(E):={i: N\ = E}.
Fix € > 0. We have the duality

NM<E}Y={2(E)<i-1}), E=+N=

83



Thus

1 —1+¢ —1+4¢
N2+ N7 = s + N7 400))
= /L(['Yz + N71+€7 +OO)) - Qsc([Vi + N71+€7 +OO)) + QSC([7i7 +OO)) - Qsc(h% vi + N71+5])

_ -1 v~ a—14e
=0<(N )—i—N C;N .

Thus X(; + N~1¢) < i — 1 with very high probability, which implies
(N =7+ < N7HFeL
The same can be said for (A\; —v;)—. As ¢ is arbitrary, we get the desired result.

Exercise 6.21. Repeat the above argument near the edge, and show that
(AL —2)_ < N72/3,

In addition, figure out why we cannot use the same steps to deduce
(M —2)y < N3,

6.6. The complex case

Recall the definition of Wigner matrices from Definition 5.1. The symmetry class of the model
is characterized by the second moment of the off-diagonal entries. More precisely, when H is real
symmetric, we know that

EH;; = E[H;;|* = N~

for all 7 £ j. For the standard complex symmetry class we impose the additional condition
EH;; =0 (6.30)

for all 4 # j. This holds for circular complex Gaussian off-diagonal entries. A general complex
Hermitian Wigner matrix need not satisfy it; its pseudovariance N EHZQJ may be nonzero.

In this section we explain some steps of the proof of Theorem 6.5, under the assumption (6.30).
Our main tool is the following complex version of Lemma 6.11.

Lemma 6.22 (Complex cumulant expansion). Let h be a complex random variable with all its
moments finite. Define its joint cumulants by

cPD(p) := cum(h, ..., h,h,...,h),

p times q times

where cum is defined by the moment-cumulant relations. Let f : C2 — C be a smooth function,
and we denote its holomorphic derivatives by

) e
[PU(z1, 22) = Wf(zlv 22) -
Then for any fized ¢ € N, we have
S
Ef(h,h)h =Y ——CPTHVMEfPD(h,h)+ Ry, (6.31)
plq!
p+q=0
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given all integrals in (6.31) exists. Here Ryyq is the remainder term depending on f and h, and
for any t > 0, we have the estimate

Ryoi = O(1)-E|p**2 .1 . P9 (, 3
1= 0(1) - E| {1n>1}] max [FP9(=2,2)|
O(1) - E|n|*2. P9 (2,2)-1 :
+O(1)-E[p™ - max [FPD(2,2) - 12190 | o
Let G = G(2) = (H — 2)~! with z € S;. Let m,n > 1. For k < I, regard Hy; and Hy; = Hy, as
independent variables in the Wirtinger sense. Then we have the differential rules
oGy 0G;
aI{k:l OHM

GGy, = —GGl; - (6.32)
We can then prove Proposition 6.10 with the aid of Lemma 6.22 and (6.32). The (deterministic)
steps from Proposition 6.10 to Theorem 6.5 are identical to the real symmetric case.

6.7. Outro

In Theorem 6.5, we prove the local semicircle law for the centered model H using Lemma 6.11.
In history, the first proof of Theorem 6.5 was conducted through a more complicated method named
Schur complement, which we will not discuss here. What is only possible with Lemma 6.11 is the
local law for Wigner matrices with arbitrary expectations.

Theorem 6.23. Let H be a Wigner matriz and let A = A* be deterministic with ||A| < C. Put
W=H+Aand G= (W —2)", and let M(2) be the solution with positive imaginary part of

I+2M—AM + MM =0.

On any deterministic spectral domain D on which this matriz Dyson equation is uniformly stable
and |M(2)|| < C, for n > N~ we have, uniformly for deterministic ||B|| < 1 and deterministic

unit vectors v,w,
- 1 ~ 1 Im M
B(G-M — G-M — —
BEG- M) < o (G- Mw)l <y [

Theorem 6.23 generalizes the local law by allowing test matrices and vectors in the result. In
particular, the second estimate is called the isotropic law, and it controls the matrix G — M in the
weak operator sense. For eigenvalues lying in a regular bulk component of the deformed density,
the isotropic law implies

[, v)| < N2

for every deterministic unit vector v. This conclusion does not in general hold for outlier eigenvec-
tors created by A.

Beyond the isotropic law, strong-operator convergence must fail on very small scales. For GOE,
take a bulk £ and N~ < n « N~Y2. With probability tending to one, among the O(N7)
eigenvalues in [E — 7, E + 5] there is an index 7 with |(u;, v)| > ¢N~1/2. Hence

Cc

VN7

which shows that strong-operator convergence fails on such scales.

I(G = M)v] > - O(1),
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To prove Theorem 6.23, the key step is showing
[+2G-AG+GG~0.
The proof is in fact surprisingly similar to that of Proposition 6.10, as

I+:G-AG+GG=HG+GG.
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7 Fluctuations

Let H be a Wigner matrix as in Definition 5.1. Unlike the local law, when we study the eigenvalue
fluctuations, the symmetry class will play a role in the result. For this reason, we set 8 = 8(H) = 1
if IEH% = N~! for all i # j (real symmetric case), and 8 = 2 if IEHZQJ = 0 for all i # j (complex

Hermitian case).

