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0 Introduction

社会化就是异化。

I assume that anyone who reads this lecture notes has already finished the course Probability
Theory (and most preferably, also Measure Theory). It is clear that “Probability Limit Theory”
differs from “Probability Theory” by the additional “limit” in its name. This is what this course
is about.

In a more serious manner, we consider random variables indexed by n, our fundamental large
parameter, and we would like to understand what happens when n gets large. One of the simplest
examples is Sn = X1 + X2 + · · · + Xn, where {Xn}n>1 are independent, identically distributed
random variables. From the central limit theorem (CLT), we know that under the additional
assumptions EX2

1 <∞ and σ2 ..= E[(X1 − EX1)2] > 0, we have

Sn −Bn
Mn

d−→ N (0, 1) as n→∞ ,

where Mn = σ
√
n and Bn = nEX1.

0.1. Everything but the CLT

The first natural questions is, what happens if EX2
1 = ∞? This is the motivation of Section

2. We shall see that, without the existence of the second moment, it is not always possible to find
Mn and Bn such that Sn−Bn

Mn
converges to a non-trivial distribution; if it does converge, the limit

might not be Gaussian, but it can only be in a very special class of distributions.

When the second moment is finite, we can without loss of generality, assume that EX1 = 0 and

EX2
1 = 1 . The CLT says Sn/

√
n

d→ N (0, 1). This convergence in distribution means

lim
n

P(Sn/
√
n 6 x) = P(Z 6 x) (0.1)

for all x ∈ R. Here Z denotes the standard normal random variable. The relation (0.1) is qualitative,
which only holds asymptotically as n→∞. In Section 3, we shall see a quantitative version of the
CLT, which says under the additional assupmtion E|X3

1 | <∞, there exists some C > 0 independent
of n, such that

sup
x∈R

∣∣P(Sn/
√
n 6 x)− P(Z 6 x)

∣∣ 6 Cn−1/2 (0.2)

for all n > 1. Obviously, (0.2) is stronger than (0.1): it gives a rate of convergence.

The CLT estimates the probability that Sn ∼ x
√
n for bounded x, but it does not tell us what

happens when x→∞ as n→∞. This is another topic that we will be treating in Section 3, called
the large deviation theory, where for x� 1, we estimate the probability

P(Sn > x
√
n) .

The CLT estimates the distribution of Sn/
√
n, but it does not tell us anything about Sn(ω)/

√
n

for any particular outcome ω ∈ Ω. In fact, we can deduce from the CLT together with Kolmogorov’s
zero–one law that

P
(

lim sup
n

Sn√
n

=∞
)

= 1 , and analogusly P
(

lim inf
n

Sn√
n

= −∞
)

= 1 .
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In particular, Sn/
√
n diverges almost surely. In Section 4, we will show that

lim sup
n

Sn√
2n log log n

= 1 almost surely ,

which is known as the law of the iterated logarithm (LIL). The LIL tells us about the extreme
asymptotic behavior of Sn.

0.2. The Matrix

Almost everything we know about Sn has its analogue in random matrices, i.e. matrices with
random coefficients.

Let H = HT ∈ RN×N be a real symmetric random matrix. We assume its upper triangular
entries (Hij)i6j are independent, EHij = 0, and EH2

ij = N−1. This is the model of Wigner
matrices. The conclusions stated below additionally require standard regularity hypotheses, such
as uniformly subexponential tails and the usual non-degeneracy assumptions; the displayed first
two moments alone are not sufficient. In the random matrix setting, we use N as our fundamental
large parameter, and we denote the (real) eigenvalues of H by λ1 > λ2 > · · · > λN . It is easy to
see that

1

N

N∑
i=1

Eλ2
i =

1

N
ETrH2 =

1

N

N∑
i,j=1

EHijHji = 1 .

In other words, the scaling EH2
ij = N−1 makes the eigenvalues to have typical size 1. We can

actually show that the empirical eigenvalue density converges weakly to the semicircle law almost
surely, which is equivalent to

1

N

N∑
i=1

f(λi)
a.s.−→

∫ 2

−2

1

2π

√
4− x2f(x)dx

for any bounded continuous test function f . This can be thought as the law of large numbers for
the eigenvalues. For sufficiently regular test functions, one can in addition prove a central limit
theorem of the form

N∑
i=1

f(λi)−N
∫ 2

−2

1

2π

√
4− x2f(x)dx

d−→ N (µf , σ
2
f ) . (0.3)

Note that scaling is very different from the classical CLT: it does not have the normalizing factor
N−1/2. This is because the eigenvalues λ1 > λ2 > · · · > λN are highly correlated. We can
furthermore also prove a convergence rate for the CLT (0.3). There are also results on the large
deviations and LIL of the eigenvalues, and some of them just came out recently.

We can also talk about the eigenvectors of H. Since H is real symmetric, we have the spectral
decomposition

H =
N∑
i=1

λiuiu
T
i ,

where each ui ∈ RN satisfies ‖ui‖2 = 1. First thing we can prove about u is delocalization, namely,
for any ε > 0, we have

max
k
|ui(k)| 6 CN−1/2+ε
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with very high probability. In fact, we can further show that

√
N εiui(k)

d−→ N (0, 1)

for bulk indices i under the usual moment hypotheses, where εi is an independent random sign.
The sign is needed because an eigenvector is otherwise defined only up to multiplication by −1.

Research topics in random matrix theory normally have natural intuitions from classic proba-
bility theory, and the questions are hard enough that we are still working on some of them today.
In this course, if time permits, I will introduce some of the results to you, and hopefully, also give
some ideas of their proofs.
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1 Preliminaries

This section recalls some basics in probability theory that we will use later.

1.1. Probability space, random variable, and probability distribution

Recall that the fundamental element in probability theory is the probability space (Ω,A,P).
Here Ω is the sample space, which is the set of all possible outcomes of a random process under
consideration. The elements of Ω are denoted by ω. A is a σ-algebra on Ω, which is a collection of
subsets of Ω satisfying

(i) Ω ∈ A;

(ii) If A ∈ A, then Ac ∈ A;

(iii) If Ai ∈ A for all i = 1, 2, ..., then ∪iAi ∈ A.

The elements of A are called events, and A is often referred as the event space. Finally, a function
P : A → R is a probability measure on A, which satisfies

(i) P(A) > 0 for all A ∈ A;

(ii) P(Ω) = 1;

(iii) For any Ai ∈ A, i = 1, 2, ..., if Ai ∩Aj = ∅ for all i 6= j, then

P
( ∞⋃
i=1

Ai

)
=

∞∑
i=1

P(Ai) . (1.1)

Remark 1.1. The property (1.1) is called countable additivity. It is a sufficient condition of finite
additivity, which says for any Ai ∈ A, i = 1, 2, ..., n, if Ai ∩Aj = ∅ for all i 6= j, then

P
( n⋃
i=1

Ai

)
=

n∑
i=1

P(Ai) . (1.2)

By setting Ak = ∅ for all k > n+ 1, one can obtain (1.2) from (1.1).

Exercise 1.2. We say a function P : A → R is upper semicontinuous if for any B1 ⊃ · · · ⊃ Bn ⊃ ·
satisfying ∩i>1Bi = ∅, then limn→∞ P(Bn) = 0. Show that P is countable additive if and only if P
is additive and upper semicontinuous.

Next, X is said to be a random variable on the probability space (Ω,A,P), if it is a function
X : Ω → R, and it is measurable w.r.t.A. Let B denote the Borel σ-algebra on R, and set
PX : B → R as PX(B) ..= P({ω : X(ω) ∈ B}). Then we can induce a new probability space
(R,B,PX) from (Ω,A,P).

The function F (x) ..= P(X 6 x) is the (cumulative) distribution function of the random variable
X. It has the properties

(i) F is non-decreasing, right-continuous;

(ii) limx→−∞ F (x) = 0, and limx→∞ F (x) = 1.
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Conversely, if a function F satisfying the conditions (i) and (ii) above, there exists a random variable
X whose distribution function is F .

If two random variables X and Y have the same distribution function, we write X
d
= Y . But

be careful that X and Y do not need to be on the same probability space.
Roughly speaking, there are 3 basic types of random variables. If there is a countable set B ⊂ R,

such that P(X = x) > 0 for all x ∈ B, and P(X ∈ B) = 1, then X is a discrete random variable. If
P(X ∈ B) = 0 for any Borel set B ⊂ R with Lebesgue measure 0, then X is absolutely continuous;
if there exists a Lebesgue-null Borel set B ⊂ R such that P(X ∈ B) = 1 and P(X = x) = 0 for all
x, then X is singular.

For an absolutely continuous random variable X, its distribution function FX(x)1 is also abso-
lutely continuous. As a result, for all x ∈ R we have

FX(x) =

∫ x

−∞
pX(t)dt

for some nonnegative function pX . Here pX is called the density function of X.
By Lebesgue Decomposition Theorem, any distribution function F can be written as

F (x) = C1F1(x) + C2F2(x) + C3F3(x) ,

where Ci > 0,
∑3

i=1Ci = 1, and F1, F2, F3 are the distribution functions of a discrete, absolutely
continuous, and singular continuous random variable respectively.

If X1, ..., Xn are random variables defined on the same probability space, then X = (X1, ..., Xn)
is a random vector with distribution function

F (x1, ..., xn) ..= P({X1 6 x1, ..., Xn 6 xn}) .

The marginal distribution of Xi is

Fi(xi) ..= lim
xj→∞, j 6=i

F (x1, ..., xn) = P(Xi 6 xi) .

Events E1, . . . , En ∈ A are independent if for every 1 6 i1 < i2 < · · · < ik 6 n, P(
⋂k
j=1Eij ) =∏k

j=1 P(Eij ). If for any Borel sets B1, . . . , Bn ⊂ R, the events {X1 ∈ B1}, ..., {Xn ∈ Bn} are
independent, then we say that the random variables X1, ..., Xn are independent. Equivalently,
random variables X1, ..., Xn are independent if F (x1, ..., xn) =

∏n
i=1 Fi(xi).

If X1, ..., Xm+n are independent random variables, and f : Rm → R, g : Rn → R are measurable,
then f(X1, ..., Xm) and g(Xm+1, ..., Xm+n) are independent.

Exercise 1.3. If X1 and X2 are independent, with distribution functions F1 and F2 respectively,
prove that

FX1+X2(x) = P(X1 +X2 6 x) =

∫
R
F1(x− u)dF2(u)

where then RHS of the above is the Riemann-Stieltjes integral. If we further know that X1 and X2

have density functions p1 and p2 respectively, then

pX1+X2(x) =

∫
R
p1(x− u)p2(u)du =.. p1 ∗ p2(x) .

Here the last notation is the convolution of p1 and p2.

1In the sequel, we shall omit this subscript if the dependence is clear.
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1.2. Expectation

Suppose X is a random variable on (Ω,A,P). If
∫

Ω |X|dP <∞, then we say the expectation of
X exists, and it is defined as

EX ..=

∫
Ω
XdP =

∫
Ω
X+dP−

∫
Ω
X−dP =

∫
R
xdFX(x) .

Recall that X+ ..= max{X, 0} and X− ..= max{−X, 0}. Here
∫
·dP are Lebesgue integrals, and∫

·dF (x) is the Riemann-Stieltjes integral. As expectation is essentially integration, it is linear, in
the sense that for any number a, b, we have

E(aX + bY ) = aEX + bEY ,

provided that EX,EY exist.
More generally, for measurable g : R→ R, if

∫
Ω |g(X)|dP <∞, then

Eg(X) =

∫
Ω
g(X)dP =

∫
R
g(x)dFX(x) .

If X has a density function pX , we can further write Eg(X) =
∫
R g(x)pX(x)dx. For k > 1, the k-th

moment of X is denoted as

mk
..= EXk =

∫
R
xkdFX(x) .

If EX2 <∞, the variance of X is denoted as

Var(X) ..= E[(X − EX)2] = m2 −m2
1 > 0 .

The next result is a handy formula for calculating the expectation.

Theorem 1.4. Suppose the random variable X is nonnegative almost surely (we will abbreviate it
as a.s. in the future). Then EX exists if and only if

∫∞
0 P(X > x)dx <∞, and

EX =

∫ ∞
0

P(X > x)dx .

Proof. As the integrand below is nonnegative, Tonelli’s theorem applies, with both sides initially
allowed to equal +∞, and gives

EX =

∫
Ω
X(ω)dP(ω) =

∫
Ω

∫ ∞
0

1x6X(ω)dx dP(ω) =

∫ ∞
0

∫
Ω

1x6X(ω)dP(ω) dx =

∫ ∞
0

P(X > x)dx .

This finishes the proof.

Exercise 1.5. In the above proof, it is also OK to use the 1x<X(ω) in the second step, which leads
to the result EX =

∫∞
0 P(X > x)dx. Let us discard the proof, and simply compare the two results.

Why does ∫ ∞
0

P(X > x)dx =

∫ ∞
0

P(X > x)dx ?

Corollary 1.6. In general, E|X| <∞ if and only if
∫∞

0 P(X > x)dx,
∫ 0
−∞ P(X 6 x)dx <∞, and

EX =

∫ ∞
0

P(X > x)dx−
∫ 0

−∞
P(X 6 x)dx .
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Corollary 1.7. For p ∈ (0,∞), E|X|p < ∞ if and only if
∑∞

n=1 P(|X| > n1/p) < ∞. It is also
equivalent to

∑∞
n=1 n

p−1P(|X| > n) <∞.

Proof. By Theorem 1.4 and the change of variable x = yp, we have

E|X|p =

∫ ∞
0

P(|X|p > x)dx =

∫ ∞
0

pyp−1P(|X| > y)dy .

Observe that∫ ∞
0

P(|X| > x1/p)dx =
∞∑
n=0

∫ n+1

n
P(|X| > x1/p)dx 6

∞∑
n=0

P(|X| > n1/p) =
∞∑
n=1

P(|X| > n1/p) + 1

and
∞∑
n=0

∫ n+1

n
P(|X| > x1/p)dx >

∞∑
n=0

P(|X| > (n+ 1)1/p) =
∞∑
n=1

P(|X| > n1/p) .

Thus
∫∞

0 P(|X|p > x)dx =
∫∞

0 P(|X| > x1/p)dx < ∞ is equivalent to
∑∞

n=1 P(|X| > n1/p) < ∞.
To compare the remaining integral and series, put q(y) = yp−1P(|X| > y). If 0 < p 6 1, then q is
non-increasing on [1,∞), so the integral test applies. If p > 1, then for every n > 1,

np−1P(|X| > n+ 1) 6
∫ n+1

n
yp−1P(|X| > y)dy 6 (n+ 1)p−1P(|X| > n).

The shifted series on the two sides have the same convergence behavior as
∑

n>1 n
p−1P(|X| > n).

This proves the last equivalence for every p > 0.

Lemma 1.8. For any real random variable X, there is at least one m ∈ R such that P(X >
m),P(X 6 m) > 1/2. In this case m is called a median of X.

Proof. Let x1
..= inf{x : P(X 6 x) > 1/2}, then by the definition of x1, we have

P(X 6 x1) = lim
x↓x1

P(X 6 x) > 1/2

and
P(X < x1) = lim

x↑x1
P(X 6 x) 6 1/2 .

Thus P(X > x1) > 1− 1/2 = 1/2. This makes x1 a median of the random variable X.

Next we introduce the expectation for random vectors (X1, ..., Xn). Suppose g : Rn → R is
Borel measurable, and the random vector has the distribution function F (x1, ..., xn), then

Eg(X1, ..., Xn) =

∫
Rn
g(x1, ..., xn)dF (x1, ..., xn) .

If EX2
i + EX2

j <∞, their covariance is defined by

Cov(Xi, Xj) ..= E(Xi − EXi)(Xj − EXj) = E(XiXj)− EXiEXj

If both variances are positive, their correlation is

Corr(Xi, Xj) ..=
Cov(Xi, Xj)

(Var(Xi) Var(Xj))1/2
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If one variance is zero, we set the correlation equal to 0 by convention. It is easy to see that we
always have Corr(Xi, Xj) ∈ [−1, 1].

If Xi and Xj are independent, then for any measurable function f , we have

E[f(Xi)f(Xj)] = Ef(Xi)Ef(Xj) ,

provided that the expectations exist (Quick question: how to generalize the above relation to f(Xi)
and g(Xj)?). In particular, Cov(Xi, Xj) = 0 for independent Xi and Xj .

Finally, for a random variable X, recall the moment generating function

MX(t) ..= E etX .

If MX is finite on a neighborhood of 0, its name comes from the identity

mk = EXk = (∂ktMX(t))
∣∣
t=0

for all k > 1. For independent Xi and Xj , we have MXi+Xj (t) = MXi(t)MXj (t). The moment
generating function also has the following nice property.

Theorem 1.9. For two random variables X and Y , suppose there exists c > 0 such that MX(t)

and MY (t) are finite and equal for every t ∈ (−c, c). Then X
d
= Y .

However, the moment generating function has a huge disadvantage: it does not always exist.

Think about a random variable X with the density function pX(x) = Ce−
√
|x|, where x ∈ R, and

C is a normalization constant. Then all moments of X exist, but MX(t) = ∞ for all t 6= 0. In
the next session, we recall the mathematical object that is strictly more handy: the Characteristic
function.

1.3. Characteristic function

The characteristic function of a random variable X is defined by

ϕX(t) ..= EeitX =

∫
R

eitxdFX(x) .

By triangle inequality, |ϕX(t)| = |EeitX | 6 E|eitX | = 1. In other words, the characteristic function
always exists. We summarize some useful properties of ϕ in the next result.

Theorem 1.10. (i) If X and Y are independent, then ϕX+Y = ϕX · ϕY .

(ii) The characteristic function is uniformly continuous on R.

(iii) For any k > 1, if E|X|k <∞, the kth moment can be represented as

mk = EXk = (−i)k · (∂kt ϕX(t))
∣∣
t=0

.

(iv) [6, Theorem 3.3.11] For any random variable X and any a < b, we have

lim
T→∞

1

2π

∫ T

−T

e−ita − e−itb

it
ϕX(t)dt = P(X ∈ (a, b)) +

1

2
(P(X ∈ {a, b})) .

In particular, it implies that ϕX = ϕY if and only if X
d
= Y (why?).
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(v) [6, Theorem 3.3.14] If
∫
R |ϕX(t)|dt < ∞, then X has bounded continuous density function,

which is given by

pX(x) ..=
1

2π

∫
R

e−itxϕX(t)dt .

(vi) There is a continuous branch of logϕX(t) in a neighborhood of 0, normalized by logϕX(0) = 0.
For ` > 1, if E|X|` < ∞, then this branch is ` times differentiable at 0. In this case, for
k = 1, 2, ..., `, we set

Ck(X) ..= (−i)k ·
(
∂kt logϕX(t)

)∣∣
t=0

to be the kth cumulant of X. It is not hard to see that C1(X) = EX and C2(X) = VarX.

Remark 1.11. (i) The converse of Theorem 1.10(i) is not true. If ϕX+Y = ϕX · ϕY , then we say
that X and Y are subindependent. For instance, let X = Y with the density function

p(x) =
1

π(1 + x2)
,

which is the Cauchy distribution of scale 1. Then X + Y = 2X has density function

p̃(x) =
2

π(4 + x2)
.