7.1. Linear eigenvalue statistics

In Sections 7.1 — 7.2, we further assume that Hqq 4.4 Hyn and Hjj 4 Hy o for all @ < j
and i" < j'. Set

ay = NEH?, a3 = N*?EH?,, and s, = N2Cy(His).
We have the following result.
Theorem 7.1. Let f € C3(R) and assume oy > 0. Then

Trf(H)_Nf %N(O 1)
oy T

Here

2
uW:N/‘ﬂmmA@MH— do+3(5 - 1)@ +7-2)

/mz

(7.1)
2_26 /f 84/ O _4415;2(1:5
and
(z)* 4-ay
= dzd
gm0 ﬁmy (72

ai:fl / f(a /f N )2.

In Theorem 7.1, the leading term of Tr f(H) is N f f(z)psc(x)da, which comes from Wigner’s
semicircle law, and it is of order N. In contrast, the ﬂuctuatlon of Tr f(H) sits on much smaller
scale 1. In order to reveal it, we also need to identify all O(1) terms on the expectation of Tr f(H).
This leads to the extra terms in py.

From Lemma 6.19 and (6.23), we see that

T ()= N [ f@)ocis = T [ (FEEIGE —ma @z (13

Using Theorem 6.5 and Lemma 6.20, the contribution from |Imz| < N~¢ is negligible. Thus it
remains to analyze the fluctuations of G(z) — ms.(2) for [Imz| > N~=.
Here we illustrate on computing the variance for § = 1 (the real symmetric case). As 14 zmg.+
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m2, = 0, we have
E|G — mgc|* = E[=moe((z + me)G + 1)(G* — m}.)] = —=mg E(HG + myG)(G* — m},)
= _mscNil Z EHUGJZ (G—* - m:c) - mchQ(g - m:c)

ij

sc

= —mscN 12 chﬂ B0} (Gji(G — m,)) — m2EG(Q —my,) (T4

l
=: Z Lgl) - mzcEQ(Gj - m:c) ’

1) _

where in the third step we used Lemma 6.11 and we ignored the remainder term. Now Lg

1 - - _
— Tnsc]\f*1 Z + 6” +J(i;] (a2 2)E[ — (1 + 51‘]‘)71 ((Giiij + GjiGji)(@ — m;‘C) + 2Gj,‘N71(G*2)ji)]

= meN"? Z E[((GuGjj + GjiGji) (G —mi.) +2G N~ H(G*)i)]
+ (ag — 2)ms. N2 ZE (2G%(G* — m?,) + 2N 1Ga(G)y) = L] + LY.

We have
LY} = mEG(G" —m},)
= mEB(G* + N7'G*) (G — m},.) + 2m; N *EGG* — mZ EG(G* — m},)
= msEG|G — mye|? + mee NTIEG?(G* — m?.) + 2ms.N 2EGG*
G-G* G2

(z—292 z—2*

= mch\Q - msCP + mscm’SCN—lE(Q* — mj;c) + 2me N~ E[ ] + O( 3+105)

— m2EIG — 2 " NTIR(GE — m 29m. N~2R Misc — Mg, . M, O(N —3+10e
= M ‘— mSC’ + MscMige (7 msc) + 2Misc (Z _ Z*)2 o % + ( )

= mZE|G — my|” + Lﬁ 1+ Lﬁ 2T O(N —3H10e)

Here in the second step we used a cancellation between the first and last term, and in the third

step we used (6.17) and
1

N2’
which is an easy consequence of Theorem 6.5 and Cauchy integral formula. Similarly, by Theorem
6.5 we have

G?—ml,. <

L) = (ar = 2) (mlNTE(G" — mi) + N7Pmiml, ) + O(N~%/2510%)
1 1 —
= Lg,g,l + Lg,%,Q + O(N~5/2+10%)

Plugging in the results for Lgli and Lg% into (7.4) yields the self-consistent equation

l
- 1 1 1 —
BIG — maef? = (1= m2) ™ (L{dy + L85 + L5, + ON 220199 1 37 1)

=2 (7.5)

l
= (U= m2) (L L + LDy + DL + OV,
5=2
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where in the second step we used

1
2 -1 <

ScC N /7|E2_4’+77'

In (7.5), Lﬁ@ corresponds to the second and third term on RHS of (7.1), L(1{1),2 corresponds to

the first term on RHS of (7.2), ng,l corresponds to the fourth term on RHS of (7.1), and L%,Z
corresponds to the second term on RHS of (7.2).

1 —m

The term Lgl) is negligible for linear eigenvalue statistics, as by (6.16), the indices i and j will
appear odd many times in all the resulting terms, which leads to smaller bounds. Vaguely speaking,

we have
Y G =TrG>~N while » GH~) 6;=N.
ij ij Y]
Of course, to prove that Lgl) is indeed small needs some work (which means more expansions). We
omit the details here.
In Lél), there will be terms that only contain the diagonal entries of G, i.e.Gj; and Gj;. These
are again leading terms which contribute to the last terms on (7.1) and (7.2).

Remark 7.2. (i) By far we have talked about how to compute E|G — mg.|?, but actually the
argument works for E(G — mg.)"(G* — m3,)™ for all m,n > 1. If we can computed, then we get
Nn(G — mg.) converges to a complex Gaussian random variable (complex Gaussian distributions
are uniquely determined by moments).

(ii) One can then further use (7.3) and compute the arbitrary moment of the linear statistics,
and conclude the proof of Theorem 7.1. This would bring an extra difficulty of involving Green
functions with different z. Nevertheless, the computation follows the same spirit.

(iii) We will give no more details for how to prove Theorem 7.1. One reason is that to not make
the whole thing too computational-oriented. A more important reason is, if you are interested,
with the information we provide in Section 6, and Section 7 so far, you can actually proceed the
computation yourself: although it is about some current research topic, the tool we have been using
are quite elementary (calculus, linear algebra, complex variables...). I trust that motivated readers
have the ability to go on their own.

You are also encouraged to try computing E|G —ms.|? for the complex case 3 = 2 using Lemma
6.22, and see how the variance depends on /.

7.2. Convergence rate

Let us discuss the convergence rate of the linear statistics. Before diving into the details, let us
look at a few examples. For a random variable X, we abbreviate (X) := X —EX. Let

hij = VN H;j;,
so that (hij)i<i j<n are order 1 random variables.
Example 7.3. Recall the Kolmogorov-Smirnov distance A from (3.9).
(i) Let f(x) = z. Then

hiit+---+hNN d

Trf(H)=TrH = NI S N(0,03) = Z; .
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By Theorem 3.11,
A(Tr f(H), Z1) = O(N'/?).

From Remark 3.19, we know that the above rate is sharp. However, one may argue that it is
a special case, as only the diagonal entries of H are involved.

(i) Let f(z) = 2. Then
N p2
Trf(H) =Tr H? = -,
~— N
ij=1
After summing only over the independent upper-triangular entries, this is a sum of order N?
independent terms. Provided the limiting variance is nonzero (in particular, the off-diagonal

squares are not deterministic), the CLT and Berry—Esseen heuristic lead to

(Tr f(H)) == Tr f(H) —ETr f(H) % N(0,02) =: Z5, and A((Tr f(H)),Zs) = O(N ).

So one may think that only the trivial case gives a weak rate O(N -1/ 2), and all other cases
have the stronger rate O(N~1). However, this is not the case.

(iii) Let f(x) = 23. Then

Tr f(H) = Te H® = N=23" hijhjphiy = N~ hishjihi + - -
ijk ij

Note that uniform-moment concentration gives N1 > hijhj; = 1+ op(1); thus Tr H? con-

tains contributions proportional to N—1/2 > hii = Tr H, which converges to Z; with rate
O(N~1/2). In fact, this slow rate appears in all Tr H2**! for k € N.

The above example shows that there is a “trace part” of the linear statistics which contributes
to the slow convergence rate O(N~'/2). We are then motivated to identify this slow converging
part explicitly and remove it, in order to get a universal rate O(N~1).

For a test function f, define

1 (7 1 [? flo)x
TEi= — 2cosf)cosfdf = — ————dx,
=g ) f@eosd) e
and we set the parameter
0 if (1—9)r/ER3, =0
XEX(fa’YvH) = ( . ) e (76)
1 otherwise.

Recall ¢, oy from (7.1) and (7.2), and define the refined centering

2 3

(N) as / x® =2z

=pp = ) ——=dz.
:uf /J,f 47T\/N _2f() /74_1‘2
For fixed v € R, put
a2
7 (- 7)? = 1)77.
Recall the Kolmogorov-Smirnov distance from (3.9).

Since the result for linear function f(x) = ax + b follows from Theorem 3.11, we exclude this
trivial case from our discussion. We have the following result.

G =05+
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Theorem 7.4. Fiz v € R. Let f € C°(R) be independent of N, have admissible growth, and be
non-linear. Define

N
Tr f(H) —,ugc ) %fnyTrH

Ofn

Zf,,y = (77)

Let Z ~ N(0,1). Then for every fixed e > 0,

A(Zfy,2) < Cppe (XN_1/2+E + N_HE)'

Remark 7.5. The definition of X' in (7.6) singles out three cases. If v = 1, the full diagonal
component %Tf Tr H is removed and the rate is O(N 1), If v # 1 but 77 = 0, the same rate holds;
this includes the toy case f(z) = z2. Finally, if (1 —v)7; # 0, the remaining diagonal component
generally produces the slower O(N -1/ 2+¢) rate. When Eh$; = 0, the smoothing supplied by the
off-diagonal component improves the rate again to O(N~1¢).

We also have a companion result on the lower bound. Define

_ Tr £, (H) —ETer(H).

1 o
fylw) = f(@) = gympe, gy Var(Tr f, (H)
Y

2

For the lower bound of the convergence rate, we study the above quantity with mean 0 and
variance 1, instead of Z¢, in (7.7). Otherwise, one needs to exclude the possibility that the bias of
the centralization or the scaling may be responsible for the lower bound of the convergence rate.

Theorem 7.6. Let us adopt the assumptions of Theorem 7.4. In addition, assume that f is analytic
in a neighborhood of [-2 — 0,2 + §] for some 6 > 0 and has at most polynomial growth. Assume
also that the diagonal entries match the corresponding GOE/GUE entries through order two and
the off-diagonal entries through order four. We have

° _3 1 _1 _ _3
EZj, = (Var(Tr f,(H))) "2 ( = g(U= ) FERNT2 4 77 5N 1) +O(N"2).  (18)

Here 7'}7 g is a constant which is non-zero for most f5. As a consequence, for any fized € > 0, we
have

A(Z1s2) > Cpo (XN 4 |rf | GINTIF) (7.9)

for some constant C' _ > 0.

We will only say a few words about the proof of Theorem 7.4: it makes use of Lemma 3.15, the
Esseen’s inequality. We get the rate of O(N~1%¢) by estimating the characteristic function of Z fy
for T = N'=¢. Of course, the detailed computation involves the usual Green function approach,
cumulant expansion, as well as Lemma 6.19. In practice, Theorem 7.4 should hold even with the
rate O(N 1), but we were unable to estimate the characteristic function for ¢ < N.