One can check that ϕX+Y (t) = ϕX(t) · ϕY (t) = e−2|t|.
However, if ϕaX+bY = ϕaX · ϕbY for all a, b ∈ R, then X and Y are independent. To see this,

for a random vector X = (X1, ..., Xk), we define its characteristic function at t = (t1, ..., tk) by

ϕX(t) ..= E exp
(

i
k∑
i=1

tiXi

)
.

As an extension of Theorem 1.10 (iv) to higher dimensions, we can show that

ϕX = ϕY if and only if X
d
= Y. (1.3)

Now let X ′
d
= X, Y ′

d
= Y , and X ′,Y ′ independent. Then

ϕaX+bY = ϕaX · ϕbY = ϕaX′ · ϕbY ′ = ϕaX′+bY ′

for all (a, b) ∈ R2. As a result, (X,Y )
d
= (X ′, Y ′).

(ii) Although the moment generating function and characteristic function uniquely determines
the distribution, the same cannot be said for moments. A classical example is the (perturbed)
lognormal distribution Xa, which has the density

pa(x) =
1√
2πx

exp
(
−(log x)2

2

)
(1 + a sin(2π log x)) , x > 0 .

One can check that, EXk
a = EXk

a′ for all a, a′ ∈ [−1, 1] and k > 1 (see [6, Section 3.3.5]).
(iii) In part (vi) of Theorem 1.10, it is worth mentioning that it is not possible to define

log z : C\{0} → C that is even continuous. However, if f : R → C is differentiable and f never
vanishes, log ◦f is differentiable. In this case, the log function takes value on the Riemann surface.

12



1.4. Convergence in distribution

Let F, F1, F2, ..., be the distribution function of X,X1, X2, ... respectively. We say that Fn
weakly converges to F (write Fn

w→ F ), if for any continuous points x of F , we have

lim
n
Fn(x) = F (x) . (1.4)

In this case, we say that Xn converges in distribution to X, and we write Xn
d→ X.

Remark 1.12. It is important to only require the convergence at continuous points of F . Consider

random variables Xn uniformly distributed on [0, 1/n]. Obviously, Xn
d→ 0 =.. X. We have

FX(0) = 1, while FXn(0) = 0 for all n.

Theorem 1.13. The following conditions are equivalent.

(i) Xn
d→ X.

(ii) For any bounded continuous function f , we have limn Ef(Xn) = Ef(X). It is enough to test
this identity on bounded differentiable functions, or on smooth compactly supported functions.

In reality, the next result is used more often.

Theorem 1.14. Let X1, X2, ... be random variables with distribution function F1, F2, ....

(i) If there exits a random variable X with distribution F , such that Fn
w→ F , then limn ϕXn(t) =

ϕX(t) for all t ∈ R.

(ii) If limn ϕXn(t) exists for all t ∈ R and limn ϕXn is continuous at 0, then there exists a random
variable X with distribution function F , such that

lim
n
ϕXn(t) = ϕX(t) , ∀t ∈ R and Fn

w→ F .

Moreover, (by Arzelà–Ascoli) the convergence of ϕn is uniform on any compact set.

Remark 1.15. (i) Theorem 1.14 (ii) holds in a slightly general form. Let µn be a sequence of finite
nonnegative measures on R with Fourier–Stieltjes transforms

ϕn(t) =

∫
R

eitxdµn(x) .

Suppose ϕn converges to ϕ, and ϕ is continuous at 0. Then there exists a finite measure on R such
that ϕ(t) =

∫
R eitxdµ(x) and µn

w→ µ. This is known as continuity theorem for Fourier–Stieltjes
transforms.

(ii) If we go back to the proof of Theorem 1.14 (ii), the condition that limn ϕXn is continuous
at 0 is essentially due to the tightness property. As a counter example, let Xn

..= N (0, n2). Then
ϕXn(t) = exp(−t2n2/2). Obviously, (Xn) does not converge, and

lim
n→∞

ϕXn(t) =

{
1 if t = 0

0 otherwise.

Let us give the proof of Theorem 1.14 (ii) here. We start with the following result.
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Theorem 1.16 (Helly). Let Fn be a sequence of distribution functions on R. Then there exists a
subsequence Fnk and a right-continuous, non-decreasing function F on R such that

lim
k
Fnk(x) = F (x)

on all continuous points of F .

Lemma 1.17. If a sequence of probability measures µn on R is tight, i.e.

∀ε , ∃M > 0 , sup
n
µn
(
[−M,M ]c

)
6 ε ,

then any subsequential limit of Fn(x) ..= µn((−∞, x]) is a distribution function2.

Proof. Let F satisfy

F (x) = lim
k
Fnk(x)

at all continuous points of F . Since each Fn is non-decreasing, so is F . In addition, it is easy to see
that F ∈ [0, 1] and the discontinuous points of F are at most countable. Suppose F is discontinuous
at x0, which means F (x0−) ..= supx<x0 F (x) < F (x0+) ..= infx>x0 F (x). Note that we have the
freedom of choosing the value of F at x0 (it is not decided by Fnk). Set F (x0) = F (x0+) makes F
right-continuous at x0. Thus F is always right-continuous and non-decreasing.

Let ε > 0 be given. Choose R > 0 such that supn µn([−R,R]c) 6 ε. Since F has at most
countably many discontinuities, we may choose M > R such that both M and −M are continuity
points of F . Thus

lim
x→−∞

F (x) 6 F (−M) = lim
k
Fnk(−M) 6 ε

and

1− lim
x→∞

F (x) 6 1− F (M) = 1− lim
k
Fnk(M) 6 ε .

This implies limx→−∞ F (x) = 0, and limx→∞ F (x) = 1. Hence F is a distribution function.

Proof of Theorem 1.14 (ii). Let ϕ ..= limn ϕXn , and we use µn to denote the probability measure
on R induced by Fn.

We first show that {µn} is tight. Let ε > 0. Since ϕ is continuous at 0, we can find a small
u > 0 such that

ε >
1

u

∫ u

−u
(1− Reϕ(t))dt =

1

u
lim
n

∫ u

−u
(1− ReϕXn(t))dt ,

where in the second step we used Dominated Convergence Theorem. There exists n0 > 0 such that

2ε >
1

u

∫ u

−u
(1− ReϕXn(t))dt

for all n > n0. Note that

1

u

∫ u

−u
(1− ReϕXn(t))dt =

∫
R

1

u

∫ u

−u
(1− cos(tx))dtdFn(x) = 2

∫
R

1− sinux

ux
dFn(x)

> 2

∫
|x|>2u−1

1− 1

|ux|
dFn(x) > µn{x : |x| > 2u−1} .

2As in (1.4), we only require convergence at points where the limit function is continuous.
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Hence 2ε > µn{x : |x| > 2u−1} for all n > n0. By increasing 2u−1, if necessary, to control the
finitely many measures µ1, . . . , µn0−1, this shows {µn} is tight.

By Theorem 1.16 and Lemma 1.17, there exists a subsequence Fnk that converges to a distri-
bution function F . Thus

ϕF = lim
k
ϕXnk = lim

n
ϕXn = ϕ .

As ϕ is unique, any subsequent weak limit of Fn must equal to F .

Finally, suppose Fn does not converge to F , then there exists a subsequence Fnk such that at
some continuous point x of F , we have

|Fnk(x)− F (x)| > ε

for all k > 1. In other words, any subsequent weak limit of Fnk cannot be F . But per Theorem
1.16 and Lemma 1.17, Fnk possesses a subsequent weak limit. This contradicts to the previous
paragraph. Hence we must have

Fn
w−→ F and lim

n
ϕFn = ϕF .

This finishes the proof of the first statement. The uniform convergence of ϕn on compact intervals
is left to the readers as an exercise.

Let us also mention the multi-dimensional case. Let Fn(x1, ..., xk) be a sequence of distribution
function on Rk. If there exists a distribution F such that

lim
n
Fn(x1, ..., xk) = F (x1, ..., xk)

on all continuous points of F , then we say Fn weakly converges to F . In practice, we use the
following characterization in high dimension.

Exercise 1.18. Let Xn = (Xn1, ..., Xnk) be a sequence of random vectors in Rk. If there exists a
random vector X = (X1, ..., Xk) such that

k∑
i=1

aiXni
d−→

k∑
i=1

aiXi

for all (a1, ..., ak) ∈ Rk. Use (1.3) to show that Xn
d−→ X.

1.5. Other forms of convergence

Let X,X1, X2, ... be random variables defined on the same probability space (Ω,A,P). We say
that Xn converges to X almost surely (or a.s.) if

P
({
ω : lim

n
Xn(ω) = X(ω)

})
= 1 .

The next result gives a more accessible condition for almost sure convergence [11, Page 52,
Theorem 5.2].

15



Theorem 1.19. Xn → X almost surely if and only if for any ε > 0, we have

lim
n→∞

P
(

sup
m>n
|Xm −X| > ε

)
= 0 .

As a consequence, if
∑

n P(|Xn −X| > ε) < ∞ for any ε > 0, or
∑

n E|Xn −X|c < ∞ for some
c > 0, then Xn → X almost surely.

Let X,X1, X2, ... be random variables defined on the same probability space (Ω,A,P). We say

that Xn converges to X in probability (write Xn
P→ X), if

lim
n→∞

P(|Xn −X| > ε) = 0

for any ε > 0. For p > 0, we say that Xn converges to X in Lp (write Xn
Lp→ X), if

lim
n→∞

E|Xn −X|p = 0 .

Theorem 1.20. There are various relations between different types of convergence of random
variables.

(i) Xn → X a.s. implies Xn
P→ X.

(ii) Xn
Lp→ X implies Xn

P→ X

(iii) Xn
P→ X implies Xn

d→ X.

(iv) If Xn
d→ C for some constant C, then Xn

P→ C.

Exercise 1.21. Give examples that the converses of Theorem 1.20 (i) – (iii) are not true. Give

examples to show that there are in general no relation between Xn → X a.s. and Xn
Lp→ X.
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2 Infinitely divisible distributions and the universality of random
variable sums

Think about a collection of random sequence X1,X2, ..., where

Xn = (Xn1, ..., Xnkn) .

We assume that for each n, the random variables X
(n)
1 , ..., X

(n)
kn

are independent, and limn kn =∞.
In this section, we are interested in studying the limit of

Sn ..=

kn∑
k=1

Xnk . (2.1)

In Section 2.2, we shall see that under mild conditions, if Sn converges, the limit always lies in a
special class of distributions that are “infinitely divisible”. Thus in Section 2.1, we first introduce
properties of infinitely divisible distributions. In Section 2.3, we consider the special case kn = n,
and completely characterize the possible limiting distributions of Sn.

2.1. Infinitely divisible distributions

A characteristic function ϕ is infinitely divisible, if for any n > 1, there exists a characteristic
function ϕn such that

ϕ(t) = (ϕn(t))n (2.2)

for all t ∈ R. In this case, the corresponding distribution F of ϕ is called an infinitely divisible
distribution. In other words, a random variable X is infinitely divisible, if for any n > 1, we can

find i.i.d. random variables Xn1, ..., Xnn such that X
d
= Xn1 + · · ·Xnn.

Example 2.1. The following class of random variables are infinitely divisible.

(i) A degenerate random variable X that only takes value at point c, i.e. P(X = c) = 1. Then

ϕX(t) = eict =
(
ei c
n
t
)n
.

(ii) Let X
d
= N (µ, σ2). Then

ϕX(t) = exp(iµt− σ2t2/2) =
(

exp
(

it
µ

n
− σ2

n
· t

2

2

))n
.

(iii) Let X
d
= Poi(λ), i.e. Poisson distribution with parameter λ. Then

ϕX(t) = exp(λ(eit − 1)) =
(

exp
(λ
n

(eit − 1)
))n

(iv) Let X be Cauchy-distributed with parameter γ > 0, i.e.X has density function pX(x) =
1
π ·

γ
γ2+x2

, x ∈ R. Then

ϕX(t) = e−γ|t| =
(
e−

γ
n
|t|)n .

Theorem 2.2. (i) If ϕ1,...,ϕk are infinitely divisible characteristic functions (IDCF), so is ϕ1 · · ·ϕk.
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(ii) If ϕ is an IDCF, so is |ϕ|.

Proof. (i) Let us prove the case when k = 2; the general case follows by induction.
Let ϕ1 and ϕ2 be the characteristic functions of X and Y respectively. W.L.O.G. assume X

and Y are independent. Then ϕ1ϕ2 is the characteristic function of X + Y . In particular, we see
that the multiplication of characteristic functions is again a characteristic functions.

Let n > 1. Since ϕ1 and ϕ2 are infinitely divisible, there exists characteristic functions φ1, φ2

such that ϕ1 = φn1 , ϕ2 = φn2 . Then φ1φ2 is also a characteristic function, with

ϕ1ϕ2 = (φ1φ2)n .

This finishes the proof.
(ii) Let n > 1, then there exits a characteristic function φ such that ϕ = φ2n. If we write

φ(t) = EeitX , then φ(t) = Ee−itX = Eeit(−X) is also a characteristic function. By (i), φφ is a
characteristic function, thus |ϕ| = |φ2n| = (φφ)n is an IDCF.

Theorem 2.3. Let ϕ be an IDCF. Then ϕ(t) 6= 0 for all t ∈ R.

Proof. By Theorem 2.2 (ii), |ϕ| is also an IDCF. Let φn be a characteristic function such that
|ϕ| = φnn. If we examine the proof of Theorem 2.2 (ii), φn can be chosen to be the nonnegative nth
root of |ϕ|. Thus

φ(t) ..= lim
n→∞

φn =

{
1 if ϕ(t) 6= 0

0 if ϕ(t) = 0 .
(2.3)

As ϕ(0) = 1 and ϕ is continuous, ϕ(t) is non-zero in a neighborhood of 0. Thus φ(t) = 1 in a
neighborhood of 0. In particular, φ is continuous at 0. By Theorem 1.14 (ii), φ is a characteristic
function, which implies φ is continuous. By (2.3), φ can only take value 0, 1. Since φ(0) = 1, we
must have φ(t) = 1 for all t ∈ R. Using (2.3) again, we see that ϕ(t) 6= 0 for all t ∈ R.

Remark 2.4. In (2.2), it is not instantly clear which phase ϕn sits among the n possible ones. As
ϕ is never 0, we can write ϕ(t) = exp(logϕ(t)), where logϕ(t) takes value in the Riemann surface
and is continuous w.r.t. t. Let φn(t) ..= exp( 1

n logϕ(t)), where we choose logϕ(0) = log 1 = 0. Then
ϕn and φn are both continuous, (ϕn(t))n = (φn(t))n for all t, and ϕn(0) = φn(0) = 1. Define

ω(t) ..= ϕn(t)/φn(t) ,

then (ω(t))n = 1 for all t. Thus for each t, ω(t) = exp(2kπi/n) for some k ∈ {0, 1, ..., n− 1}. As ω
is continuous and ω(0) = 1, we must have ω ≡ 1. As a result

ϕn(t) = φn(t) = exp
( 1

n
logϕ(t)

)
.

In the sequel, for a characteristic function ϕ = exp(logϕ(t)), we sometime use the notation ϕ1/n

to denote ϕ1/n(t) ..= exp( 1
n logϕ(t)), where logϕ(0) = 0.

Theorem 2.5. If a sequence of IDCF (ϕm)m>1 converges to the characteristic function ϕ, then ϕ
is also infinitely divisible.

Proof. Fix an integer n > 1. Let ψm,n be the distinguished nth root of ϕm, and let νm,n be its
probability law. Since ϕm → ϕ uniformly on compact sets and ϕ(0) = 1, on some interval [−δ, δ]
the function ϕ is nonzero and the normalized logarithms converge uniformly. Hence

ψm,n(t) −→ exp
( 1

n
logϕ(t)

)
, |t| 6 δ,
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and the function on the right is continuous at 0. The tightness estimate from the proof of Theorem
1.14(ii), which uses only characteristic functions near 0, shows that {νm,n}m is tight. Choose a
subsequence converging weakly to a probability law νn, with characteristic function ψn. Then, for
every t ∈ R,

ϕ(t) = lim
j
ϕmj (t) = lim

j
ψmj ,n(t)n = ψn(t)n.

Thus ϕ has an nth characteristic-function root. Since n was arbitrary, ϕ is infinitely divisible.

For the rest of Section 2.1, we shall prove the following result.

Theorem 2.6. The function ϕ is an IDCF if and only if it can be represented as

ϕ(t) = exp

(
iat+

∫
R

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dG(x)

)
,

where a ∈ R is a constant, and G is a bounded, non-decreasing, right-continuous function. In

addition, for g(x) ..=
(

eitx − 1− itx
x2+1

)
1+x2

x2
, define

g(0) ..= lim
x→0

g(x) = − t
2

2

so that g is continuous in R.

The next section consists of some preparation work.

2.1.1. Poisson-type representation. Let λ > 0, α, β ∈ R. The random variable X is called
Poisson type random variable, if

P(X = α+ βk) = e−λ
λk

k!

for k = 0, 1, 2, . . .. We write X ..= Poi(λ, α, β). It is not hard to see that

ϕX(t) = exp{iαt+ λ(eiβt − 1)} .

Proposition 2.7. Let ϕ be a characteristic function. It is infinitely divisible if and only if it is the
limit of finite multilpplicaions of the characteristic functions of Poisson type random variables.

Proof. (i) Suppose ϕ = limm ϕm, where

ϕm(t) = exp{iα1t+ λ1(eiβ1t − 1)} · · · exp{iαnt+ λn(eiβnt − 1)} ,

and αi, βi, λi are parameters possibly depend on m, then by Theorem 2.2 (i), ϕm is infinitely
divisible. Together with Theorem 2.5, limm ϕm is also infinitely divisible.

(ii) Let ϕ be an IDCF. By Theorem 2.3 and Remark 2.4,

ϕ1/n = exp
( 1

n
logϕ

)
= 1 +

1

n
logϕ+O(n−2) .

Thus for any t ∈ R,

logϕ(t) = lim
n→∞

n(ϕ1/n − 1) = lim
n→∞

n(ϕn − 1)

= lim
n→∞

n

∫
R

(eitx − 1)dFn(x) = lim
n,m→∞

n

∫ m

−m
(eitx − 1)dFn(x) ,
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where ϕn ..= ϕ1/n is a characteristic function, and we denote the corresponding distribution by
Fn. Let −m = x0 < x1 < · · · < xN = m, limN maxj(xj+1 − xj) = 0. By the definition of
Riemann-Stieltjes integral,

n

∫ m

−m
(eitx − 1)dFn(x) = lim

N→∞
n

N−1∑
j=0

(eitxj − 1)
(
Fn(xj+1)− Fn(xj)

)
= lim

N→∞

N−1∑
j=0

λj(e
itβj − 1) ,

where λj = n(Fn(xj+1)− Fn(xj)), βj = xj . Thus

ϕ(t) = lim
n,m,N→∞

N∏
j=1

exp
(
λj(e

itβj − 1)
)
.

For each integer R > 1, first choose the truncation and then the mesh so that the preceding
approximation is uniform for |t| 6 R. A diagonal choice of n, the truncation radius, and the mesh
therefore produces one sequence of finite products converging to ϕ uniformly on every compact
t-interval. This finishes the proof.

2.1.2. The Lévy-Khintchine representation for infinite divisible characteristic func-
tions. Let a ∈ R, and G(x) is a bounded, non-decreasing, right-continuous function on R. Define

ξ(t) = iat+

∫
R

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dG(x) . (2.4)

The next result proves the “if” part of Theorem 2.6.