The detailed formula of 7, 4 can be found in [2, Theorem 1.5].
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7.3. Mesoscopic statistics

In Sections 7.1 — 7.2, we consider the object Tr f(H), where f is a function independent of N.
One can imagine that for most of those f, all eigenvalues of H are relevant in the linear eigenvalue
statistics. In other words, Tr f(H) concerns the global spectrum, and it is thus called macroscopic
statistics.

Similar to the local law, we also have the “local” version of the linear statistics. Let f be a
function independent of N, and we assume that f vanishes at infinity. Let £ € R and n > 0. The
mesoscopic linear statistics consider the fluctuation of the object

Tr f(H) = Trf(H;E)

where n > N —1+7 for some fixed 7 > 0. We have the following result.

Theorem 7.7. Fiz 0 <71 < 1/2. Let f € C2(R). Let E € [-2+ 7,2 —7]. Then
d
T fy ()~ [ Nf@)ow(o)s <4 N 0.V() (7.10)
for any n € [NY7 N~T]. Here

VU =V8) = g [ (P21 duay.

Notice that the RHS of (7.10) is independent of n and E: it gives the same result as long as we
are in the mesoscopic scale. To see why this is the case, simply observe that

Vi = g5 [, (PRI BI gy — s [ (RO gy v

Comparing V (f) and U}% in Theorem 7.1, we see that in the mesoscopic scale, we no longer have
the contribution from the diagonal entries of the fourth cumulant. In addition, as x and y are very
close in the expression of V(f,), the factor

4 —2xy

Vi—2Ji_ g2

in the first term of O‘J% is also gone. You can imitate the argument in Section 7.1 yourself to see
why this is the case.
As a special class of test functions, we also have the CLT for the trace of the Green functions.

Theorem 7.8. Fiz 7 > 0. Let G(z) = (H —2)~!. Assume z = E+in, E € [-2+ 7,2 — 7], and
n € [N"YT N-7]. Then

N(G = muc) < Ne(0.55)

There is one more thing that we can talk about in the mesoscopic case. In Theorems 7.7 and
7.8, we cover the cases IEHEJ = N~! (real symmetric, 8 = 1), and EHZQJ = 0 (complex Hermitian
case, f = 2). It is then natural consider the case EH}; = aN~! for a € [0,1]: let H; be a real
symmetric Wigner matrix and let Hy be an independent complex Hermitian Wigner matrix. What
is the mesoscopic behavior of

H = \/aHl + \/EHQ?
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At what value of a will the result transits from GUE statistics to GOE statistics? What happens
at the transition period?

Surprisingly, the next result shows the transition a depends on the scale 1 at which you look!
It happens sharply at 1 — a ~ n (implicitly, this means a depends on N).

Theorem 7.9. Fiz 7 > 0. Let f € C2(R). Let E € [-2+7,2—17] andn € [N~1F7 N~7]. Assume
EHZQJ =aN~! for all i # j, where a € [0,1]. Suppose

VIZE(1-a)
n

— b € [0, 0]

as N — oo, then
H-FE H-F
Trf(i)—}ETrf(
n

Ui

) =5 N (0.V()

as N — oco. Here

1 o) 9 1 (x —y)? — b2 N
W) = g [0 10 (G + ) e

For b = oo, the notation means

_ 1 (f(2) = f(y)?
=12 - @) dz dy.

Voo(f)

Theorem 7.9 shows that we have the GOE statistics only when 1 — a < 7, i.e. the matrix H is
very close to a real symmetric one. As long as 1 — a > 7, we jump to the GUE statistics. This is
quite surprising: the component /1 — aHj starts to dominate when /1 —a > /7.

The underling reason for this phenomenon can be understood from the perspective of Dyson
Brownian Motion. Let (\;(0))Y; be the eigenvalues of a Hermitian matrix Hy. Consider the system

of stochastic ODE

2 1 1 dt
d\i =/ ——dBi—=Adt + — > ———
NB 2N TN N =N

for i = 1,2,...,N, where 8 = 1,2, and B; are standard Brownian motions. In this case, (\;(t))X,

are the eigenvalues of

Hy:=Ve tHy+\1—etVaVI—tHy+ ViV if t<1.

Here V is independent of Hy, and it is GOE for f = 1, and V is GUE for g = 2. In the case
that Hy is a real symmetric Wigner matrix and V is GUE, at the spectral scale N~ < n < 1, the
Dyson Brownian Motion reaches equilibrium whenever t > 7.

7.4. Microscopic statistics

I think anyone who reads to this point can imagine that for Wigner matrices, it is very hard to
compute anything about the local eigenvalue statistics, i.e. things happen on scale N~!. However,
more can be done for Gaussian matrices. For the unordered eigenvalues py, ..., uy of GOE/GUE,
the joint eigenvalue density is explicitly given by

1 _BN 2
PN (K15 s ) = %H i — pag|Pe T 2kt (7.11)

AN
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(as always, = 1 corresponds to GOE. and § = 2 corresponds to GUE), direct computation is
possible for this special case. Here are a few things that we know about Gaussian Ensembles. The
two-point correlation function is defined as

2) N!

2
Py (21, 22) = M/RN_ZPN(%,@%M:& oy piv)dps - - dpy

which can thought as the eigenvalue density of the matrix at points z1,x2. As we are interested
the local behavior, we define the 2-point correlation function as

- 1 2) u v
pet0) = (e (B NP Waum)

Theorem 7.10. Fiz 7 > 0. For GOE and GUE, we have limy_,oc pp(u,v) = Y3(|u — v|) for all
E € [-2+71,2—7], where r >0 and

Ya(r) =1 — s(r)?, Yi(r) :=1—s(r)? —s'(r) /oo s(v)dv, s(r) = . (7.12)

We can also talk about the fluctuation of individual eigenvalues. Let us start with bulk ones.
From now on, write py > --- > un for the ordered Gaussian eigenvalues.

Theorem 7.11. Fix 7 > 0. Let v; be the typical location of u; on the semicircle. Then for all
i € [TN, (1 —1)N], we have
Hi — 7 d
——— — N(0,1). (7.13)

4log N
(4—3)BN?

The extra 4/log N in the fluctuation of u; can roughly be understood through the “pushing” of
its massive number of right and left eigenvalues. For edge eigenvalues, we no longer have this extra
factor.

Theorem 7.12. We have
N2B(uy —2) -4 TW,,

where TW g is the Tracy-Widom distribution [12]. Similar results holds for all py, if min{k, N — k}
s bounded.

We also have results on the eigenvalue fluctuations near the edge.

Theorem 7.13. Let i — oo and i/N — 0 as N — co. Then

Hi =i d
“llog 1)12N—2/3{-1/3 — N(0,1),

where ¢ = /B (3m/2)'/3.

All the above results are essentially explicit computations based on (7.11). Luckily, we have the
following generalization.

Theorem 7.14. The eigenvalue-fluctuation conclusions of Theorems 7.11-7.13 remain valid for
Wigner matrices in the same symmetry class. The local correlation conclusion of Theorem 7.10
holds weakly: the rescaled two-point correlation measures converge after integration against every
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test function in C°(R?). For ensembles whose eigenvalues possess a joint density, this is distribu-
tional rather than automatically pointwise convergence of the corresponding densities.

In addition, if we denote the eigenvalues of a Wigner matriz by A\ > ... > Any. Fix 7> 0. For
alli € [TN,(1 —7)N] and f € C(R), we have

Jim B (Noww(n) (i = 1i11)) = BF (Nowe (1) (s = A1) | =0
The actual formula of the gap distribution is quite nasty and we omit here. You can think that
they are approximately %e*”ﬁ/‘l for 5 =1 and %e*‘w/“ for f = 2.7
We conclude this Section on some rough ideas about how Theorem 7.14 was proved. Let H be
a real symmetric Wigner matrix with eigenvalues A\; > --- > An. The proof goes in three steps.

(i) Local density law: for all Wigner matrices we have
max |\, — ;| = O(N™°) (7.14)

for some fixed ¢ > 0.

(ii) Let V be a GOE independent of H. Show that for any fixed e > 0, V1 — N-1+¢H +
N~1/2+¢/2\/ has the same microscopic statistics as GOE.

(iii) Remove the small GOE component.

Here Step (i) is what we discussed in Section 6. For Step (ii), we consider the Dyson Brownian
motion

5 1 1 dt
d(t) = \/;dBi_2>\i(t)dt N ; Ait) = X(t)

for i =1,2,...,N. Here \;(0) = A\;. Then (A1(¢),..., An(t)) are the eigenvalues of

Hy:=Ve'H+\/1—etVaVI—tH+ VIV if t<1.

Provided that initially the particles are close to their typical location (7.14), it can be shown that
for spectral statistics at scale 7, H; will reach equilibrium Hy, = V as long as t > 7. For t = N~
this gives H =+/1— N-TF¢H + N-1/2+/2 which has GOE microscopic statistics. Step (iii) then
compares H with H and removes the small Gaussian component.

Step (iii) is a Lindeberg replacement method, similar to the second proof of Theorem 3.1. Recall
in Theorem 3.1, we replaced N random variables X1, ..., X;, one by one by standard Gaussian, using
a matching of their first two moments. Here we need to replace O(N?) many random variables,
namely (H;;)i<i<j<n. The replacement works since in addition to the first two moment matching,
we also have

EH}, =EHJ + O(N™>/*%) and EH}; =EH}+O(N*).

"This was calculated by Wigner for 2 x 2 matrices. So we are basically claiming something like 7 is roughly 3,
which is more than 95% accurate.
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8 Collection of other results

8.1. Random graphs

8.1.1. The Erdds-Rényi graph. Arguably the simplest graph model is the Erdés-Rényi graph
G(N,p). It is a simple, undirected graph with N vertices, and every edge is connected with proba-
bility p, completely independent of other edges. Below is a simulation of the model when N = 100
and p = 0.36.

As in the context of random matrix theory, here IV is our fundamental large parameter, and we
are interested in the case when NV is large. The connecting probability p also could depend on N,
and as we shall see, the most interesting case is when p — 0 as N — oo.

Let A= AT = {0,1}*N be the adjacency matrix of the graph. For a simple graph, A;; = 0,
while the entries A;;, i < j, are independent and satisfy

A 1 with probability p;
Y10 with probability 1 —p.

For numerical convenience, we consider the rescaled matrix
1

VA%O—pf4

so that Var(4;;) = N~!. We further write

Np
I-p

e} (e| - P

A=H+ S S
N(1-p)

so that H is a centered matrix. As VarH;; = N —1 for i # j, the typical size of H;; is of order
O(N~1/2), while

o p -1/2
EA;; =,/ ——< N
ITYNGp T
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when p < 1. What is large, when Np — oo, is the operator norm /Np/(1 — p) of the rank-one
part of the expectation. It creates one outlier, while Cauchy interlacing controls the remaining
eigenvalues.