Proposition 2.8. The function eξ(t) is an IDCF.

Proof. By Riemann-Stieltjes integral, we have∫ ∞
0

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dG(x) = lim

m→∞

∫ m

1/m

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dG(x)

= lim
m,N→∞

N−1∑
j=0

(
eitxj − 1− itxj

x2
j + 1

)1 + x2
j

x2
j

(
G(xj+1)−G(xj)

)
,

where 1/m = x0 < x1 < · · · < xN = m, limN maxj(xj+1 − xj) = 0. Set

λj =
1 + x2

j

x2
j

(
G(xj+1)−G(xj)

)
, βj = xj , αj = − λjxj

1 + x2
j

,

then

I1
..=

∫ ∞
0

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dG(x) = lim

m,N→∞

N−1∑
j=0

(
iαjt+ λj(e

itβj − 1)
)
.

The same can be done for I2
..=
∫ 0
−∞ g(x)dG(x). Note that

ξ(t) = iat+ I1 + I2 −
t2

2
[G(0)−G(0−)] ,

and we conclude the proof by Theorem 2.2 (i) and Proposition 2.7.
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To prove the “only if” part of Theorem 2.6, recall the definition of ξ from (2.4), and let us
introduce

Λ(x) =

∫ x

−∞

(
1− sin y

y

)1 + y2

y2
dG(y) (2.5)

and

λ(t) = ξ(t)−
∫ 1

0

ξ(t+ h) + ξ(t− h)

2
dh , (2.6)

where A(y) ..=
(
1 − sin y

y

)1+y2

y2
is defined at y = 0 by A(0) = 1/6. Clearly, A is nonnegative and

bounded. If Λ(∞) > 0, then Λ(x)/Λ(∞) is a distribution function; if Λ(∞) = 0, then dG = 0 and
no normalization is needed. In addition, by Fubini’s Theorem,

λ(t) =

∫ 1

0

∫
R

eitx(1− coshx)
1 + x2

x2
dG(x)dh =

∫
R

∫ 1

0
eitx(1− coshx)

1 + x2

x2
dhdG(x)

=

∫
R

eitx
(

1− sinx

x

)1 + x2

x2
dG(x) =

∫
R

eitxdΛ(x) .

(2.7)

When Λ(∞) > 0, λ(t)/Λ(∞) is the characteristic function of the distribution Λ(x)/Λ(∞).

Lemma 2.9. Let G(−∞) = 0. Then there is a one-to-one correspondence between ξ and (a,G).
For this reason, we write ξ = (a,G).

Proof. Obviously, (a,G) uniquely determines ξ. Let us prove the other direction. Given a function
ξ(t), by (2.6), it uniquely determines λ(t). From (2.7) and the inversion formula (Theorem 1.10
(iv)), λ(t) determines Λ(x). Then we can deduce G from Λ using

G(x) ..=

∫ x

−∞

(
1− sin y

y

)−1 y2

1 + y2
dΛ(y) .

Finally, (2.4) shows that G, ξ determines a. This finishes the proof. (Quick question: where did
we use the condition G(−∞) = 0?)

Lemma 2.10. Let

ξn(t) = iant+

∫
R

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dGn(x) , (2.8)

where an ∈ R, Gn is a bounded, non-decreasing, right-continuous function satisfying Gn(−∞) = 0.

(i) If an → a and Gn
w→ G, then ξn(t)→ ξ(t) = (a,G).

(ii) If ξn(t)→ ξ(t) and ξ is continuous, then there exists constant a and bounded, non-decreasing,
right-continuous G such that ξ = (a,G), an → a, Gn

w→ G.

Here and below, Gn
w−→ G means weak convergence of the finite measures dGn to dG; in

particular, their total masses converge.

Proof. Part (i) is immediate from Theorem 1.13, and let us prove part (ii).

By Proposition 2.8, exp(ξn(t)) is an IDCF. Since exp(ξn(t)) is a characteristic function and
exp(ξ(t)) is continuous at 0, by Theorem 1.14 (ii), exp(ξ(t)) is also a characteristic function. Since
exp(ξn(t)) is infinitely divisible, by Theorem 2.5, exp(ξ(t)) is also infinitely divisible. Let I be a
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compact interval that contains the origin. By Theorem 2.3, exp(ξ(t)) is never 0. Then there exists
an ε > 0 such that

min
t∈I
| exp(ξ(t))| > ε . (2.9)

Since the sequence of characteristic functions exp(ξn(t)) converges to the characteristic function
exp(ξ(t)), by Theorem 1.14 (ii),

exp(ξn(t))→ exp(ξ(t)) uniformly for t ∈ I . (2.10)

Combining (2.9) and (2.10) we see that the function

hn(t) ..= exp(ξn(t)− ξ(t))

converges uniformly to 1 on I. Thus for n large enough, |hn(t) − 1| < 1/2 for all t ∈ I. On the
disk |z − 1| < 1/2, the logarithm is uniformly continuous and uniquely determined by continuity.
As ξn(0) = ξ(0) = 0, we must have

ξn(t)→ ξ(t) uniformly for t ∈ I . (2.11)

As I is arbitrary, by (2.6), we have
λn(t)→ λ(t) (2.12)

for all t ∈ R. Since ξ is also continuous, by (2.6), λ is also continuous in R.
By (2.12) and the continuity theorem for Fourier-Stieltjes transform (see Remark 1.15 (i)), there

exists a finite measure Λ satisfying λ(t) =
∫
R eitxdΛ(x) such that

Λn
w−→ Λ . (2.13)

Now G is defined from Λ via

G(x) ..=

∫ x

−∞

(
1− sin y

y

)−1 y2

1 + y2
dΛ(y) ,

and thus (2.13) implies Gn
w→ G. Finally, (2.8) we get

an = (it)−1

(
ξn(t)−

∫
R

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dGn(x)

)
for all t 6= 0. As the RHS of the above is independent of t and converges, we define its limit to be
a. This implies an → a and finishes the proof.

Now we are ready to prove the “only if” part of Theorem 2.6. Let ϕ(t) be an IDCF. As in the
proof of Proposition 2.7 (ii),

logϕ(t) = lim
n→∞

n(ϕ1/n(t)− 1) = lim
n→∞

n(ϕn(t)− 1) = lim
n

∫
R
n(eitx − 1)dFn(x)

= lim
n

(
itn

∫
R

x

1 + x2
dFn(x) +

∫
R
n
(

eitx − 1− itx

1 + x2

)
dFn(x)

)
=.. lim

n
ξn(t) ,

where

an = n

∫
R

x

1 + x2
dFn(x) , Gn(x) = n

∫ x

−∞

y2

1 + y2
dFn(y) .

As limn ξn(t) = logϕ(t) is continuous, by Lemma 2.10 (ii), there exits (a,G) such that an → a,
Gn → G, and logϕ(t) = (a,G). This finishes the proof of Theorem 2.6.
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Example 2.11. Let us see the convergence of an and Gn through an example. Consider the Cauchy
distribution with median α and scale 1, which has the distribution function

F (x) =
1

π

∫ x

−∞

1

1 + (y − α)2
dy ,

which is infinitely divisible with characteristic function ϕ(t) = exp(−|t|+ iαt). Clearly, ϕn(t) =
ϕ1/n(t) = exp((−|t|+ iαt)/n), and

Fn(x) =
1

nπ

∫ x

−∞

1

n−2 + (y − α/n)2
dy .

In other words, it is a Cauchy distribution with median α/n and scale n−1. Thus

Gn(x) = n

∫ x

−∞

y2

1 + y2
dFn(y) = n

∫ x

−∞

y2

1 + y2
· 1

nπ

1

n−2 + (y − α/n)2
dy → 1

π

∫ x

−∞

1

1 + y2
dy =.. G(x) ,

and

a = lim
n
n

∫
R

x

1 + x2
dFn(x) = lim

n
n

∫
R

x

1 + x2

1

nπ

1

n−2 + (x− α/n)2
dx = lim

n
n

αn

α2 + (1 + n)2
= α .

2.2. The sum of independent random variables.

Now let us come back to the original question at the beginning of Section 2, which is

Sn ..=

kn∑
k=1

Xnk ,

where {Xnk; k = 1, 2, ..., kn} are independent and limn kn =∞. Note that for an arbitrary random

variable X, if we set Xn1
d
= X and Xnk = 0 for all k > 2, then Sn

d≡ X. So if we would like to
produce relevant results, certain restrictions are needed on the random variables. This motivates
the following definition.

Definition 2.12. We say the random variables {Xnk; k = 1, 2, ..., kn} satisfy the infinitesimal
condition, if for any ε > 0, we have

lim
n→∞

max
16k6kn

P(|Xnk| > ε) = 0 .

There are some priori results where we leave the proofs to the reader.

Lemma 2.13. The following conditions are equivalent.

(i) {Xnk} satisfy the infinitesimal condition;

(ii) max
16k6kn

∫
R

x2

1+x2
dFnk(x)→ 0;

(iii) For any bounded set S ⊂ R, we have max
16k6kn

|ϕnk(t)− 1| → 0 uniformly for t ∈ S.

Lemma 2.14. If {Xnk} satisfy the infinitesimal condition, then for any τ, r > 0, we have

max
k

∫
|x|<τ

|x|rdFnk(x)→ 0 .
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The main goal of Section 2.2 is to prove the following result.

Theorem 2.15. Let {Xnk} satisfy the infinitesimal condition, and Sn ..=
∑kn

k=1Xnk converges.
The limiting distribution class of Sn coincides with the set of infinitely divisible distributions.

The proof consists of two steps, and similar to that of Theorem 2.6, one direction is easy.

Step 1. Let F be an infinitely divisible distribution, with characteristic function ϕ. Then
ϕ1/n is also a characteristic function. Set kn = n and ϕnk = ϕ1/n for all k = 1, 2..., n, and
we have ϕ =

∏
k ϕnk. Thus there exists independent random variables {Xnk}k=1,2,...,n such that

E exp(itXnk) = ϕnk(t), and

Sn =
n∑
k=1

Xnk

has the distribution F . Recall from Theorem 2.3 that ϕ(t) 6= 0 for all t ∈ R, thus for any bounded
S ⊂ R,

max
k
|ϕnk(t)− 1| = |ϕn1(t)− 1| = |ϕ1/n(t)− 1| → 0

uniformly for all t ∈ S. By Lemma 2.13, {Xnk} is infinitesimal. Thus we have proved that any
infinitely divisible distributions is the limiting distribution of some Sn =

∑kn
k=1Xnk.

Step 2. The proof of the other direction is substantially more complicated. Let {Xnk} be
infinitesimal, and Sn ..=

∑kn
k=1Xnk converges to some distribution F . We would like to show

that F is infinitely divisible. Let ϕn(t) = E exp(itSn), ϕnk(t) = E exp(itXnk), and ϕ denotes the
characteristic function of F . Clearly limn ϕn = ϕ. Our goal here is to show that F is infinitely
divisible. It suffices to show that

logϕn(t) = log

kn∏
k=1

ϕnk(t) = iant+

∫
R

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dGn(x) + En(t) (2.14)

for some an ∈ R and bounded, non-decreasing, right-continuous function Gn, and En(t)→ 0. More
precisely, Theorem 2.6 implies that ξn = (an, Gn) is the logarithm of an IDCF. By (2.14), we have

ϕ(t) = lim
n
ϕn(t) = lim

n
exp(logϕn(t)) = lim

n
exp(ξn(t)) . (2.15)

Hence by Theorem 2.5, ϕ is also an IDCF.

Now let us prove (2.14). Let S be a bounded set in R. By Lemma 2.13 (iii) we have (for n large
enough)

logϕnk(t) = log[1 + (ϕnk(t)− 1)] = ϕnk(t)− 1 + θnk(ϕnk(t)− 1)2

uniformly for t ∈ S. Here θnk ∈ C satisfies |θnk| ∈ [0, 1]. Thus

logϕn(t) =

kn∑
k=1

[ϕnk(t)− 1 + θnk(ϕnk(t)− 1)2]

=

kn∑
k=1

∫
R

(eitx − 1)dFnk(x) +

kn∑
k=1

θnk(ϕnk(t)− 1)2 (2.16)

= it

kn∑
k=1

∫
R

x

1 + x2
dFnk(x) +

kn∑
k=1

∫
R

(
eitx − 1− itx

1 + x2

)
dFnk(x) +

kn∑
k=1

θnk(ϕnk(t)− 1)2 .
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Then it is tempting to define

an ..=

kn∑
k=1

∫
R

x

1 + x2
dFnk(x) and Gn(x) =

kn∑
k=1

∫ x

−∞

y2

1 + y2
dFnk(y) .

However, it is not necessarily true that the last term on RHS of (2.16) is negligible. Let kn = n.
Inspired by Example 2.11, consider Xnk with Cauchy distribution having median (−1)kn−1/2 and
scale 1/n, i.e.

Fnk(x) =
1

nπ

∫ x

−∞

1

n−2 + (y − (−1)kn−1/2)2
dy . (2.17)

Clearly, Xn1 + · · · + Xnn converges to the Cauchy distribution with median 0 and scale 1. Note
that

ϕnk(t) = exp
(
− |t|
n

+ (−1)k
it√
n

)
,

and thus ϕnk(t) = 1 + (−1)k it√
n

+O(n−1). This leads to

n∑
k=1

(ϕnk(t)− 1)2 =
n∑
k=1

(
(−1)k

it√
n

+O(n−1)
)2

= −t2 +O(n−1/2) ,

which is nontrivial. This suggests that we need to shift the median of Xnk to 0 in our consideration.
As Xnk is infinitesimal, the median mainly comes from the regime near 0.

In this spirit, fix a small τ > 0, and define

αnk
..=

∫ τ

−τ
xdFnk(x) , Fnk(x) ..= Fnk(x+ αnk) . (2.18)

Let ϕnk denotes the characteristic function of Fnk. We have the following result.

Lemma 2.16. Let {Xnk} satisfy the infinitesimal condition and suppose that the row sums Sn =∑kn
k=1Xnk form a tight family (in particular, suppose Sn converges in distribution). Then for any

t ∈ R, we have
kn∑
k=1

(logϕnk(t)− (ϕnk(t)− 1))→ 0 .

The proof of Lemma 2.16 is technical and we omit here. Interested reader may refer to pages
38-43 of [11].

Exercise 2.17. Verify Lemma 2.16 for Xnk given in (2.17).

Now let us continue the proof of (2.14). Note that logϕnk(t) = logϕnk(t)−iαnkt. Thus logϕn(t)
can be written as

log

kn∏
k=1

ϕnk(t) =

kn∑
k=1

logϕnk(t) =

kn∑
k=1

logϕnk(t) +

kn∑
k=1

iαnkt

=

kn∑
k=1

(ϕnk(t)− 1) +

kn∑
k=1

iαnkt+ En(t)

= it

kn∑
k=1

(
αnk +

∫
R

x

x2 + 1
dFnk(x)

)
+

kn∑
k=1

∫
R

(
eitx − 1− itx

1 + x2

)
dFnk(x) + En(t) .

25



Here En(t) ..=
∑

k(logϕnk(t)− (ϕnk(t)− 1)), and Lemma 2.16 implies that En(t)→ 0. Set

an ..=

kn∑
k=1

(
αnk +

∫
R

x

x2 + 1
dFnk(x)

)
and Gn(x) ..=

kn∑
k=1

∫ x

−∞

y2

1 + y2
dFnk(y) . (2.19)

As each Fnk is bounded, non-decreasing, and right-continuous, so is Gn. This proves (2.14), and
concludes the proof of Theorem 2.15.

The next result is a natural consequence of Theorem 2.15.

Lemma 2.18. Let {Xnk} satisfy the infinitesimal condition, with αnk, Fnk, an, Gn(x) defined
as in (2.18) and (2.19). Let X be a random variable having infinite divisible distribution F , and
characteristic function

ϕ(t) = exp

(
iat+

∫
R

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dG(x)

)
.

Then Sn ..=
∑

kXnk
d→ X if and only if Gn

w→ G and an → a.

Proof. Let ϕn be the characteristic function of Sn. In the proof of Theorem 2.15, one core results
we proved is that if {Xnk} are infinitesimal, then

ξn(t) ..= iant+

∫
R

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dGn(x) = logϕn − En(t) (2.20)

for some En(t)→ 0.

(i) Suppose Sn
d→ X. Then the row sums are tight, so Lemma 2.16 justifies (2.20). We see that

lim
n

exp(ξn(t)) = lim
n
ϕn = ϕ(t) .

As ξn(0) = logϕ(0) = 0, by the continuity argument used in the proof of Lemma 2.10 (ii), we have
ξn → logϕ. By Lemma 2.10 (ii), we conclude that Gn

w→ G and an → a.

(ii) Suppose that Gn
w→ G and an → a. In this direction the total masses Gn(∞) are uniformly

bounded. The standard accompanying-law estimate for the canonical centering (2.18), together
with infinitesimality, gives ∑

k

∣∣logϕnk(t)−
(
ϕnk(t)− 1

)∣∣ −→ 0

for every fixed t; thus (2.20) is valid here without presupposing tightness of the row sums. Using
(2.20) we get

lim
n

logϕn(t) = lim
n

(
iant+

∫
R

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dGn(x)

)
= logϕ(t) ,

which implies ϕSn(t) = ϕn(t)→ ϕ(t). This yields Sn
d→ X as desired.

Remark 2.19. In the above arguments, as it was always assumed that Sn ..=
∑kn

k=1Xnk converges,
we (intentionally) ignore the “mean” of

∑
kXnk. Consider the case when

kn = n , Xnk
d
= N (n−1/2, σ2n−1) .
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Then
∑

kXnk
d
= N (

√
n, σ2), which does not converges. However, setting bn = n1/2 yields

Sn ..=
∑
k

Xnk − bn
d
= N (0, σ2) .

In general, let {Xnk} satisfy the infinitesimal condition, and bn be a sequence of numbers. Assume

Sn ..=

kn∑
k=1

Xnk − bn (2.21)

converges. By going through the proofs of Theorem 2.15 and Lemma 2.18, we can get the following
extensions.

(a) The limiting distribution class of Sn coincides with the set of infinitely divisible distributions.

(b) Let an, Gn(x) defined as in (2.18) and (2.19). Let X be a random variable having infinite
divisible distribution F , and characteristic function

ϕ(t) = exp

(
iat+

∫
R

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dG(x)

)
.

Then Sn ..=
∑

kXnk − bn
d→ X if and only if Gn

w→ G and an − bn → a.

Exercise 2.20. Prove statements (a) and (b) in Remark 2.19.

Theorems 2.6 and 2.15 imply that the characteristic function of the limiting distribution of∑
kXnk is always of the form

ϕ(t) = exp

(
iat+

∫
R

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dG(x)

)
.

Note that G is not necessarily continuous at 0. Define σ2 ..= G(0)−G(0−) > 0. Since

lim
x→0

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
= −t2/2 ,

we can rewrite

ϕ(t) = exp

(
iat− σ2t2

2
+

∫
R\{0}

(
eitx − 1− itx

x2 + 1

)1 + x2

x2
dG(x)

)
.

Sometimes, it is more convenient to use

L(x) ..=


∫ x
−∞

1+y2

y2
dG(y) , x < 0 ,

−
∫∞
x

1+y2

y2
dG(y) , x > 0 .