Lemma 8.1 (Cauchy interlacing). Let M= Avand M\ = > Ay be the eigenvalues of A
and H respectively. Then

N N p
i+1 + CN i itCN CN N(1—p)

foralli=1,2,..., N —1.

Proof. Apply the Courant—Fischer min—max principle to the positive rank-one perturbation A +

enI =H + fle)(e|, where f = +/Np/(1 —p). It gives \i(A+cnI) = Ni(H) and A1 (A +enl) <
Xi(H), proving the claim. O

Lemma 8.1 tells that interlacing controls the non-outlier eigenvalues, and thus in many situa-
tions, studying H already gives us a lot of information about A. Let us examine what properties
the entries of H have. By construction, EH;; = 0 and IE”H% = N~! for i # j, which match the case
of Wigner matrices. However, for p < 1/2; we have

EH; = Ok(N. (N;)<k—2)/2> B O(Nk/2pl<k—2>/2)

for all £ > 3. So for p < 1, the higher moments of H decays much slower compared to Wigner
matrices. This is the key new property that we see for sparse random graphs.

Before we proceed further, we need to answer one question: how small can p get? Certainly p
cannot be e~V where all entries of A will be 0 with very high probability. A slightly more careful
examination shows that the threshold is log N/N: if p < (1 — ¢)log N/N, then there will be a
probability 1 — o(1) that the graph has an isolated vertex. In this case, a row and column of A
is zero, and A has an eigenvector localized in one atom (see e.g. [10, Proposition 5.9]). This is
fundamentally different from the eigenvector delocalization for Wigner matrices Corollary 6.8, and
the behavior of the eigenvectors also change. In these notes, we consider the supercritical regime
p = (1 +¢)log N/N, or the more restrictive polynomial regime p > N~1*¢. We have the following
result.

Theorem 8.2. Fiz ¢ > 0. When N~17¢ < p < 1/2, the bulk gap statistics of H (and of the non-
outlier spectrum of A) converge to their GOE counterparts. The corresponding rescaled correlation
measures converge weakly against smooth compactly supported test functions; no pointwise joint
density is asserted for the Bernoulli ensemble.

On the other hand, the fluctuations of individual eigenvalues are not universal.

Theorem 8.3. Fire > 0 and let N~ < p < N7, Ifi € [eN,(1/2—¢)N]JU[(1/24+¢)N, (1 — €)N],
we have

NZBN 4 00). 8.1
ST (0,1) (8.1)
Ifi/N — 1/2, we have R R
N —EN 4
EH{,

Analogue results also hold for X;.
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Theorem 8.3 shows that the bulk eigenvalues of sparse matrices fluctuate on the scale \/EH7, <

1 . . . . . . . . 1 Viog N
NG The reason that we have this non-universal contribution is quite simple: NP > Y as

long as p < N7¢. In other words, the slow decay of higher moments creates a large oscillation that
outscales the y/log N/N Gaussian fluctuation scale in the GOE bulk.

The edge statistics of sparse matrices are more dedicated and much more important. We have
the following rather trivial estimate on the largest eigenvalue of A.

Lemma 8.4. Fize >0 and let N~17¢ < p < 1/2. We have

~ Np
=4/—( 1
= T (1 o(D)
with very high probability.

In particular, the above result shows that the largest eigenvalue of A sits very far away from the
rest of the spectrum. One of the prominent problem in graph theory is the distribution of A\; — Ao,
the spectral gap, which contains the information of the connectivity of the graph. If A\ = Ao, the
the graph is disconnected, and if the spectral gap is large, the graph is very-well connected. The
spectral gap if Erdés-Rényi graphs is now well understood after a series of works in 2011-2022.

Theorem 8.5. Fize >0 and let N7178 < p < 1/2.
(i) When N=2/3%¢ < p < 1/2, we have
N23(Rg —EXg) -5 TW, .
In other words, we have edge universality.
(ii) When N~ < p < N=2/3¢ we have
/)\\2 — E/):Q d
—_—
V2EH],

One might now notice the similarities between (8.1) and (8.2): in fact, they have the same
source. Let

N(0,1). (8.2)

1
Z::NTrHZ—l.

It is not hard to see that, in the sparse range N~17¢ < p < N—2/3-¢,
Z

V2EHT,
What was actually proved is, when N=1te < p < N=2/3-¢,
1

N1+5\/ﬁ

forall: =2,3,..., N. Let us interpret the meaning of Z. Recall that H was made from the adjacency
matrix A through normalization and centering. So the fluctuation of Z is proportional to that of

TrA? = Z-AijAji = Z.Aij , (8.3)
ij ij

1

d
— N(0,1), and EHL, = ——.
( ) 12 N\/p

XZ—E/X@—%Z‘ <

which is nothing but the total degree of the graph.
Beyond the leading fluctuation, there is still a good interest to identify all the noise random
variables and recover the Tracy-Widom distribution. We have the following result.
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Theorem 8.6. For N~'7¢ < p < 1/2, we can find an explicit random variable X such that

lim (N3 — By - X) <s) = Fi(s).

N—oo

The first centered correction is the quadratic statistic
—EH) !
N Z TN

where the last identity uses the zero diagonal convention for H. Higher corrections are explicitly
computable centered polynomials in the entries; their exact formulas depend on the chosen diagonal
convention, so we do not display them here. These corrections occur on successively smaller sparse
scales and can involve graph statistics beyond the degree sequence. When p = N~!*¢ with small
€ > 0, finitely many such corrections may remain larger than the Tracy—Widom scale.

Currently, it is still a mystery what X (and also E)2) look like when p is close to N~!. However,
there is another graph model that always have the Tracy-Widom law near the edge.

8.1.2. Random regular graph. A d regular graph on N vertices is a simple graph that all
vertices have degree d. Given integers N, d, there are finitely many such graphs. A random regular
graph G4(N) is an ensemble that takes a uniform probability measure on all d regular graph on N
vertices.

As always, d is a quantity that can depend on N. Naively, we have the range d € {1,2,..., N—1}.
For N > 2, a l-regular graph is disconnected, while a 2-regular graph is a union of cycles and is
typically disconnected; these low-degree cases have special behavior. Such a graph exists only when
Nd is even. Using complementation, it suffices to focus on 3 < d < (N —1)/2.

01011 0O0O0
1001 0 0O0 1
000 O0O0T1TT1T71
110 01 000
1001 01 00
001 010 1O0
001 00 1 01
011 000 1O0

We have the following result.

Theorem 8.7. Assume 3 < d < N/2, and let A be the adjacency matriz of Gg(N). Let d = A\ >
Ao = -+ = Ay be the eigenvalues of A. We have

d(d—1) \*? Xa +d/N d
<<d—2>2N> ((d—f)(zv—d)/fv”)%ml

as N — co.

Theorem 8.7 was proved very recently (December 2024).% Although the result has a rather
complicated dependence on d, it is at the same time completely explicit and uniform: the fluctuation
is universal as long as d > 3. In addition, one can check that the terms in X that we found out in
Theorem 8.6 are all deterministic for random regular graphs.

8Technically speaking, the regimes N'/37° < d < N?/3*¢ and C <« d < N° is still undone, but we believe that
they can be proved using the techniques developed in the extreme regimes.
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We close the discussion here with some initial ideas of how to handle this model. It is clear that
the cumulant expansion, Lemma 6.11, which can be used for Wigner matrices and Erdos-Rényi
graphs, no longer works for random regular graphs: the entries of A are highly dependent.

The method that overcomes this obstacle is switching, or sometimes called local resampling.
Here we illustrate the method in the regime N7 < d < N2/3~7 for some fixed 7 > 0. In this regime,
one can show that the empirical eigenvalue density of .%T/ vd — 1 converges weakly to the semicircle
density on [~2,2]. Let us define the Green function via G(z) := (A/v/d — 1 — z)~*. Then

E[5ij + Zéij + ézjé] = ZEA ka] + EG”G

m

Similar to the Wigner case, where we needed to compute EH;;F(H), where F consists of the Green
function of H, here we need to compute E.A”F (A). It is not hard to show that

~ ~ 1 - - _
EAZ]F(A) = m Z E.Aij(l — Azk)F(.A ZE‘AZJ zk)Ale(.A)
k
1 ~ ~
“N—ad %:EAij(l — Aip) A (1 — Aj) F(A) + error

- (N —d)yd Z EA; (1 — Ag) A (1 — .Zjl)F(.Z) + error.
kl:i,5,k,l distinct

Here in the third step we made use of the bound d < N2/3-7. Now for indices i,7,k, 1, we define
the signed adjacency matrices

(Aij)ay = 0ialjy + 60, & = Dij + Apy — Ai — Ay

Since we are taking the uniform measure on all d-regular graphs on vertices, we can perform the
following switching.

Lemma 8.8. Let i,j,k,1 be distinct indices. Let F be a function which depends on the random
graph A, and possibly on the indices i, j,k,l. We have

EA; (1 — A A (1 — Aj) F(A) = EAy,(1 — Aij) Au(1 — Aw)F(A+ €8,
where {fjl is defined in the preceding display.

Lemma 8.8 is the fundamental formula that we use to generate non-trivial transformations in
our equation, so that the computations concerning the random regular graphs can proceed. To see
why it is true, you can refer to the following picture.

Of course, there is still a long way to go before we can prove Theorem 8.7. We do not pursue

this here.
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8.2. Eigenvector distributions
Recall that a GOE can be written as

_o0+07
V2N

where O € RV*¥ is a matrix with i.i.d.standard Gaussian entries. It is easy to see that GOE is
orthogonal invariant, meaning

o

BTH°B £ H°
for any orthogonal matrix B. After multiplying each eigenvector by an independent Rademacher
sign, a GOE eigenvector is uniform on SV~1; equivalently,
d 8
u= , (8.4)
g2

where g denotes the standard Gaussian vector in RY. Consequently, any fixed number of coordi-
nates of v/N u converge jointly to independent standard Gaussians. Now the natural question is,
what happens to a general Wigner matrix?

We henceforth multiply every real eigenvector by an independent Rademacher sign, independent
of the matrix, unless a different sign convention is stated explicitly.

Theorem 8.9. Let H be a real symmetric Wigner matrix with eigenvalues \y = -+ > Ay and
associated eigenvectors uy, ....,un € SN~L. For any deterministic sequences i = iy and j = jn in
{1,..., N}, we have

VNu () -5 N(0,1)
as N — oo.

Beyond entrywise convergence, the corresponding one-dimensional projection limit holds for
Wigner matrices in every deterministic direction.

Theorem 8.10. Let us adopt the assumptions of Theorem 8.9. Let v=vy € SNl andi =iy €
{1,..., N} be deterministic sequences. Then

\/N<v, u;) i>/\/'(O, 1)
as N — oc.