Thus L is non-decreasing in (−∞, 0) and (0,∞), with L(∞) = L(−∞) = 0, and

ϕ(t) = exp

(
iat− σ2t2

2
+

∫
R\{0}

(
eitx − 1− itx

x2 + 1

)
dL(x)

)
. (2.22)

By Lemma 2.9, there is a one-to-one correspondence between ξ and (a, σ2, L). If L(x) is constant
in (−∞, 0) and (0,∞), the limiting distribution of

∑
kXnk is N (a, σ2).
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2.3. The triangular array case

Let us go back to what we are familiar of, i.e. the object

Sn ..=
1

Mn

n∑
k=1

Xk − bn , (2.23)

where {Xk}k>1 are independent, and Mn > 0. This can be thought as a special case of (2.21), by
setting kn = n, and Xnk = Xk/Mn. In this case, the infinitesimal condition reads

lim
n

max
16k6n

P{|Xk| > εMn} = 0 . (2.24)

for all ε > 0. In the sequel, when considering (2.23), we shall always work under the assumption
(2.24).

Lemma 2.21. If a random variable X satisfy |ϕX(t)| = 1 for t ∈ (−δ, δ), where δ > 0, then X is
degenerate.

Proof. |ϕX(t)| = 1 means ϕX(t) = exp(if(t)) for some real function f . Then

E[| exp(itX)− exp(if(t))|2] = 2− E exp(itX) · exp(−if(t))− E exp(−itX) · exp(if(t)) = 0 ,

which implies
tX = f(t) (mod 2π)

almost surely. Be careful that although f(t) is deterministic, mod 2π might not be. We can find
a rational number p and an irrational number s in (0, δ) such that pX = f(p) + 2πk(p,X) and
sX = f(s) + 2πk(s,X). Note that{f(s) + 2πZ

s

}
∩
{f(p) + 2πZ

p

}
contains at most one point. Thus X must be degenerate.

Lemma 2.22. If (2.23) converges in distribution to a non-degenerate random variable X, then
Mn →∞ and Mn+1/Mn → 1.

Proof. Suppose Mn 6→ ∞, then there exists a subsequence of Mn that converges, i.e. limn′Mn′ =
M ∈ R. For t ∈ R, set tn′ = Mn′t. Since {Xk/Mn} is infinitesimal, by Lemma 2.13, we have

ϕXk(t) = ϕXk/Mn′
(Mn′t)→ 1 .

As the LHS of the above is independent of n, we get ϕXk ≡ 1 for all k. Thus

ϕSn(t) = e−itbn

n∏
k=1

ϕXk/Mn
(t) = e−itbn

n∏
k=1

ϕXk(t/Mn) = e−itbn ,

which contradicts to the fact that limn Sn is non-degenerate.
From (2.24), we see that Xn+1/Mn+1 → 0 in probability, thus

S̃n ..=
1

Mn+1

n∑
k=1

Xk − bn+1 = Sn+1 −Xn+1/Mn+1
d−→ X .
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Note that

S̃n =
Mn

Mn+1
Sn +

bnMn

Mn+1
− bn+1 .

Set un ..= Mn/Mn+1 and vn ..= bnMn/Mn+1 − bn+1, then

Sn = S̃n/un − vn/un .

There exists subsequences un′ , vn′ such that limn′ un′ = u ∈ R>0 ∪ {∞} and limn′ vn′ = v ∈
R ∪ {±∞}. Suppose u =∞, then

|ϕX(t)| =
∣∣∣ lim
n′
ϕSn′ (t)

∣∣∣ =
∣∣∣ lim
n′
ϕ
S̃n′/un′−vn′/un′

(t)
∣∣∣ =

∣∣∣ lim
n′
ϕ
S̃n′

(t/un′) exp(−itvn′/un′)
∣∣∣ = |ϕX(0)| = 1

for all t. This contradicts to the fact that X is non-degenerate. Similarly, we can also show that
u 6= 0. In addition, for t in a small neighborhood of 0,

exp(−itvn′/un′) =
ϕ
S̃n′

(t/un′) exp(−itvn′/un′)

ϕ
S̃n′

(t/un′)
→ ϕX(t)

ϕX(t/u)
,

which implies v = limn′ vn′ ∈ R. Then the above shows

1 = | exp(−itv/u)| =
∣∣∣∣ ϕX(t)

ϕX(t/u)

∣∣∣∣ . (2.25)

Suppose u 6= 1, then we can iterate (2.25) and show that |ϕX | ≡ 1 in a small neighborhood of
0, which contradicts to the fact that X is non-degenerate. Thus we must have u = 1. Note that
the above argument shows that each converging subsequence of un must converges to 1. Thus
limn un = 1.

Note that the above argument also shows vn = bnMn/Mn+1 − bn+1 → 0. This finishes the
proof.

2.3.1. The i.i.d. case. Now let us further assume in (2.23) that {Xn} have identical distributions,
and consider

Sn =
1

Mn

n∑
k=1

Xk − bn . (2.26)

We denote the class of limiting distributions of (2.26) by S. We start with the following definition.

Definition 2.23. Let X1, X2, ... be independent copies of a random variable X. We say that X
(equivalently its distribution F ) is stable, if for any α1, α2 > 0, there exists α > 0, β ∈ R such that

α1X1 + α2X2
d
= αX + β .

In other words, a distribution is said to be stable if a linear combination of two independent
random variables with this distribution has the same distribution, up to location and scale param-
eters. It is easy to check that X is stable if and only if if for any α1, α2 > 0, there exists α > 0,
β ∈ R such that

ϕX(α1t) · ϕX(α2t) = eitβϕX(αt) .

If X is degenerate, then obviously X belongs to S. If X is stable and non-degenerate, then let
X1, X2, ... be independent copies of X. By induction we have, for any n > 1,

X1 + · · ·+Xn
d
= MnX +Bn
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for some Mn > 0, Bn ∈ R. Thus by defining bn ..= Bn/Mn, we have

Sn =
1

Mn

n∑
k=1

Xk − bn
d
= X .

In particular, Sn → X in distribution. To show that X belongs to S, we still need to prove the
infinitesimal condition (2.24).

Note that we have
|ϕX(t)|n = |ϕX(Mnt)|

for all t ∈ R. Suppose Mn 6→ ∞, then for some subsequence Mnk , we can find M > 0 such that
maxkMnk < M . As ϕX is continuous, let [−δ, δ] be a small neighborhoods of 0 such that

min
t∈[−δ,δ]

|ϕX(t)| > 0 . (2.27)

Let t∗ ∈ [−δ/M, δ/M ] such that |ϕX(t∗)| < 1. This is always possible as X is non-degenerate.
Then

lim
nk
|ϕX(Mnkt∗)| = lim

k→∞
|ϕX(t∗)|nk = 0 ,

which contradicts (2.27). Thus we must have Mn → ∞, which leads to limn max16k6n P{|Xk| >
εMn} = 0.

To sum up, stable distributions always belongs to S. By Theorem 2.15, stable distributions are
infinitely divisible.

The above argument proves the “if” part of the next result.

Proposition 2.24. A distribution F is in the class S if and only if it is stable.

Proof of the “only if” part. Let F ∈ S be the limit of (2.26). As degenerate distributions are stable,
we W.L.O.G. assume that F is non-degenerate. Let X be a random variable with distribution F ,
and let X1, X2, ... be independent copies of X. Fix α1 > α2 > 0. Let

mn = max{j : j 6 n,Mj 6 α2Mn/α1} .

As Lemma 2.22 implies Mn →∞ and Mn+1/Mn → 1, we can show that

mn →∞ and Mmn/Mn → α2/α1 .

Let M̃n
..= Mn/α1, b̃n ..= (Mnbn +Mmnbmn)/M̃n. Consider

Mn

M̃n

( 1

Mn

n∑
k=1

Xk − bn
)

+
Mmn

M̃n

( 1

Mmn

n+mn∑
k=n+1

Xk − bmn
)

=
1

M̃n

n+mn∑
k=1

Xk − b̃n . (2.28)

It is not hard (exercise) to show that

Mn

M̃n

( 1

Mn

n∑
k=1

Xk − bn
)

d−→ α1X1 ,
Mmn

M̃n

( 1

Mmn

n+mn∑
k=n+1

Xk − bmn
)

d−→ α2X2 ,

and

1

M̃n

n+mn∑
k=1

Xk − b̃n =
Mn+mn

M̃n

·
( 1

Mn+mn

n+mn∑
k=1

Xk − bn+mn

)
+
Mn+mn

M̃n

· bn+mn − b̃n

=
Mn+mn

M̃n

· Sn+mn +
Mn+mn

M̃n

· bn+mn − b̃n . (2.29)
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So now we know that the RHS of (2.29) converges in law, and Sn+mn converges to the non-
degenerate random variable X. Thus the coefficients on RHS of (2.28) must also converge (you can
prove this by the “subsequent argument” as in the proof of Lemma 2.22). Set

α ..= lim
n

Mn+mn

M̃n

and β ..= lim
n

Mn+mn

M̃n

· bn+mn − b̃n .

Taking limit in (2.28) yields α1X1 + α2X2
d
= αX + β as desired. This finishes the proof.

Recall the representation (2.22) of the IDCF. The final goal of Section 2 is the following result.

Theorem 2.25. An infinitely divisible random variable X (with characteristic function ϕ) is in S
if and only if its L and σ2 satisfy (i) L(x) ≡ 0; or (ii) σ2 = 0 and

L(x) =

{
c1/|xα|, x < 0,

−c2/x
α, x > 0

for some α ∈ (0, 2), c1, c2 > 0, c1 + c2 > 0. In case (ii), we say that L is α-stable.

Proof. Let us prove the “only if” part. The proof of the other direction is a simple verification. Let
X ∈ S with the characteristic function eξ, where ξ = (a, σ2, L) according to Lemma 2.9 and (2.22).
Let X1, X2, ..., Xn be independent copies of X, and Yn ..= X1 + · · ·+Xn. Then

logϕYn(t) = logϕX1+···+Xn(t) = nξ = iant− σ2nt2

2
+

∫
R\{0}

(
eitx − 1− itx

x2 + 1

)
ndL(x) .

Since X ∈ S, by Proposition 2.24 we know that Yn
d
= αnX + βn, and thus

logϕYn(t) = i(aαn + βn)t− σ2α2
nt

2

2
+

∫
R\{0}

(
eitαnx − 1− itαnx

x2 + 1

)
dL(x)

= i(aαn + βn + γn)t− σ2α2
nt

2

2
+

∫
R\{0}

(
eitx − 1− itx

x2 + 1

)
dL(x/αn) ,

where

γn ..=

∫
R\{0}

(
αnx

1 + α2
nx

2
− αnx

1 + x2

)
dL(x) .

As the representation (2.22) for the characteristic function of Yn is unique, we must have
an = aαn + βn + γn

σ2n = σ2α2
n

ndL(x) = dL(x/αn) .

Case 1. If σ2 6= 0, then αn = n1/2. The scaling relation holds for every integer n. Applying
it successively with m and n, and then taking ratios, shows that each nonzero positive or negative
Lévy tail T satisfies

T
(√

m/nx
)

=
n

m
T (x), m, n > 1.
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Since the numbers
√
m/n are dense in (0,∞), continuity of the tail at its continuity points and

monotonicity extend this identity to T (rx) = r−2T (x) for every r > 0. Hence

L(x) =

{
c1/x

2, x < 0,

−c2/x
2, x > 0

for some c1, c2 > 0. As

L(x) ..=


∫ x
−∞

1+y2

y2
dG(y) , x < 0 ,

−
∫∞
x

1+y2

y2
dG(y) , x > 0 .

(2.30)

and G is bounded, we must have limx→0 x
2L(x) = 0 (since G is monotone and bounded, this can

be proved via e.g. integration by parts). Thus c1 = c2 = 0, which makes L(x) ≡ 0.
Case 2. Suppose σ2 = 0 and L 6≡ 0. Uniqueness of the scale parameter for a non-degenerate law,

applied to Ymn in one block and in m blocks of size n, gives αmn = αmαn. The scaling constants
are monotone (compare any nonzero positive or negative Lévy tail), so this multiplicative relation
yields αn = n1/α for some α > 0. Together with

n dL(x) = dL(x/αn), n > 1,

the same ratio argument as in Case 1 gives, for every nonzero positive or negative tail T ,

T
(
(m/n)1/αx

)
=

n

m
T (x), m, n > 1.

The scales (m/n)1/α are dense in (0,∞); monotonicity and continuity at continuity points therefore
give T (rx) = r−αT (x) for every r > 0. Consequently,

L(x) =

{
c1|x|−α, x < 0,

−c2x
−α, x > 0,

c1, c2 > 0, c1 + c2 > 0.

Finally, the Lévy-measure condition
∫
R(1 ∧ x2)dL(x) < ∞ forces 0 < α < 2. This finishes the

proof.

2.3.2. Domain of contraction. The remaining question is, for which distributions of Xn does
the i.i.d. sum X1 + ...+Xn converge?

To answer this question, we introduce the terminology of slowly varying function, which is a
positive, measurable function V : (0,∞)→ (0,∞) such that for any fixed a > 0,

lim
x→∞

V (ax)

V (x)
= 1.

In other words, V (x) changes so slowly at infinity that multiplying its argument by a constant factor
a doesn’t change its asymptotic behavior (up to lower-order terms). Every slowly varying function
satisfies, for each ε > 0, x−εV (x) → 0 and xεV (x) → ∞ under the usual positivity assumptions,
but the converse is false. Standard examples are constants, (log x)p for p ∈ R, and log log x on a
sufficiently large half-line.

We state the next result without giving the proof.

Theorem 2.26. Let X1, X2, ... be a sequence of i.i.d. random variables with a non-degenerate dis-
tribution function F (x).
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(i) There exists Mn > 0 and bn ∈ R such that

1

Mn

n∑
k=1

Xk − bn

converges to the limiting distribution (a, σ2, 0) with σ2 > 0, if and only if

lim
z→∞

z2

∫
|x|>z

dF (x)

/∫
|x|<z

x2dF (x) = 0 (2.31)

(ii) There exists Mn > 0 and bn ∈ R such that

1

Mn

n∑
k=1

Xk − bn

converges to limiting distribution (a, 0, L), where L is α-stable with α ∈ (0, 2), if and only if

F (x) = (c1 + o(1))|x|−αV (|x|)

as x→ −∞, and
1− F (x) = (c2 + o(1))x−αV (x)

as x→∞. Here c1, c2 > 0, c1 + c2 > 0, and V is a slow-varying function.

Remark 2.27. The condition (2.31) can be met in two scenarios.

� EX2
1 <∞. In this case we recover the classic central limit theorem, i.e.

X1 + · · ·+Xn − nEX1√
n

d−→ N (0,Var(X1)) .

� EX2
1 = ∞, and P(|X1| > x) = (1 + o(1))|x|−2V (x) for some slow varying function V . Then

we have
X1 + · · ·+Xn − nEX1

f(n)

d−→ N (0, 1) .

Here f(n) satisfies the implicit form

f(n) ∼

√
2n

∫ f(n)

1

V (x)

x
dx .

For instance, if V ≡ C, then f(n)∼
√
Cn log n; if V (x) = log x, then f(n)∼ 1

2

√
n log n; if

V (x) = 1/ log x, then f(n)∼
√

2n log log n.

33



Homework 1

Question 1. Are the following distribution infinitely divisible?

(i) P(X = k) = ak(1 + a)−k−1, a > 0, k = 0, 1, 2, ...;

(ii) p0 = P(X = 0) = (1 + αλ)−1/α, α, λ > 0, and

P(X = k) =
( λ

1 + αλ

)k (1 + α) · · · (1 + (k − 1)α)

k!
p0

for k = 1, 2, ...;

(iii) The density function f(x) = 1
π(1+x2)

, x ∈ R.

Question 2. Let ϕ be a characteristic function. Suppose there is an integer sequence nk satisfying
limk→∞ nk = ∞ such that for every k > 1, there exists a characteristic function ϕk satisfying
ϕ = (ϕk)

nk . Show that ϕ is infinitely divisible.

Question 3. Compute the Lévy-Khintchine representation for the follow characteristic functions.

(i) ϕ(t) = (1− it/β)−α, α, β > 0;

(ii) ϕ(t) = e−θ|t|, θ > 0;

(iii) ϕ(t) = (1 + t2)−1.

Question 4. Let X and Y be independent, infinitely divisible random variables. If X + Y has
Normal distribution, show that X and Y also have Normal distributions.

Question 5. Let {Xnk}n>2,16k6n be independent random variables having distributions

P(Xnk = k/n) = P(Xnk = −k/n) = 1/n and P(Xnk = 0) = 1− 2/n .

Let Sn ..=
∑n

k=1Xnk. Show that

(i) For any n > 2, Sn is not infinitely divisible.

(ii) There exists a non-Normal, infinitely divisible random variable S such that Sn
d→ S.
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3 Around the central limit theorem

3.1. Three approaches to CLT

We shall give three different proofs for the following result.

Theorem 3.1 (Central limit theorem). Let {Xk}k>1 be a sequence of i.i.d. random variables, with
EX1 = µ and VarX1 = σ2 > 0. Let Sn ..= X1 + · · ·+Xn. Then

Sn − nµ√
nσ

d−→ N (0, 1).

Note that by setting X ′i = (Xi−µ)/σ and S′n
..= X ′1+· · ·+X ′n, we have EX ′1 = 0 and VarX ′1 = 1.

In this case, Theorem 3.1 is equivalent to

S′n√
n

d−→ N (0, 1) .

Thus we shall W.L.O.G. assume that µ = 0 and σ2 = 1.

3.1.1. Proof 1: the classic method. As we already have the Levy-continuity theorem, Theorem
1.14, we can prove Theorem 3.1 rather simply.

Let ϕ(t) ..= E exp(itX1). As EX2
1 = 1 < ∞, the function ϕ is twice-differentiable at 0, and by

Taylor expansion we have

ϕ(t) = 1− t2

2
+ o(t2)

as t→ 0. Thus for any fixed t ∈ R, we have

E exp(itSn/
√
n) =

n∏
i=1

E exp(itXk/
√
n) = ϕ(t/

√
n)n =

(
1− t2

2n
+ o(n−1)

)n
= exp

(
n log

(
1− t2

2n
+ o(n−1)

))
= exp

(
n
(
− t2

2n
+ o(n−1) +O(n−2)

))
,

which converges to e−t
2/2 as n→∞. By Theorem 1.14, we conclude Sn/

√
n

d→ N (0, 1) as desired.

Remark 3.2. In the above argument, it is important that the variables {Xk}k>1 have identical

distributions, so that the error o(n−1) in (1− t2

2n + o(n−1))n is uniform.

The next two proofs do not reply on Theorem 1.14, and as we shall see, the methods are also
of independent interest. In fact, these ideas are still being used in current (as of January 2026)
research of probability theory.

3.1.2. Proof 2: Lindeberg replacement method. This approach starts with the observation
that, for two independent random variables with distributions N (µ1, σ

2
1) and N (µ2, σ

2
2), their sum

has the distribution N (µ1 + µ2, σ
2
1 + σ2

2). Let {Yn} be a sequence of i.i.d. random variables with
distribution N (0, 1), then

Tn ..= Y1 + · · ·+ Yn
d
= N (0, n) . (3.1)

In other words, Tn/
√
n

d
= N (0, 1). The central limit theorem simply state that, a sum of i.i.d. random

variables is close to the sum of i.i.d. Gaussian, as long as the second moment exists.
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Let us perform one modification before starting the proof. For c > 0, let X̃k(c)
..= Xk1|Xk|6c

for all k. Denote

µ̃(c) = EX̃1(c) , σ̃2(c) = Var X̃1(c) , and S̃n(c) ..= X̃1(c) + · · ·+ X̃n(c) .

Lemma 3.3. If for any fixed c > 0 (implicitly, here we choose c large enough so that X̃k(c) is
non-degenerate, and thus σ̃2(c) > 0), we have

S̃n(c)− nµ̃(c)√
nσ̃(c)

d−→ N (0, 1) , (3.2)

then Theorem 3.1 holds.

Proof. Consider

E(c) ..=
Sn√
n
− S̃n(c)− nµ̃(c)√

n
=
Sn − (S̃n(c)− nµ̃(c))√

n
.

We have

EE2(c) = E
(

1√
n

n∑
k=1

(
Xk1{|Xk|>c} − E[Xk1{|Xk|>c}]

))2

= E[X2
11{|X1|>c}]−

(
E[X11{|X1|>c}]

)2
=.. h(c) .

By dominated convergence theorem, h(c) > 0 satisfies limc→+∞ h(c) = 0. Fix ε > 0 and let x ∈ R.
By Markov inequality we have P(|E(c)| > ε) 6 h(c)ε−2, which implies

P
( S̃n(c)− nµ̃(c)√

n
6 x− ε

)
− h(c)ε−2 6 P(Sn/

√
n 6 x) 6 P

( S̃n(c)− nµ̃(c)√
n

6 x+ ε
)

+ h(c)ε−2 .

Thus

P
(
S̃n(c)− nµ̃(c)√

nσ̃(c)
6
x− ε
σ̃(c)

)
− h(c)ε−2 6 P(Sn/

√
n 6 x) 6 P

(
S̃n(c)− nµ̃(c)√

nσ̃(c)
6
x+ ε

σ̃(c)

)
+ h(c)ε−2 .

Let Φ be the distribution function of N (0, 1). By (3.2), we have

Φ
(x− ε
σ̃(c)

)
− h(c)ε−2 6 lim inf

n
P(Sn/

√
n 6 x) 6 lim sup

n
P(Sn/

√
n 6 x) 6 Φ

(x+ ε

σ̃(c)

)
+ h(c)ε−2

Letting first c→∞ and using limc→∞ σ̃(c) = 1, we get

Φ(x− ε) 6 lim inf
n

P(Sn/
√
n 6 x) 6 lim sup

n
P(Sn/

√
n 6 x) 6 Φ(x+ ε) .

Letting next ε ↓ 0 and using the continuity of Φ gives limn P(Sn/
√
n 6 x) = Φ(x) for all x ∈ R,

which finishes the proof.

Lemma 3.3 implies that we can W.L.O.G. assume the random variables {Xk}k>1 in Theorem
3.1 are bounded. Let f be a smooth function in R with bounded derivatives. By Theorem 1.13
and (3.1), it suffices to show that

lim
n

Ef(Sn/
√
n) = lim

n
Ef(Tn/

√
n) . (3.3)
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For k ∈ {1, 2, ..., n}, define

R(k)
n

..=
1√
n

(Y1 + · · ·+ Yk−1 +Xk+1 + · · ·+Xn) .

Then

Ef(Sn/
√
n) = Ef

(
R(1)
n +

X1√
n

)
= Ef

(
R(1)
n +

Y1√
n

)
+ Ef

(
R(1)
n +

X1√
n

)
− Ef

(
R(1)
n +

Y1√
n

)
= Ef

(
R(2)
n +

X2√
n

)
+ Ef

(
R(1)
n +

X1√
n

)
− Ef

(
R(1)
n +

Y1√
n

)
= Ef

(
R(n)
n +

Xn√
n

)
+

n∑
k=1

(
Ef
(
R(k)
n +

Xk√
n

)
− Ef

(
R(k)
n +

Yk√
n

))

= Ef(Tn/
√
n) +

n∑
k=1

(
Ef
(
R(k)
n +

Xk√
n

)
− Ef

(
R(k)
n +

Yk√
n

))
. (3.4)

Take f ∈ C3
b (R). Taylor’s theorem gives, for a random θk ∈ [0, 1],

f
(
R(k)
n +

Xk√
n

)
= f(R(k)

n ) +
Xk√
n
f ′(R(k)

n ) +
X2
k

2n
f ′′(R(k)

n ) +
X3
k

6n3/2
f (3)

(
R(k)
n + θk

Xk√
n

)
.

Since R
(k)
n is independent of Xk, and Xk is bounded after truncation, taking expectations yields

Ef
(
R(k)
n +

Xk√
n

)
= Ef(R(k)

n ) + E
(Xk√

n

)
Ef ′(R(k)

n ) +
1

2
E
[(Xk√

n

)2]
Ef (2)(R(k)

n ) +O(n−3/2) .

The same expansion holds with Yk in place of Xk, because E|Yk|3 < ∞; the Gaussian variables
need not be bounded. Thus

Ef
(
R(k)
n +

Yk√
n

)
= Ef(R(k)

n ) + E
( Yk√

n

)
Ef ′(R(k)

n ) +
1

2
E
[( Yk√

n

)2]
Ef (2)(R(k)

n ) +O(n−3/2) .

As Xk and Yk have identical first two moments, we have

Ef
(
R(k)
n +

Xk√
n

)
− Ef

(
R(k)
n +

Yk√
n

)
= O(n−3/2)

uniformly for all k. Inserting the above into (3.4) yields

Ef(Sn/
√
n) = Ef(Tn/

√
n) +O(n−1/2) .

This proves (3.3) and finishes the (2nd) proof of Theorem 3.1.

3.1.3. Proof 3: Stein’s method.

Lemma 3.4 (Stein’s lemma). A random variable X has the standard normal distribution if and
only if

EXf(X) = Ef ′(X)

for every f ∈ C1(R) such that the functions x 7→ xf(x) and f ′ are bounded.
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Proof. Let X
d
= N (0, 1), and let f belong to the test class in the statement. Then the integration

by parts formula implies

EXf(X) =

∫
R
xf(x) · 1√

2π
e−x

2/2dx = − 1√
2π

∫
R
f(x)(e−x

2/2)′dx

=
1√
2π

∫
R
f ′(x)e−x

2/2dx = Ef ′(X) .

This proves the “only if ” part.

To prove the “if ” part, let Y
d
= N (0, 1), and let g be a smooth function on R with compact

support. It suffices to show that Eg(X) = Eg(Y ). Consider the function f satisfying the ODE

f ′(x) = xf(x) + g(x)− Eg(Y ) . (3.5)

It is easy to see that the solution is of the form

f(x) = ex
2/2

(∫ x

−∞
e−y

2/2(g(y)− Eg(Y ))dy + C

)
.

Setting C = 0 makes f a smooth function satisfying ‖f‖∞ + ‖f ′‖∞ + ‖f ′′‖∞ <∞. Setting x = X
in (3.5) and taking expectation, we have

0 = Ef ′(X)− EXf(X) = Eg(X)− Eg(Y )

as desired.

Lemma 3.5. Let

f(x) = ex
2/2

∫ x

−∞
e−y

2/2(g(y)− Eg(Y ))dy ,

where g is smooth with compact support, and Y
d
= N (0, 1). Then ‖f‖∞ + ‖f ′‖∞ + ‖f ′′‖∞ <∞.

Proof. Let Φ(x) = P(Y 6 x) =
∫ x
−∞

1√
2π

e−y
2/2dy. For large x, we can show that

xe−x
2/2

(1 + x2)
√

2π
6 1− Φ(x) 6

e−x
2/2

x
√

2π
,

which implies
x

1 + x2
6 ex

2/2
√

2π(1− Φ(x)) 6
1

x
. (3.6)

As g has compact support, for x large enough, we have

f(x) = ex
2/2

∫
R

e−y
2/2g(y)dy − ex

2/2Eg(Y )

∫ x

−∞
e−y

2/2dy = ex
2/2
√

2π(1− Φ(x))Eg(Y ) ,

and limx→∞ |f(x)| = 0 follows from (3.6). Similarly, limx→−∞ |f(x)| = 0. This proves ‖f‖∞ <∞.
For x large enough, we have

f ′(x) = xf(x) + g(x)− Eg(Y ) = xex
2/2
√

2π(1− Φ(x))Eg(Y )− Eg(Y ) ,

and limx→∞ |f ′(x)| = 0 follows from (3.6). Similarly, limx→−∞ |f ′(x)| = 0. This proves ‖f ′‖∞ <∞.
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In addition, note that

f ′′(x) = (xf(x) + g(x)− Eg(Y ))′ = f(x) + xf ′(x) + g′(x)

= (1 + x2)f(x) + xg(x)− xEg(Y ) + g′(x) .

On a compact interval f ′′ is bounded. Outside a sufficiently large compact interval, g = g′ = 0, so
f ′′(x) = (1 + x2)f(x) − xEg(Y ). It therefore remains only to control x2f(x) − xEg(Y ) in the two
tails. We have, for x large enough,

x2f(x)− xEg(Y ) = x2ex
2/2
√

2π(1− Φ(x))Eg(Y )− xEg(Y )

= Eg(Y ) ·
(
x2ex

2/2
√

2π(1− Φ(x))− x
)
→ 0 ,

where the last step again follows from (3.6). We can also prove the analogue for x → −∞. This
finishes the proof.

The Stein operator A is defined as

(Af)(x) = f ′(x)− xf(x) .

From Lemma 3.4, a random variable is standard Gaussian if and only if E(Af)(X) = 0.

Lemma 3.6. Let {Xn}n>1 be a sequence of random variables, with EXn = 0 and supn EX2
n <∞.

Then Xn
d→ N (0, 1) if and only if

E[Xnf(Xn)]− Ef ′(Xn)→ 0

for any f ∈ C1(R) with ‖f‖∞ + ‖f ′‖∞ <∞.

Proof. (i) Suppose Xn
d→ N (0, 1) and we denote Y

d
= N (0, 1). Let f ∈ C1(R) with ‖f‖∞+‖f ′‖∞ <

∞. Then (why?)

Xnf(Xn)
d−→ Y f(Y ) , f ′(Xn)

d−→ f ′(Y ) .

As supn EX2
n < ∞, then {Xn}n>1 is uniformly integrable (recall that this means for any ε > 0,

there exits K such that supn E|Xn1|Xn|>K | 6 ε). As f is bounded, {Xnf(Xn)}n>1 is also uniformly
integrable. Then (why?)

lim
n

E[Xnf(Xn)] = E[Y f(Y )] , and lim
n

Ef ′(Xn) = Ef ′(Y ) .

As E[Y f(Y )] = Ef ′(Y ), we conclude the “only if” part of the proof.

(ii) Suppose

E[Xnf(Xn)]− Ef ′(Xn)→ 0

for any f ∈ C1(R) with ‖f‖∞ + ‖f ′‖∞ < ∞. Let Y
d
= N (0, 1), and let g be a bounded smooth

function on R. As in the proof of Lemma 3.4, and consider the function f satisfying the ODE
f ′(x) = xf(x) + g(x)− Eg(Y ). Then

Eg(Xn)− Eg(Y ) = Ef ′(Xn)− E[Xnf(Xn)]→ 0 .

By Theorem 1.13, we have Xn
d→ X

d
= N (0, 1). This finishes the “if” part of the proof.
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Exercise 3.7. (i) Work out the two “(why?)” in the proof of Lemma 3.6.
(ii) Given a counter example that Lemma 3.6 fails if we drop the condition ‖f‖∞ <∞.

Now we prove Theorem 3.1 using Lemma 3.6. By Lemma 3.3, it suffices to assume that {Xn}>1

are uniformly bounded. Let S
(k)
n

..= Sn −Xk. Note that Xk and S
(k)
n are independent. Let f be a

smooth function in R satisfying ‖f‖∞ + ‖f ′‖∞ + ‖f ′′‖∞ <∞. We have

E
( Sn√

n
f
( Sn√

n

))
=

n∑
k=1

E
(Xk√

n
f
( Sn√

n

))
=

n∑
k=1

E
(Xk√

n
f
( Sn√

n

)
− Xk√

n
f
(S(k)

n√
n

))
=

n∑
k=1

E
(X2

k

n

∫ 1

0
f ′
(S(k)

n√
n

+
Xk√
n
t
)

dt
)

=

n∑
k=1

E
(X2

k

n

∫ 1

0
f ′
(S(k)

n√
n

)
dt
)

+

n∑
k=1

E
(X2

k

n

∫ 1

0
f ′
(S(k)

n√
n

+
Xk√
n
t
)
− f ′

(S(k)
n√
n

)
dt
)

=
1

n

n∑
k=1

E
(
f ′
(S(k)

n√
n

))
+O(n−1/2) , (3.7)

where in the last step we used∣∣∣∣ n∑
k=1

E
(X2

k

n

∫ 1

0
f ′
(S(k)

n√
n

+
Xk√
n
t
)
− f ′

(S(k)
n√
n

)
dt
)∣∣∣∣ 6 n∑

k=1

E
( |Xk|3

n3/2
‖f (2)‖∞

)
= O(n−1/2) .

Similarly, we can also show that

1

n

n∑
k=1

E
(
f ′
(S(k)

n√
n

))
=

1

n

n∑
k=1

E
(
f ′
( Sn√

n

))
+O(n−1/2) = E

(
f ′
( Sn√

n

))
+O(n−1/2) .

Combining the above equation with (3.7) yields

E
( Sn√

n
f
( Sn√

n

))
= E

(
f ′
( Sn√

n

))
+O(n−1/2) .

Now let g ∈ C∞c (R) and take f to be its Stein solution from Lemma 3.4. The preceding auxiliary
lemma shows that f, f ′, f ′′ are bounded, and hence

Eg(Sn/
√
n)− Eg(Y ) = O(n−1/2) −→ 0.

Since C∞c (R) is convergence determining, Sn/
√
n

d−→ N (0, 1), completing the third proof of Theo-
rem 3.1.

Remark 3.8. Although Proof 3 is slightly more complicated than Proof 2, Stein’s method has its
own advantages and is applicable in general. For instance, we can take g(x) = 1(−∞,w](x), and in
this case Eg(X)− Eg(Y ) = P(X 6 w)− P(Y 6 w). Although g is not differentiable, we have

f(x) = ex
2/2

∫ x

−∞
(g(y)− Eg(Y ))e−y

2/2dy

= ex
2/2

∫ x

−∞
[1(−∞,w](y)− Φ(w)]e−y

2/2dy = −ex
2/2

∫ ∞
x

[1(−∞,w](y)− Φ(w)]e−y
2/2dy

=

{√
2πex

2/2Φ(x)(1− Φ(w)) x 6 w ,√
2πex

2/2Φ(w)(1− Φ(x)) x > w ,
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The function f is bounded and continuous, is smooth on (−∞, w) and (w,∞), and has bounded
one-sided derivatives at w; it is not differentiable at w. This piecewise-smooth Stein solution can
nevertheless be used to estimate Kolmogorov distance.

3.1.4. Necessary condition and the non-identical case. The following result asserts that
the existence of the second moment is necessary for getting the CLT.

Theorem 3.9. Let {Xn}n>1 be a sequence of i.i.d. random variables, and Sn ..= X1 + · · · + Xn.
Suppose

Sn√
n

d−→ N (0, 1) , (3.8)

then EX2
1 <∞. In addition, we have EX1 = 0 and VarX1 = 1.

Proof. The proof of EX2
1 <∞ is technical and we omit it here. The readers may refer to [11, pages

62-63].
Assuming that EX2

1 < ∞ is true, by Jensen’s inequality, we get (EX1)2 6 EX2
1 < ∞. This

implies µ ..= EX1 and σ2 ..= VarX1 = EX2
1 − (EX1)2 exist. Moreover, as the limit of Sn is

non-degenerate, so is X1. This implies σ2 > 0. Using Theorem 3.1, we get

Sn − nµ
σ
√
n

d−→ N (0, 1) .

Comparing the above with (3.8), we must have µ = 0 and σ2 = 1. This finishes the proof.

With certain effort, Theorem 3.1 can be generated to the case where the distributions of Xn are
not identical. In fact, we can even assume Xn have different means and variances. Here we state a
simple version of this type of result; for the general case, one may refer to [11, page 64].

Exercise 3.10. Let {Xn}n>1 be a sequence of independent random variables, where infn VarXn > c
and supn E|X3

n| 6 C for some constants C, c > 0. Denote Sn ..= X1 + · · · + Xn and σ2
n = VarXn.

Use the Lindeberg replacement method to show that

Sn − ESn√
σ2

1 + · · ·+ σ2
n

d−→ N (0, 1) .

3.2. The convergence rate

A natural problem to study after Theorem 3.1 is, how fast does the convergence happen, in terms
of n. To make the question mathematical rigorous, for two random variables X,Y (or equivalently
two random variables), we define their Kolmogorov-Smirnov distance by

∆(X,Y ) = sup
x∈R
|P(X 6 x)− P(Y 6 x)| . (3.9)

We shall prove the following result3.

Theorem 3.11 (Berry-Esseen). Let {Xn}n>1 be a sequence of i.i.d. random variables, with EX1 = 0

and EX2
1 = 1. Suppose that L ..= E|X3

1 | <∞. Denote Sn ..= X1 + · · ·+Xn and Y
d
= N (0, 1). Then

∆(Sn/
√
n, Y ) 6 CL/

√
n

for some universal constant C > 0.
3The proof we present here is based on notes by Jordan Bell [3]. You may also read the recent exposition by

Vershynin [13]
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Remark 3.12. The Berry-Esseen theorem actually holds under more general assumptions, in terms
of the distribution and variance profile of {Xn}. For simplicity, we do not pursue it here.

The starting point is the following result.

Lemma 3.13. Let F and G be two distribution functions. Assume G is differentiable with M ..=
‖G′‖∞ <∞. Abbreviate δ ..= 1

2M∆(F,G). Then there exists a ∈ R such that for all T > 0, we have

TMδπ − 6TMδ

∫ ∞
Tδ

1− cosx

x2
dx 6

∣∣∣∣ ∫
R

1− cosTx

x2
(F (x+ a)−G(x+ a))dx

∣∣∣∣ .
Proof. As limx→±∞ |F (x)−G(x)| = 0, there exists a compact interval K such that

2Mδ = sup
x∈R
|F (x)−G(x)| = sup

x∈K
|F (x)−G(x)| .

By definition, there exists a sequence {xn} ⊂ K such that limn |F (xn) − G(xn)| = 2Mδ. Since
K is bounded, there exists a subsequence {un} of {xn} that converges. Since K is compact,
u ..= limn un ∈ K. Then either there is a subsequence {ûn} of {un} with limn ûn ↓ u, or there is a
subsequence {ũn} of {un} with limn ũn ↑ u. In the first case we have

F (u)−G(u) = 2Mδ or F (u)−G(u) = −2Mδ ,

and in the second case we have

F (u−)−G(u) = 2Mδ or F (u−)−G(u) = −2Mδ .