We can even go further than Theorem 8.10. Observe

d
(VNu;,v)? = (VNu;, MV Nw;) = N(0,1)%,
where M = vvT € RV*N is of rank 1. What if M = Yk ukvkvf is of high rank? In this case

(VNu;, MV Nu;) = Z (V' N, vi)?
%

and the following result, known as fluctuations of quantum ergodicity, gives a CLT of the CLT.
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Theorem 8.11. Let us adopt the assumptions of Theorem 8.9. Assume in addition that the off-
diagonal entries of H are identically distributed, as are its diagonal entries. Let M = My € RNV*N
be deterministic and real-symmetric. Fiz 6 € (0,1/2) and K € N, and let i = iy be deterministic
with either SN < i < (1 —0)N or min{i, N +1 —i} < K. Suppose Tr M? > N¢||M|]?> > 0 and M
is traceless. Then we have

1
V2Tr M?2

The assumption Tr M? > N¢||M||?> > 0 essentially says M has large, even full rank. The
traceless condition on M does nothing but removing the mean (u;, [u;) = 1.
One can also talk about the eigenvectors of sparse matrices.

(vVNu;, MVNu;) % N(0,1). (8.5)

Theorem 8.12. Let A,H be as in Section 8.1, with eigenvectors Uy, ...,uy and uﬁf‘, ey u% respec-
tively. Suppose that N~'*7 < p < 1/2 for some fized T > 0. Fiz 6 € (0,1/2) and K € N, and
define the source-supported index sets

Iy :={i:IN<i<(1-6)N}uU{l,..., K}U{N—-K+1,...,N},
Ta={i:0N<i<(1-6NU{2,....K+1}U{N—K+1,....N}.

(i) Theorems 8.9 and 8.10 remain valid for uzfl for every deterministic sequence i = in € Ty.

(i) Theorem 8.9 remains valid for u; for every deterministic sequence i = iy € Ly; it does not
apply to the outlying top eigenvector U;.

(iii) Let e = N=Y2(1,1,...,1) € SN~ and let v = vy € SN~ be deterministic such that e L v.
Then
VN(v, ;) -5 N(0,1)

for every deterministic sequence i = in € Ly. In addition,

—~ 1
and 1— (e, u;) < —.

‘max_|(e,u;)| Np

1
i=2,...,N = N\/I)

In the last estimate the sign of Uy is chosen so that (e,u;) > 0.

Theorem 8.12 (iii) shows that, the eigenvectors us,...,uy are almost orthogonal to e. The

reason is quite simple:
Np D
EA = e)e| — — I
\/1—p’><‘ V N(1-p)

whose rank-one part is very large; the scalar part does not change eigenvectors. This makes U
very close to e.

8.3. The non-Hermitian case

By far we have only talked about Hermitian random matrices, and it is generally perfectly
nature to also consider non-Hermitian ones.
Let Q € CV*N be a random matrix with i.i.d. entries, and

EQi; =0, ElQi;I> =N, E|Qi;|* < CpN~F/2
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for all k£ > 3. Let 61,...,0n be the eigenvalue of (). As the eigenvalues are now in general complex,
we need to compute the joint complex moments in order to extract useful information. However,

> 670 # TrQmQ", TrQmQ™

The reason is quite simple: @, Q, @* do not have the same set of eigenvectors.
It took mathematicians many years to figure out how to study the eigenvalues of non-Hermitian
random matrices. In the 1980s, Girko came up with the following simple idea.

Theorem 8.13 (Girko Hermitization). For a non-Hermitian matriz Q, let us define its shifted
Hermitization by
0 Q-=z 2N x2N
Z .
57 = <Q*—z 0. )e@
Then for any f € C*(C),

_ > 2 .-1_ 2Niny 2
_47T/<cAf(Z)/o {Tr(S in) 157 ]d d*z

Proof. Our starting point is the potential identity V?log |z| = 27dp, and as a result,
/Clog 10; — 2|V2f(2)d%z = 27 f(6;) .
Let us denote the singular values of ) — z by o7. We have
S 6 = /Zlogw Rz /1ogH|e — 2|92 (2)d?
i
/IogHUZV2 /Zlogazv2 z)d%z
Now notice that the eigenvalues of S* are £07. For ¢ > 0 the convergent, regularized identity is
/Ooo <U _1 Tha _al_m - 1%:%) dn = —2ilog .
Summing this identity over the singular values gives
Zi:logaf = ;/000 [Tr(SZ —in)~t = ffi;] dn.

The subtraction is independent of z, and therefore disappears after integration against Af; it is
nevertheless essential for convergence of the displayed n-integral. The desired result then follows.
O

Theorem 8.13 transfers the study of 6; to something we are familiar of: the Green function of
the Hermitian matrix S?. This Green function
1 1

5= ﬁTr(S —in)™,
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due to the shift variable z, in general satisfies the cubic equation
342 + (1—n? — |2)s +in=0.

We know many things concerning non-Hermitian models, for instance the following global cir-
cular law, which can be thought as an analogue of Theorem 6.2.

Theorem 8.14 (Circular law). Let uxy = N~13",8q,. For every fized Borel set B C C whose
boundary has planar Lebesque measure zero,

un(B) — %Area(B N{z:]z| < 1})

in probability (and, under standard strengthened hypotheses, almost surely).

We conclude by reminding you that most of the results we stated in Sections 6 — 8 can be proved
using the simple calculus tools we introduced: you are welcome to try if interested. The topics of
random matrices and random graphs are very rich and there are many things one can talk about,
but for the matter of this course we will stop here.
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