We shall proceed the proof under the assumption

F (u−)−G(u) = −2Mδ ; (3.10)

other cases work in a similar fashion. Let a = u− δ. For |x| < δ, x+ a < δ + a = u. Then

0 6 G(u)−G(x+ a) =

∫ u

x+a
G′(y)dy =

∫ u

u+x−δ
G′(y)dy 6M(δ − x) ,

which implies G(x+ a) > G(u)−M(δ − x). Since x+ a < u, we have

F (x+ a)−G(x+ a) 6 F (u−)−G(u) +M(δ − x) = −M(x+ δ) .

Thus∫ δ

−δ

1− cosTx

x2
(F (x+a)−G(x+a))dx 6 −M

∫ δ

−δ

1− cosTx

x2
(x+δ)dx = −2Mδ

∫ δ

0

1− cosTx

x2
dx .

On the other hand, as |F (x+ a)−G(x+ a)| 6 2Mδ, we have∣∣∣∣ ∫
R\[−δ,δ]

1− cosTx

x2
(F (x+a)−G(x+a))dx

∣∣∣∣ 6 2Mδ

∫
R\[−δ,δ]

1− cosTx

x2
dx = 4Mδ

∫ ∞
δ

1− cosTx

x2
dx .

Hence∫
R

1− cosTx

x2
(F (x+ a)−G(x+ a))dx 6 −2Mδ

∫ δ

0

1− cosTx

x2
dx+ 4Mδ

∫ ∞
δ

1− cosTx

x2
dx

= − 2Mδ

∫ ∞
0

1− cosTx

x2
dx+ 6Mδ

∫ ∞
δ

1− cosTx

x2
dx = −TMδπ + 6TMδ

∫ ∞
Tδ

1− cosx

x2
dx .

This finishes the proof for the case (3.10).
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Exercise 3.14. Prove Lemma 3.13 for the three cases other than (3.10).

Lemma 3.15. We adopt the assumptions of Lemma 3.13 and let F,G,M, δ be as in Lemma 3.13.
In addition, assume ∫

R
|F (x)−G(x)|dx <∞ .

Denote

ϕF (t) ..=

∫
R

eitxdF (x) and ϕG(t) ..=

∫
R

eitxdG(x) .

Then for any T > 0,

∆(F,G) 6
2

π

∫ T

0

|ϕF (t)− ϕG(t)|
t

dt+
24M

πT
.

Proof. As F −G vanishes at ±∞, an integration by parts formula yields

ϕF (t)− ϕG(t) =

∫
R

eitxd(F −G)(x) = −it

∫
R

(F −G)(x)eitxdx .

Let a be as in Lemma 3.13, then

ϕF (t)− ϕG(t)

−it
e−ita(T − t) = (T − t)

∫
R

(F (x+ a)−G(x+ a))eitxdx .

Put

I =

∫ T

0

ϕF (t)− ϕG(t)

−it
e−ita(T − t) dt.

Since
∫
R |F (x)−G(x)|dx <∞, Fubini’s theorem gives

Re I =

∫
R

(F (x+ a)−G(x+ a))
1− cos(Tx)

x2
dx.

Consequently,∣∣∣∣ ∫
R

(F (x+ a)−G(x+ a))
1− cos(Tx)

x2
dx

∣∣∣∣ 6 |I| 6 T

∫ T

0

|ϕF (t)− ϕG(t)|
t

dt.

Together with Lemma 3.13 we get

TMδπ − 6TMδ

∫ ∞
Tδ

1− cosx

x2
dx 6 T

∫ T

0

|ϕF (t)− ϕG(t)|
t

dt .

As

6TMδ

∫ ∞
Tδ

1− cosx

x2
dx 6 6TMδ

∫ ∞
Tδ

2

x2
dx = 12M

we have

TMδπ − 12M 6 T

∫ T

0

|ϕF (t)− ϕG(t)|
t

dt .

This implies the desired result.
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To prove Theorem 3.11, let Fn be the distribution of Sn/
√
n, and let Φ be the distribution of

Y . By Markov inequality, for x < 0 we have

Fn(x) = P(Sn/
√
n 6 x) 6

1

x2
E
(S2

n

n

)
=

1

x2
, Φ(x) = P(Y 6 x) 6

1

x2
E(Y 2) =

1

x2
.

Similarly, for x > 0

1− Fn(x) = P(Sn/
√
n > x) 6

1

x2
, 1− Φ(x) 6

1

x2
.

Thus |Fn(x)− Φ(x)| 6 min{1, x−2}, and hence∫
R
|Fn(x)− Φ(x)|dx 6 2 +

∫
|x|>1

1

x2
dx <∞ .

As a result, we are allowed to use Lemma 3.15 with F = Fn and G = Φ. Note that M = ‖Φ′‖∞ =
1√
2π

. Thus Lemma 3.15 implies

∆(Sn/
√
n, Y ) 6

2

π

∫ T

0

|ϕFn(t)− ϕΦ(t)|
t

dt+
24M

πT

=
2

π

∫ T

0

|ϕFn(t)− e−t
2/2|

t
dt+

24√
2ππT

.

(3.11)

Abbreviate ϕn = ϕFn . Our main task is estimating |ϕn(t) − e−t
2/2| for t ∈ [0, T ]. To get the rate

n−1/2 as in Theorem 3.11, we would have to set T ∼
√
n.

The following is an easy consequence from Taylor expansion.

Lemma 3.16. For n > 1 and |z| < 1, we have∣∣∣∣∣ log(1 + z)−
n−1∑
i=1

(−1)i+1zi

i

∣∣∣∣∣ 6 |z|n

n(1− |z|)
.

In particular, when |z| 6 1/2, we have

| log(1 + z)− z| 6 |z|2 .

Recall that L ..= E|X3
1 | < ∞. The next two results estimate the characteristic function on

different scales of t.

Lemma 3.17. If |t| < n1/6

2L1/3 , we have

|ϕn(t)− e−t
2/2| 6 Ln−1/2|t|3e−t

2/2 .

Proof. Write

ψn(t) = EeitX1/
√
n, ϕn(t) = ψn(t)n.

Taylor’s formula with an integral remainder gives

ψn(t) = 1− t2

2n
+ rn(t), |rn(t)| 6 L|t|3

6n3/2
. (3.12)
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Set u = ψn(t)− 1 and A = L|t|3/
√
n. By Lyapunov’s inequality L > 1, and under the assumption

of the lemma, A 6 1/8 and |u| 6 1/2. Hence | log(1 + u)− u| 6 |u|2. Moreover,

n|u|2 6
t4

2n
+
L2t6

18n2
6 A

(
1

4L4/3n1/3
+

1

144n

)
6
A

3
.

Therefore, with z = n logψn(t) + t2/2,

|z| 6 n|rn(t)|+ n| log(1 + u)− u| 6 A

6
+
A

3
=
A

2
6

1

16
.

Since ez = ϕn(t)et
2/2 and |ez − 1| 6 |z|e|z|,

|ϕn(t)− e−t2/2| 6 e−t
2/2|z|e|z| 6 Ln−1/2|t|3e−t2/2.

Lemma 3.18. If |t| 6 n1/2

4L , then |ϕn(t)| 6 e−t
2/3.

Proof. Let X ′1 be an independent copy of X1 and put ψn(t) = EeitX1/
√
n. Since X1 − X ′1 is

symmetric,

|ψn(t)|2 = E cos
( t(X1 −X ′1)√

n

)
.

Using cos y 6 1− y2/2 + |y|3/6, E(X1 −X ′1)2 = 2, and E|X1 −X ′1|3 6 8L, we obtain

|ψn(t)|2 6 1− t2

n
+

4L|t|3

3n3/2
6 exp

(
− 2t2

3n

)
,

where the last inequality uses |t| 6
√
n/(4L). Thus

|ϕn(t)| = |ψn(t)|n 6 e−t
2/3.

Combining Lemmas 3.17 and 3.18, it is not hard to deduce that

|ϕn(t)− e−t
2/2| 6 16Ln−1/2|t|3e−t

2/3 (3.13)

for all |t| 6 n1/2

4L . Setting T = n1/2

4L in (3.11) and applying (3.13) yields

∆(Sn/
√
n, Y ) 6

2

π

∫ T

0

|ϕn(t)− e−t
2/2|

t
dt+

24√
2ππT

6
2

π

∫ n1/2

4L

0
16Ln−1/2t2e−t

2/3dt+
96L√

2ππn1/2

6
L√
n
·
(

32

π

∫ ∞
0

t2e−t
2/3dt+

96√
2ππ

)
.

This proves Theorem 3.11 with

C =
32

π

∫ ∞
0

t2e−t
2/3dt+

96√
2ππ

≈ 35.64 .
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Remark 3.19. The order O(n−1/2) in Theorem 3.11 is sharp. Consider the case of Rademacher
random variable, namely P(X1 = 1) = P(X1 = −1) = 1/2. Suppose n is even. Then

P(Sn/
√
n = 0) = P(Sn = 0) =

(
n

n/2

)
· (1/2)n =

n!

((n/2)!)2
· 1

2n

≈
√

2πn
(n
e

)n(√
2πn/2

( n
2e

)n/2)−2
· 1

2n
≈
√

2

πn
.

Here A ≈ B is defined as A = B(1+o(1)). Thus the distribution function of Sn/
√
n has at 0 a jump

of size pn ∼
√

2/(πn). Its Kolmogorov distance from any continuous distribution function is at least
pn/2, so this example gives the lower bound 1/

√
2π = 0.39894 . . . for the universal Berry–Esseen

constant. More sharply, Esseen’s example gives

Copt >

√
10 + 3

6
√

2π
= 0.409732 . . . ,

whereas Shevtsova proved Copt < 0.4748 [14].

3.3. Local limit theorem (good news: no proofs)

Let {Xn}n>1 be i.i.d. with EX1 = 0 and VarX1 = 1. Let Sn ..= X1 + · · · + Xn. The Central
Limit Theorem, Theorem 3.1, is a qualitative result. It implies that, for any fixed (independent of
n) interval [a, b] ⊂ R, we have

P(Sn/
√
n ∈ [a, b]) =

∫ b

a

1√
2π

e−x
2/2dx+ o(1) .

Here the small o notation means o(1)→ 0 as n→∞. On the other hand, the Berry-Esseen bound,
Theorem 3.11, is a quantitative result. It implies that for any interval [a, b] ∈ R,

P(Sn/
√
n ∈ [a, b]) =

∫ b

a

1√
2π

e−x
2/2dx+O(n−1/2) . (3.14)

Here the big O notation means, there exists a constant C > 0, independent of n, such that
|O(n−1/2)| 6 Cn−1/2 for all n > 1. In (3.14), when a is bounded, the estimate is meaningful as
long as b− a� n−1/2.

The quantitative result does not involve taking the limit of the fundamental large parameter
(in our case, it is n), and it is generally stronger than the asymptotic, qualitative results.

Now, can we push Theorem 3.11 and (3.14) a bit further, and obtain a meaningful result when
b− a = O(n−1/2)? If so, the most ideal guess would be

P(Sn/
√
n ∈ [a, a+ h/

√
n]) =

h√
2πn

e−a
2/2 + o(n−1/2) (3.15)

for bounded a and fixed h > 0.
However, (3.15) cannot always hold. Consider the example as in Remark 3.19, where P(X1 =

1) = P(X1 = −1) = 1/2. Let n be even. Then

P(Sn/
√
n = k/

√
n) =

(
n

(n− k)/2

)
· (1/2)n =

n!

((n− k)/2)! · ((n+ k)/2)!
· 1

2n
≈
√

2

πn
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when k is bounded and even. P(Sn/
√
n = k/

√
n) = 0 if k is odd. Thus

P(Sn/
√
n ∈ [0, 0 + 0.1/

√
n]) = P(Sn/

√
n = 0) =

√
2

πn
6= 0.1√

2πn
,

which disproves (3.15). The reason of the above is the special structure of X1, which makes Sn/
√
n

only takes values in 2Z/
√
n.

To distinguish this case, let L(a, λ) ..= a + λZ. A random variable X is said to have lattice
distribution if there exists constants a ∈ R and λ > 0 such that P(X ∈ L(a, λ)) = 1. Obviously,
P(X ∈ L(a, λ)) = 1 implies P(X ∈ L(a, λ/m)) = 1 for any m ∈ N+. Let

Λ ..= max{λ : ∃a ∈ R,P(X1 ∈ L(a, λ)) = 1} .

The next results links the concept of lattice distribution to the behaviour of the characteristic
function.

Proposition 3.20. Let

t∗ ..= inf{t > 0 : |ϕX(t)| = 1}, inf ∅ ..=∞.

Exactly one of the following occurs.

(i) t∗ ∈ (0,∞). Then |ϕX(t∗)| = 1 and |ϕX(t)| < 1 for 0 < t < t∗. The law of X is lattice, with
maximal span Λ = 2π/t∗.

(ii) t∗ =∞. Then |ϕX(t)| < 1 for every t > 0, and the law is non-lattice.

(iii) t∗ = 0. Then |ϕX(t)| = 1 for every t ∈ R, and X is degenerate.

Example 3.21. Let X1 satisfy P(X1 = 1) = P(X1 = −1) = 1/2. Then ϕX1(t) = 1
2(eit + e−it) =

cos t. Then |ϕX1(t)| = 1 if and only if t ∈ πZ. Thus t∗ = π and Λ = 2.

Theorem 3.22. Let {Xn}n>1 be i.i.d. with EX1 = 0 and varX1 = 1, and let Sn = X1 + · · ·+Xn.
Suppose the law of X1 is lattice with maximal span Λ, so that P(X1 ∈ a+ ΛZ) = 1 for a suitable a.
Then, uniformly in x ∈ R,

P(Sn/
√
n = x) =


Λ√
2πn

e−x
2/2 + o(n−1/2), x ∈

√
na+

Λ√
n
Z,

0, otherwise.

Theorem 3.23. Let {Xn}n>1 be i.i.d. with EX1 = 0 and VarX1 = 1. Let Sn ..= X1 + · · · + Xn.
Suppose X1 has non-lattice distribution. Then For every fixed h > 0,

sup
a∈R

∣∣∣∣√nP(Sn/
√
n ∈ [a, a+ h/

√
n])− h√

2π
e−a

2/2

∣∣∣∣ −→ 0. (3.16)

We will not prove Proposition 3.20, Theorems 3.22 and 3.23 here. The readers may refer to [8].
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3.4. Large and moderate deviations

Let us go back to the setting of the central limit theorem. We have a sequence of i.i.d. random
variables {Xn}n>1, with EX1 = µ and varX1 = σ2 > 0. Sn ..= X1 + · · ·+Xn. We have seen from
Theorem 3.1 that

Sn − nµ√
nσ

=
X1 + · · ·+Xn − nµ

σ
√
n

d−→ N (0, 1) .

In other words, Sn − nµ is most likely to be on the scale O(
√
n). On the other hand, it is still

possible for Sn to take larger values, even to the scale O(n). Large deviation theory studies the
quantity

P(Sn − nµ > xn)

for fixed x > 0, while moderate deviation studies the behavior of

P(Sn − nµ > x
√
n)

for any 1� x� n1/2.

3.4.1. Large deviation. In this section, we prove the following result.

Theorem 3.24 (Cramér’s theorem). Let {Xn}n>1 be i.i.d., Sn = X1 + · · · + Xn, and suppose
EetX1 <∞ for t in a neighborhood of 0. Define the extended-real cumulant generating function

K(t) = logEetX1 ∈ (−∞,∞].

Then, for every fixed x > EX1,

lim
n→∞

1

n
logP(Sn > nx) = −I+(x), I+(x) = sup

t>0
{tx−K(t)},

where the equality is understood in the extended real line. If I+(x) <∞, equivalently

P(Sn > nx)1/n = e−I+(x)(1 + o(1)).

For a random variable X1, its rate function is defined via I(x) ..= supt∈R(tx−K(t)). Theorem
3.24 implies that

P(Sn > xn) ≈ exp(−nI(x)) .

Exercise 3.25. (i) Let X1 be a Bernoulli random variable with parameter p, i.e.P(X1 = 1) = p,
P(X1 = 0) = 1− p, p ∈ (0, 1). Show that the rate function is

I(x) =

x log

(
x

p

)
+ (1− x) log

(
1− x
1− p

)
, x ∈ [0, 1]

+∞, otherwise.

(ii) Let X1
d
= N (0, 1). Show that I(x) = x2/2.

We present the proof of Theorem 3.24 given in [5]. For x ∈ R, define

s(x) ..= sup
n>1

1

n
logP(Sn > nx) .

We have the following duality.
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Proposition 3.26. For all t > 0, we have

K(t) = sup
u∈R

(
tu+ s(u)

)
.

Proof. (i) One side of the equality is easy to prove. From the Markov inequality, we have

K(t) = logE exp(tX1) =
1

n
logE exp(tSn) >

1

n
log
(
entuP(etSn > entu)

)
= tu+

1

n
logP(Sn > nu) .

Hence, taking the supremum over n and then over u, we get

K(t) > sup
u∈R

(
tu+ s(u)

)
.

(ii) In this step we prove the equality for t = 0. Note that for al u ∈ R, we have

s(u) = sup
n>1

1

n
logP(Sn > nu) > logP(S1 > u) = logP(X1 > u) .

Letting u→ −∞ in the above yields

sup
u
s(u) > lim

u→−∞
s(u) > lim

u→−∞
logP(X1 > u) = 0 = K(0) .

Together with part (i) we proved the proposition for t = 0.
(iii) Now we prove the general result. Let M > 0. Since {Xn}n>1 are i.i.d. we have

logE(etX11|X1|6M ) =
1

n
logE(et(X1+···+Xn)1|X1|6M · · ·1|Xn|6M ) 6

1

n
logE(etSn1|Sn|6nM )

=
1

n
logE

((
e−ntM +

∫ Sn/n

−M
ntentudu

)
1|Sn|6nM

))
6

1

n
log
(

e−ntM +

∫
R
E
(
1−M6u6Sn/n1|Sn|6nM

)
ntentudu

)
.

Here in the last step we used the Fubini theorem (it is possible since the integrand is nonnegative).
Since

E
(
1−M6u6Sn/n1|Sn|6nM

)
6 E

(
1Sn>un1−M6u6M

)
= P(Sn > un)1|u|6M 6 ens(u)1|u|6M ,

we get

logE(etX11|X1|6M ) 6
1

n
log
(

e−ntM +

∫ M

−M
ens(u)ntentudu

)
6

1

n
log
(

e−ntM + 2Mnt exp(n sup
u∈R

(s(u) + tu))
)
.

By part (ii), we can choose M large enough so that

−tM 6 sup
u∈R

(s(u) + tu) .

Then

logE(etX11|X1|6M ) 6
1

n
log
(

(1+2Mnt) exp(n sup
u∈R

(s(u)+tu))
)

=
1

n
log(1+2Mnt)+sup

u∈R
(s(u)+tu) .

Taking n→∞ yields
logE(etX11|X1|6M ) 6 sup

u∈R
(s(u) + tu) .

Finally, taking M →∞ yields K(t) 6 supu∈R
(
tu+ s(u)

)
as desired.
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To use the above duality, we need to show that s is a concave function.

Lemma 3.27. We have

lim
n

1

n
logP(Sn > nx) = s(x) ∈ [−∞, 0]

for all x ∈ R.

Proof. If P(X1 > x) = 0, then the result is trivially true. Otherwise set S0 = 0. Fix m > 1 and
write n = mp+ q, where 0 6 q < m. Independence gives

P(Sn > nx) > P(Sm > mx)p P(Sq > qx).

Consequently,
1

n
logP(Sn > nx) >

p

n
logP(Sm > mx) +

1

n
logP(Sq > qx).

Because P(Sq > qx) > P(X1 > x)q > 0, the second term tends to zero, while p/n→ 1/m. Thus

lim inf
n

1

n
logP(Sn > nx) >

1

m
logP(Sm > mx).

As the above holds for all m, taking supremum over m yields

lim inf
n

1

n
logP(Sn > nx) > s(x) > lim sup

n

1

n
logP(Sn > nx) ,

where the last inequality comes from the definition of s(x). This finishes the proof.

Armed with Lemma 3.27, we can prove the following.

Corollary 3.28. The function s : R→ [−∞, 0] is concave.

Exercise 3.29. Prove Corollary 3.28.

Now we can finish the proof of Theorem 3.24. From Proposition 3.26 we know that

inf
t>0

(K(t)− tx) = inf
t>0

sup
u∈R

(t(u− x) + s(u)) (3.17)

It remains to prove that the (3.17) equals s(x). The result is standard in convex function theory
and known as Fenchel-Legendre duality. Let us give an elementary proof in our setting. The right-
hand side of (3.17) is clearly greater than or equal to s(x): take u = x. To prove the converse
inequality we set

x∗ ..= inf{x : P(X1 > x) = 0} ∈ (−∞,∞] .

If x < x∗, then s(x) > −∞. Since s is concave, the function

g(u) ..=
s(x)− s(u)

x− u
is non-increasing in R\{x}. Set

−t∗ ..= lim
u→x−

g(u) ∈ [−∞, 0] .

Then we have s(u) + t∗(u− x) 6 s(x) for all u ∈ R. From this the result follows.
If x > x∗, then P(X1 > x∗) = limε→0+ P(X1 > x∗ + ε) = 0. For all t > 0 and ε > 0,

K(t)− tx = logEet(X1−x) = logE
(
et(X1−x)(1X1<x−ε+1x−ε6X16x∗)

)
6 log

(
e−tε+P(X1 > x− ε)

)
.

Taking minimum over t and sending ε→ 0, we get

inf
t>0

(K(t)− tx) 6 logP(X1 > x) = s(x) .

This finishes the proof.
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3.4.2. Moderate deviation. Recall from Theorem 1.10 (iv) that for a random variable X with
all finite moments, its kth cumulant is defined via

Ck(X) ..= (−i)k ·
(
∂kt logE[eitX ]

)∣∣
t=0

for all k > 1. If E[etX ] <∞ when t is near 0, we can also write

Ck(X) ..=
(
∂kt logE[etX ]

)∣∣
t=0

.

We have the following result.

Theorem 3.30. Let {Xn}n>1 be i.i.d. with EX1 = 0 and varX1 = 1, set Sn = X1 + · · · + Xn,
and let Y ∼ N (0, 1). Suppose EetX1 < ∞ for t in a neighborhood of 0. Then, uniformly for
0 6 x = o(

√
n),

P(Sn >
√
nx)

P(Y > x)
= exp

{
x3

√
n
λ
( x√

n

)}(
1 +O

(1 + x√
n

))
.

To define the analytic Cramér–Petrov series λ, let t = t(z) be the analytic solution near 0 of
K ′(t) = z, and put

I(z) = zt(z)−K(t(z)), λ(z) =
z2/2− I(z)

z3
,

with the removable singularity at z = 0 filled in analytically. In particular,

λ(z) =
C3(X1)

6
+
C4(X1)− 3C3(X1)2

24
z +O(z2).

The proof of Theorem 3.30 is complicated and we omit here. Interested readers may refer to [11]
for the case that X1 has a density. We will interpret what the result tells us.

(i) When x > 0 does not grow with n, Theorem 3.30 can be reduced to

P(Sn >
√
nx)

P(Z > x)
= 1 +O(n−1/2) .

This is a result that agrees with Theorem 3.11, the Berry-Esseen bound.

(ii) When 1 6 x� n1/6, we have

P(Sn >
√
nx)

P(Z > x)
= 1 +O(x3n−1/2) .

Thus the leading contribution of P(Sn >
√
nx) is still given by the standard Gaussian random

variable.

(iii) If 0 6 x = o(n1/4), then

log
P(Sn >

√
nx)

P(Y > x)
=
C3(X1)x3

6
√
n

+O
(x4

n
+

1 + x√
n

)
.

Thus, when n1/6 � x � n1/4 and C3(X1) 6= 0, the third cumulant gives the leading loga-
rithmic correction. In the larger range x = o(

√
n) one must retain the full Cramér–Petrov

series.
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(iv) When X1
d
= N (0, 1), we have E[etX ] = et

2/2. Thus

Ck(X) ..=
(
∂kt logE[etX ]

)∣∣
t=0

=

{
1 if k = 2

0 otherwise .

This makes λ(x/
√
n) ≡ 0.

(v) Under the exponential-moment hypothesis, the Gaussian relative-tail asymptotic is universal
in the range 0 6 x = o(n1/6):

P(Sn >
√
nx)

P(Y > x)
−→ 1.

At the scale x � n1/6 the third cumulant generally enters. Without an exponential-moment
(or another suitable tail) assumption, the CLT alone does not imply a Gaussian approximation
for growing x.

Homework 2

Question 1. Let {Xn}n>1 be i.i.d. random variables having the uniform distribution on [−1, 1].
Show that

X1 + · · ·+Xn√
X2

1 + · · ·+X2
n

d−→ N (0, 1) .

Question 2. Let {Xn}n>1 be a sequence of i.i.d. random variables with EX1 = µ > 0 and 0 <
σ2 = VarX1 <∞. For t > 0, define the random variable

Nt
..= sup{n : X1 + · · ·+Xn 6 t} .

Show that
µ3/2(Nt − t/µ)

σ
√
t

d−→ N (0, 1)

as t→∞.

Question 3. Use the central limit theorem to show that

e−n
n∑
k=0

nk

k!
→ 1

2
.

Question 4. Let Z
d
= N (0, 1). Show that

1√
2π

(x−1 − x−3)e−x
2/2 6 P(Z > x) 6

1

x
√

2π
e−x

2/2

for all x > 0.

Question 5. Solve Exercise 3.25.

Question 6. Let {Xn}n>1 be a sequence of i.i.d. random variables, with EX1 = 0 and E exp(tX1) =
∞ for all t > 0. Show that

lim
n

1

n
logP(X1 + · · ·+Xn > nx) = 0

for all fixed x > 0.
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4 Law of large numbers

4.1. The strong law of large numbers

I trust that everyone at this stage can prove the following result.

Exercise 4.1. Let {Xn}n>1 be a sequence of random variables, with EXn = µ for all n, and
supn EX2

n <∞. We assume that the random variables are uncorrelated, i.e.

Cov(Xi, Xj) ..= E(Xi − EXi)(Xj − EXj) = 0

for all i 6= j. Show that
X1 + · · ·+Xn

n

L2−→ µ (4.1)

as n→∞. In particular, the convergence also holds in probability.

The relation (4.1) is called the weak law of large numbers. In fact, even only given the existence
of the first moment, we can prove the convergence in probability quickly.

Proposition 4.2. Let {Xn}n>1 be a sequence of i.i.d. random variables, and assume EX1 = µ. Let
Sn ..= X1 + · · ·+Xn. Then

Sn
n

P−→ µ

as n→∞.

Proof. Let ϕ1(t) ..= E exp(itX1). By Taylor expansion,

ϕ1(t/n) = 1 + iµt/n+ o(1/n) .

Then

E exp(itSn/n) = ϕ1(t/n)n =
(
1 + iµtn−1 + o(n−1)

)n
= exp

(
n log

(
1 + iµtn−1 + o(n−1)

))
= exp

(
n
(
iµtn−1 + o(n−1)

))
= exp(iµt) + o(1) .

By Theorem 1.14, we have Sn/n
d−→ µ, which is equivalent to the desired result.

Our main goal in Section 4.1 is to prove the following strong law of large numbers (SLLN).

Theorem 4.3. Let {Xn}n>1 be a sequence of i.i.d. random variables, and assume EX1 = µ. Let
Sn ..= X1 + · · ·+Xn. Then

Sn
n

a.s.−→ µ

as n→∞.

Remark 4.4. The SLLN, in the strongest possible form, only requires the sequence {Xn}n>1 to
be pairwise independent. It is easy to construct pairwise independent random variables that are
not mutually independent. (Think about independent X,Y both having the Bernoulli distribution
with parameter 1/2, and let Z = X + Y (mod 2).)
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The classic proof of Theorem 4.3 (you can find it in [6] for instance) is lengthy and it does not
tell us too much beyond the proof itself. Here we present one shorter alternative.

For a sequence of random variables {Xn}n>1, we define

Fn ..= σ(Xn, Xn+1, ...)

for all n > 1. The definition means, Fn is the smallest σ-algebra that contains all σ(Xn)4,
σ(Xn+1), σ(Xn+2), ... The asymptotic σ-algebra of {Xn} is defined as

F∞ ..=

∞⋂
n>1

Fn =

∞⋂
n>1

σ(Xk; k > n) .

Elements of F∞ are called tail events. For example, it contains the set of convergence (in [−∞,∞])
of the series

∑
k>1Xk:

Ω1 =
{
ω ∈ Ω : lim inf

n

n∑
k=1

Xk(ω) = lim sup
n

n∑
k=1

Xk(ω)
}
,

since for each m > 1,

Ω1 =
{
ω ∈ Ω : lim inf

n

n∑
k=m

Xk(ω) = lim sup
n

n∑
k=m

Xk(ω)
}
∈ Fm ,

which implies Ω1 ∈ ∩mFm = F∞.

Lemma 4.5 (Kolmogorov 0-1 law). Let {Xn}n>1 be independent random variables, and let A be a
tail event of {Xn}. Then

P(A) ∈ {0, 1} .

Proof. Obviously, for any n > 1 the sets σ(X1, X2, ...Xn) and F∞ are independent, meaning

P(A ∩B) = P(A)P(B)

for any A ∈ σ(X1, X2, ...Xn) and B ∈ F∞. As a result,
⋃∞
n=1 σ(X1, X2, ...Xn) and F∞ are also

independent. Fix B ∈ F∞, and define

L ..= {A ⊂ Ω : P(A ∩B) = P(A)P(B)} .

It is easy to verify that L is a λ-system, meaning

(i) Ω ∈ L;

(ii) X ∈ L =⇒ Xc ∈ L;

(iii) For pairwise disjoint {Xn} in L, we have ∪nXn ∈ L.

4The σ-algebra generated by a random variable X is the smallest σ-algebra containing the set {X−1(U) : U ⊂
R is open} .
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In addition,
⋃∞
n=1 σ(X1, X2, ...Xn) is a π-system, meaning it is closed under finite intersections.

Recall that the π − λ theorem5 states

“If A is a π-system, B is a λ-system, and A ⊂ B, then σ(A) ⊂ B.”

Thus applying the theorem with A =
⋃∞
n=1 σ(X1, X2, ...Xn) and B = L yields

σ
( ∞⋃
n=1

σ(X1, X2, ...Xn)
)
⊂ L .

Obviously,

F1 = σ{σ(X1), σ(X2), ...} ⊂ σ
( ∞⋃
n=1

σ(X1, X2, ...Xn)
)
⊂ L .

Hence P(A∩B) = P(A)P(B) for all A ∈ F1. As B is arbitrary, F1 and F∞ are independent. Since
F∞ ⊂ F1, F∞ is independent with itself. Thus for any A ∈ F∞ we have

P(A) = P(A ∩A) = P(A)P(A)

This finishes the proof.

Corollary 4.6. Let {Xn}n>1 be a sequence of independent random variables. Then the probability
that

∑∞
n=1Xn converges is either 0 or 1. Similarly, the probability that

1

n

n∑
k=1

Xk

converges is either 0 or 1.

Having Lemma 4.5 at hand, we now present a short proof of Theorem 4.3 found in [7]. The
main step is the following result.

Proposition 4.7. Let {Xn}>1 be i.i.d. random variables with EX1 > 0. Let Sn = X1 + · · · + Xn.
Then

inf
n>1

Sn > −∞

almost surely. In particular,

lim inf
n

Sn
n

> 0

almost surely.

Let {Xn} and Sn be as in Theorem 4.3, with EX1 = µ. Let c < µ. Applying Proposition 4.7
for {Xn − c}n>1, we get

lim inf
n

Sn − nc
n

> 0

almost surely. Thus lim infn Sn/n > c almost surely. Since c is any number smaller than µ, we have

lim inf
n

Sn/n > µ a.s.

Applying the same augment to {−Xn} to see that lim infn−Sn/n > −µ a.s. Thus

lim sup
n

Sn/n 6 µ a.s.

This finishes the proof of Theorem 4.3.

5The proof is rather abstract and we omit here.

55



Proof of Proposition 4.7. Let µ = EX1 > 0, and Jn ..= min{S1, ..., Sn}. Note that each Jn is
integrable and n 7→ Jn is non-increasing. We have

Jn = X1 + min{0, S2 − S1, S3 − S1, ..., Sn − S1} =.. X1 + min{0, J ′n−1} ,

where J ′n−1 has the same distribution as Jn−1. Therefore

EJn = µ+ Emin{0, Jn−1} .

Subtracting EJn−1 from both sides yields

E[Jn − Jn−1] = µ− EJ+
n−1 .

Telescoping:
n∑
k=1

EJ+
k = nµ+ E[J1 − Jn+1] > nµ .

Thus

lim inf
n→∞

1

n

n∑
k=1

EJ+
k > µ. (4.2)

The sequence ak = EJ+
k is non-increasing and nonnegative, so its Cesàro means converge to limk ak;

hence limk EJ+
k > µ. Since J+

k ↓ J
+
∞ and J+

k 6 J+
1 ∈ L1, dominated convergence gives

EJ+
∞ = lim

k
EJ+

k > µ.

Therefore P(J∞ > 0) > 0. The event {J∞ > −∞} is a tail event and contains {J∞ > 0}, so
Kolmogorov’s zero–one law gives P(J∞ > −∞) = 1.

Theorem 4.3 can be extended to cases where E|X1|p < ∞. We present the following result
without proof.

Theorem 4.8 (Marcinkiewicz SLLN). Let {Xn}n>1 be a sequence of i.i.d. random variables, such
that E|X1|p <∞ for some p ∈ (0, 2). Then there exists a ∈ R such that

n−1/p
n∑
k=1

(Xk − a)
a.s.−→ 0 . (4.3)

Remark 4.9. (i) For non-degenerate X1 and p > 2, (4.3) can no longer hold: it would violate
Theorem 3.1 (CLT). Nevertheless, we have

n−1/α
n∑
k=1

(Xk − a)
a.s.−→ 0

for any α ∈ (0, 2).

(ii) For p ∈ [1, 2), a = EX1, and Theorem 4.8 generalizes Theorem 4.3 to smaller scales:∑n
k=1(Xk − a) is a.s. a point when viewed at the scale n1/p. For p ∈ (0, 1), a can be any real

number.
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4.2. The convergence of independent sums

The goal of Section 4.2 is to prove the following result.

Theorem 4.10 (Kolmogorov’s Three-Series Theorem). Let {Xn}n>1 be independent random vari-
ables. Let c > 0 and set Xc

n = Xn1|Xn|6c. Then
∑∞

n=1Xn converges a.s. if the following conditions
hold for some c > 0, only if the following conditions hold for any c > 0.

(i)
∑∞

n=1 P(|Xn| > c) <∞;

(ii)
∑∞

n=1 EXc
n converges;

(iii)
∑∞

n=1 VarXc
n <∞.

Remark 4.11. By Lemma 4.5, the probability that
∑∞

n=1Xn converges is 0 or 1. Thus if at least
one of (i) – (iii) in Theorem 4.10 does not hold,

∑∞
n=1Xn diverges a.s.

Example 4.12. Let {Zn}>1 be i.i.d. random variables, with P(Z1 = 1) = P(Z1 = −1) = 1/2. Let
Xn = Zn/n

α for some α > 0. Set c = 1. Then

(i)
∑∞

n=1 P(|Xn| > 1) = 0;

(ii)
∑∞

n=1 EXc
n =

∑∞
n=1 EXn = 0;

(iii)
∑∞

n=1 Var(Xc
n) =

∑∞
n=1 Var(Xn) =

∑∞
n=1 n

−2α.

Thus by Theorem 4.10,
∑∞

n=1Xn converges a.s. if and only of α > 1/2.

Let {An}n>1 be a sequence of events. Define

lim sup
n

An =

∞⋂
n=1

∞⋃
k=n

Ak and lim inf
n

An =

∞⋃
n=1

∞⋂
k=n

Ak .

Obviously, lim inf An ⊂ lim supAn. If these two sets are equal, we call it the limit of {An}, denoted
by limnAn.

Lemma 4.13 (Borel-Cantelli). (i) If
∑

n P(An) <∞, then P(lim supAn) = 0.
(ii) If {An} are independent and

∑
n P(An) =∞, then P(lim supAn) = 1.

Proof. (i) We have

P(lim supAn) = P
( ∞⋂
n=1

∞⋃
k=n

Ak

)
6 P

( ∞⋃
k=n

Ak

)
6
∑
k>n

P(Ak)

for all n > 1. As the RHS of the above goes to 0 as n → ∞, we have P(lim supAn) 6 0, which
implies the desired result.

(ii) We have for every n > 1 that

1− P
( ∞⋃
k=n

Ak

)
= P

(( ∞⋃
k=n

Ak

)c)
= P

( ∞⋂
k=n

Ack

)
=
∏
k>n

(1− P(Ak))

6
∏
k>n

e−P(Ak) = e−
∑
k>n P(Ak) = 0 .
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Here in the third step we used independence, and the last step comes from
∑

n P(An) =∞. Thus
P(∪∞k=nAk) = 1 for all n > 1, which implies

P(lim supAn) = P
( ∞⋂
n=1

∞⋃
k=n

Ak

)
= lim

n
P
( ∞⋃
k=n

Ak

)
= 1

as desired.

Lemma 4.14 (Kolmogorov inequality). Let {Xn}n>1 be independent random variables, with EXn =
0 and VarXn <∞. Let Sn = X1 + · · ·+Xn. Then for any ε > 0, we have

P{ max
16k6n

|Sk| > ε} 6 1

ε2

n∑
k=1

EX2
k .

Proof. Let us first decompose

n⋃
k=1

Ak
..=

n⋃
k=1

{|Sk| > ε, |Sj | < ε for all j < k} = { max
16k6n

|Sk| > ε}.

Then

ES2
n >

n∑
k=1

E[S2
n1Ak ] =

n∑
k=1

E[(Sk + Sn − Sk)21Ak ]

>
n∑
k=1

E[S2
k1Ak ] +

n∑
k=1

2E[Sk(Sn − Sk)1Ak ] =

n∑
k=1

E[S2
k1Ak ] (4.4)

>
n∑
k=1

ε2P(Ak) = ε2P{ max
16k6n

|Sk| > ε} .

Here in the fourth step we used E[Sk(Sn−Sk)1Ak ] = E[Sk1Ak ]E[Sn−Sk] = 0. As ES2
n =

∑n
k=1 EX2

k ,
(4.4) yields desired result.

The Kolmogorov inequality implies the following.

Theorem 4.15. Let {Xn}n>1 be a sequence of independent random variables, with EXn = 0 and∑∞
n=1 EX2

n <∞. Then
∑∞

n=1Xn converges a.s.

Proof. We will show that Sn is a Cauchy sequence a.s. For N > 1, define

WN
..= sup

m,n>N
|Sm − Sn| .

As WN is nonnegative and non-increasing, we have WN ↓ W∞ as N → ∞. It suffice to show that
W∞ = 0 a.s. For ε > 0, since

sup
m>N

|Sm − SN | 6 ε =⇒ sup
m,n>N

|Sm − Sn| 6 2ε ,

we have
P(WN > 2ε) 6 P( sup

m>N
|Sm − SN | > ε) = lim

M→∞
P( sup
N6m6M

|Sm − SN | > ε) .
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Now by Lemma 4.14 (think about why)

P( sup
N6m6M

|Sm − SN | > ε) 6
1

ε2

M∑
k=N+1

EX2
k 6

1

ε2

∞∑
k=N+1

EX2
k .

Combing the above two relations yields

P(W∞ > 2ε) 6 P(WN > 2ε) 6
1

ε2

∞∑
k=N+1

EX2
k

for any ε > 0 and N > 1. Taking N → ∞ and then take ε → 0 we get P(W∞ > 0) 6 0. This
finishes the proof.

Now let us prove the “if” part of Theorem 4.10; the proof of the “only if” part is more technical
and we omit here. You may refer to [11] if interested.

Suppose conditions (i) – (iii) in Theorem 4.10 hold. Define Yn ..= Xc
n−EXc

n. Then {Yn}n>1 are
independent, centered, and

∑∞
n=1 EY 2

n =
∑∞

n=1 VarXc
n <∞. Thus Theorem 4.15 implies

∑∞
n=1 Yn

converges a.s. Together with (ii) we know that

∞∑
n=1

Xc
n =

∞∑
n=1

Yn +

∞∑
n=1

EXc
n (4.5)

converges a.s. Thanks to the first lemma of Borel-Cantelli and Condition (i), we have

P(lim inf
n
{|Xn| 6 c}) = 1− P(lim sup

n
{|Xn| > c}) = 1 .

On the set of lim infn{|Xn| 6 c}, it holds that

∞∑
n=1

Xn(ω) converges ⇐⇒
∞∑
n=1

Xc
n converges . (4.6)

Hence (4.5) and (4.6) imply
∑∞

n=1Xn converges a.s. This finishes the proof.

4.3. The law of iterated logarithm

Once again, let us go back to our classic model. Let {Xn} be a sequence of i.i.d. random
variables, with EX1 = 0 and EX2

1 = 1. Let Sn = X1 + · · · + Xn. By Theorems 3.1 and 4.3, we
know that

Sn√
n

d−→ N (0, 1) and
Sn
n

a.s.−→ 0 . (4.7)

The LLN tells us that n grows too quickly relative to Sn to retain any useful information about
the deviation as n→∞. CLT does a better job, by showing that Sn/

√
n converges to a non-trivial

distribution. However, CLT does not tell us what happens for any particular outcome ω. For
M > 0, let AM = {lim supn Sn/

√
n >M}, a tail event. For every N ,

P
(

sup
k>N

Sk√
k
> M

)
> sup

k>N
P
( Sk√

k
> M

)
.
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Letting N → ∞ and using the CLT shows that the event {Sk/
√
k > M infinitely often} ⊂ AM

has probability at least P(Y > M) > 0. Kolmogorov’s zero–one law therefore gives P(AM ) = 1.
Intersecting over integer M > 1 yields

lim sup
n

Sn√
n

=∞ a.s.

Applying the same argument to −Xn gives the corresponding liminf −∞. In particular, Sn/
√
n

diverges a.s.
We hope to find a function f(n) with

√
n� f(n)� n such that we can say something stronger

about the convergence of Sn/f(n). By Theorem 4.8, we have

Sn

n1/2+ε

a.s.−→ 0

for any fixed ε > 0. The following law of iterated logarithm (LIL) gives a precise scaling for Sn.

Theorem 4.16 (Hartman–Wintner). Let {Xn} be a sequence of i.i.d. random variables, with EX1 =
0 and EX2

1 = 1. Let Sn = X1 + · · ·+Xn. Then

lim sup
n

Sn√
2n log log n

= 1

almost surely.

The following figure is a plot of Sn/n (red), its standard deviation 1/
√
n (blue), and its bound√

2 log log n/n given by LIL (green). Notice the way it randomly switches from the upper bound
to the lower bound. Both axes are log-transformed.
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Remark 4.17. (i) Applying the theorem to the i.i.d. sequence {−Xn}, we also have

lim inf
n

Sn√
2n log log n

= −1

almost surely.
(ii) Comparing Theorems 3.1 and 4.16, we see that LIL provides the scaling factor where the

two limits become different:

Sn√
2n log logn

P−→ 0 , while
Sn√

2n log logn

a.s.
6→ 0 .

In other words, for any given large n, |Sn/
√

2n log logn | is less than any predefined ε > 0 for
almost all outcomes ω; on the other hand, for almost all ω, Sn/

√
2n log logn will be visiting the

neighborhoods of any point in the interval (−1, 1).

Proof of Theorem 4.16: the Gaussian case. Let us further assume that Xi
d
= N (0, 1). In this case,

Sn/
√
n

d
= N (0, 1) for all n. By Question 4 in Homework 2, we know that

1√
2π

(x−1 − x−3)e−x
2/2 6 P(Sn/

√
n > x) 6

1

x
√

2π
e−x

2/2 (4.8)

for all x > 0.
(i) Fix ε > 0. Then (4.8) implies

P
( Sn√

2n log logn
> 1 + ε

)
= P

(
Sn/
√
n > (1 + ε)

√
2 log log n

)
6

1

(1 + ε)
√

4π log logn
exp(−(1 + ε)2 log logn) 6 (log n)−(1+ε)2

(4.9)

for all sufficiently large n. Choose q > 1 such that

ε2/(q − 1) > 2 . (4.10)

Choose the subsequence nk = bqkc. We can find an M ≡ M(ε) ∈ N such that log log nM > 0 and
all the preceding tail bounds hold for k >M . This leads to

∞∑
k=M

P
( Snk√

2nk log lognk
> 1 + ε

)
6

∞∑
k=M

(log nk)
−(1+ε)2

=

∞∑
l=1

(l+1)M−1∑
k=lM

(log nk)
−(1+ε)2 6

∞∑
l=1

M(l log 2)−(1+ε)2 <∞.

Then Lemma 4.13 (i) implies

P
(

lim sup
k

{ Snk√
2nk log lognk

> 1 + ε
})

= 0 ,

which further shows (why?)

P
(

lim sup
k

Snk√
2nk log lognk

> 1 + ε
)

= 0 . (4.11)
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To handle the terms between each nk, note that we have the reflection principle

P
(

max
16m6n

Sm > a
)
6 2P(Sn > a) (4.12)

for all a ∈ R and n > 1. To prove (4.12), define the stopping time

τ ..= min{m : Sm > a} .

Thus 1 >
∑n

m=1 1τ=m, which leads to

P(Sn > a) >
n∑

m=1

P(Sn > a, τ = m) =
n∑

m=1

P(Sn > a|τ = m) · P(τ = m)

>
n∑

m=1

1

2
P(τ = m) =

1

2
P(τ 6 n) =

1

2
P
(

max
16m6n

Sm > a
)
,

where in the third step we used {Xn}n>1 are independent and symmetric (w.r.t. 0). Choose η > 0
so small that ε2/(q − 1 + η) > 1. Since (nk+1 − nk)/nk → q − 1, for all sufficiently large k the
reflection inequality and the Gaussian tail bound give

P
(

max
nk6m6nk+1

(Sm − Snk) > ε
√

2nk log lognk

)
6 2P

(
Snk+1−nk√
nk+1 − nk

> ε

√
2 log log nk
q − 1 + η

)
6 2(log nk)

−ε2/(q−1+η).

The last expression is summable because log nk � k and its exponent is greater than one. Thus

∞∑
k=M

P
(

max
nk6m6nk+1

(Sm − Snk) > ε
√

2nk log log nk

)
<∞ ,

and together with Lemma 4.13 (i) we get

P
(

lim sup
k

max
nk6m6nk+1

Sm − Snk√
2nk log lognk

> ε

)
= 0 . (4.13)

Combining (4.11) and (4.13) yields

P
(

lim sup
n

Sn√
2n log log n

> 1 + 2ε
)

= 0 (4.14)

for any fixed ε > 0.
(ii) Fix δ > 0, and let p ∈ {2, 3, ...} such that

(1− δ)p
p− 1

6 1 and
2
√
p
6 δ . (4.15)

Consider the subsequence nk = pk and define the event

Ak
..= {Snk+1

−Snk > (1−δ)
√

2nk+1 log log nk+1} =

{
Snk+1

− Snk√
nk+1 − nk

> (1−δ)
√

2p log log nk+1/(p− 1)

}
.
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By the first relation of (4.8), we have

P(Ak) >
cp,δ√

log lognk+1

(log nk+1)−(1−δ)2p/(p−1) >
cp,δ√

log lognk+1

(log nk+1)−(1−δ) >
c′p,δ
log k

k−(1−δ)

for k > 1. Here cp,δ, c
′
p,δ > 0 are constants. This leads to

∞∑
k=1

P(Ak) =∞ .

As {Ak} are independent events, Lemma 4.13 (ii) yields

P(lim sup
k

Ak) = 1 ,

which yields

P
(

lim sup
k

Snk+1
− Snk√

2nk+1 log lognk+1

>1− δ
)

= 1 (4.16)

Note that we can repeat the proof of (4.14) for {−Xn} and {−Sn} to show that

P
(

lim sup
n

−Sn√
2n log logn

> 2
)

= 0 ,

and thus

P
(

lim sup
n

−Sn√
2n log logn

< 2
)

= 1 ,

which implies

1 = P
(

lim sup
k

−Snk√
2nk log log nk

< 2
)
6 P

(
lim sup

k

−Snk√
2nk+1 log log nk+1

<
2
√
p

)
.

Together with the second relation of (4.15) we have

P
(

lim inf
k

Snk√
2nk+1 log log nk+1

> −δ
)

= 1 . (4.17)

Combining (4.16) and (4.17) gives

P
(

lim sup
n

Sn√
2n log log n

> 1− 2δ
)

= 1.

Letting δ ↓ 0 through a countable sequence and combining with the upper bound (4.14) proves that
the limsup equals 1 almost surely.

Under the assumption of Theorem 4.16, we can also show that

lim sup
n

max16k6n |Sk|√
2n log logn

= 1 (4.18)

almost surely. Comparing Theorem 4.16 and (4.18), we see that Sn and max16k6n |Sk| have the
same asymptotic behavior in terms of lim sup. For lim inf, we have the following result.

Theorem 4.18 (Chung). Let {Xn} be a sequence of i.i.d. random variables, with EX1 = 0, EX2
1 =

1 and E|X3
1 | <∞. Let Sn = X1 + · · ·+Xn. Then

lim inf
n

√
8 log log n

nπ2
max

16k6n
|Sk| = 1

almost surely.
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Homework 3

Question 1. Let {Xn}n>1 be i.i.d. random variables, with the uniform distribute on [0, 1]. Let
Yn ..= (

∏n
i=1Xi)

1/n > 0. Find a constant a such that

Yn
P−→ a .

Question 2. Let f, g be L1 functions from [0, 1] to (0,∞). Suppose there exists C > 0 such that
f(x) < Cg(x) for all x. Show that

lim
n

∫ 1

0
· · ·
∫ 1

0

f(x1) + · · ·+ f(xn)

g(x1) + · · ·+ g(xn)
dx1 · · · dxn =

∫ 1
0 f(x)dx∫ 1
0 g(x)dx

.

Question 3. Let {Xn}n>1 be i.i.d. standard Gaussian random variables. Find a function f(n)
such that

lim sup
n

Xn

f(n)
= 1

almost surely.

Question 4. Let {Xn}n>1 be pairwise independent random variables, having symmetric distri-
butions and satisfy supn EX2

n <∞. Show that

X1 + · · ·+Xn

n

a.s.−→ 0 .

Question 5. Let {Xn}n>1 be i.i.d. random variables with EX1 = 0 and EX2
1 < ∞. Let Sn =

X1 + · · ·+Xn. Show that

lim inf
n

|Sn|√
n

= 0

almost surely.

Question 6. Let {Xn}n>1 be i.i.d. symmetric random variables with EX2
1 = ∞. Let Sn =

X1 + · · ·+Xn. Show that

lim sup
n

|Sn|√
n log logn

=∞

almost surely.
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5 Some stories

From now on, let us move on to the topic of random matrix theory. We start with some motivations.

In 1999, a Czech physicist named Petr Šeba took his first trip to Mexico. While riding a bus
in a small town, he noticed something very interesting: at every bus stop, a boy would come up to
the driver and hand him a piece of paper. The driver would look at the paper and then give the
boy some money.

At first, Šeba thought this might be related to the mafia or drug dealers. But then he realized
that what was written on the paper was simply the departure time of the previous bus. Because
the buses in Mexico were independently operated for profit, the drivers needed to know the status
of other buses in order to maximize their earnings. If the previous bus had just left, the driver
would slow down to allow more passengers to accumulate at the next stop. But if the previous bus
had left a long time ago, the driver would speed up, since there would already be enough people
waiting at the next stop. By doing this, he could also avoid being caught by the bus behind him.

Because of the presence of these boys, behind the simple event of bus departures was actually
the interaction of all the drivers in the town. Šeba found this very interesting and thought it might
relate to something he had seen in physics. So he paid one of the boys for the data he had collected
on bus departure times, and Šeba plotted them on a computer.

Now, please look at the image in this link (I cannot include it in this file for copyright reasons),
and think about which of the three patterns corresponds to the bus departure times.

Clearly, the last pattern is deterministic, so it is not our answer. The first pattern is a typical
realization of a Poisson process, which means that the events are independent of each other. More
generally, Poisson statistics are a useful idealization for systems in which events occur indepen-
dently. Some natural event data may be approximately Poisson only after trends, seasonality, and
clustering, such as earthquake aftershocks, have been removed.

The second pattern corresponds to what happened with the buses in Mexico. We see that it
walks the fine line between being completely fixed and completely chaotic. This is what we observe
when we look at strongly correlated systems.

Šeba thought this was very interesting because it related to something he had seen in physics
before. So let us go back a bit in time. In 1955, physicists had experimental data on heavy nuclei
and wanted to understand why the pattern they observed looked the way it did. But theoretically,
this was a very difficult question: the structure of heavy nuclei is extremely complicated, and there
are many interactions occurring within a single atom, including certain relativistic effects. Thus it
was impossible to determine the entire structure of a heavy nucleus and compute its energy levels
explicitly (as could be done for hydrogen, for instance).

Then the physicist Eugene Wigner came forward and suggested that the question could be
approached from another perspective: while it was not possible to compute the energy levels
directly, statistically, this pattern could be modeled by the eigenvalues of random matrices—that
is, matrices with random coefficients.

65

https://www.quantamagazine.org/wp-content/uploads/2013/02/spectralpatterns.png


The model Wigner considered back then is now known as the Wigner matrix.

Definition 5.1. Let H = H∗ = (Hij : 1 6 i, j 6 N) ∈ CN×N . We call H a Wigner matrix if the
variables (Hij : i 6 j) are independent,

EHij = 0, E|Hij |2 =
1

N
(i 6= j), E|Hii|2 = O(N−1),

and, for every fixed k > 3,

E|Hij |k 6 CkN
−k/2

uniformly in i, j,N .

For GOE, Hij ∼ N (0, N−1) for i < j and Hii ∼ N (0, 2N−1). For GUE, Hij = (Xij+iYij)/
√

2N
for i < j, where Xij , Yij ∼ N (0, 1) are independent, and Hii ∼ N (0, N−1).

In the random matrix setting, N is our fundamental large parameter, and we are interested in
the properties of the model when N gets large. The famous Wigner’s semicircle law asserts that
the empirical eigenvalue density converges to the semicircle law when N →∞.

As far as our heavy nuclei (and the buses in Mexico) are concerned, the more interesting object is
the gap distribution between individual eigenvalues. For GOE and GUE the joint eigenvalue density
is explicit, and the limiting gap laws can be characterized exactly, although not by elementary
formulas. A remarkably accurate approximation to the GOE nearest-neighbor spacing density is
Wigner’s 2× 2 surmise

πs

2
e−πs

2/4 .

People in 1955 could already see that the patterns of the heavy nuclei look very similar to the gap
distribution of the GOE, but they could not verify this statistically: every nucleus only has a few
dozens of energy levels, and this number is not enough in the statistical sense.
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In 1982, Haq, Pandey, and Bohigas combined 1407 resonance energies, arranged in 30 sequences
from 27 nuclei, into the nuclear data ensemble (NDE). If we compare the gap histogram of NDE
and the gap distribution of GOE (which is computable), we can see that they match quite well,
even towards the tail. As a comparison, if we look at the gap of the Poisson process, which has
exponential decay, it does not match the gap histogram of the NDE at all.

Let me give one more example related to random matrices. For Re s > 1 the Riemann zeta
function is

ζ(s) =

∞∑
n=1

n−s,

and it has a meromorphic continuation to C, with a single simple pole at s = 1. Its trivial zeros
are −2,−4,−6, . . .. The Riemann hypothesis asserts that every nontrivial zero has real part 1/2.
A rigorous interval-arithmetic computation has verified this up to imaginary height 3 · 1012, which
includes more than 1013 zeros.

Write the ordinates of zeros on the critical line as

ζ
(

1
2 + iγn

)
= 0, δn ..=

γn+1 − γn
2π

log
γn
2π
.

Montgomery’s 1973 pair-correlation conjecture predicts GUE statistics for the locally rescaled zeros,
and Odlyzko’s computations in the 1980s found striking numerical agreement, including data near
the 1020th zero.
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δn for 70 million zeros near the 1020th zero of ζ, versus GUE.

So now we see that things from totally different worlds, the buses in Mexico, the heavy nuclei,
the Riemann Zeta function, all have something to do with random matrix theory. The reason is
quite simple: systems with enough complexity and randomness always show the same pattern. We
study random matrix theory, partially because it is one of the mathematically simplest complex
systems.
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6 Local semicircle law for Wigner matrices

6.1. Global and local law

In Section 6, we consider the N ×N Wigner matrix H as in Definition 5.1.

Convention. In random matrix theory, we use N as our fundamental large parameter. We are
interested in the properties of H when N gets large. Most quantities we study shall depend on N ,
thus we almost always omit the explicit argument N from our notation. Quantities are independent
of N will be called a constant (or sometimes fixed), and they are usually denoted by C, c. Every
quantity that is not explicit a constant is in fact a sequence indexed by N .

From Definition 5.1, we see that for fixed k > 3,

‖Hij‖2 6 ‖Hij‖k 6 (Ck)
1/kN−1/2 6 C̃k‖Hij‖2 .

This means the entries of a Wigner matrix are light-tailed.

Let λ1 > · · · > λN be the eigenvalues of H, and let

µ ..=
1

N

N∑
i=1

δλi

be the empirical eigenvalue measure. Here δa is the unit point mass at a, characterized by∫
f(x) δa(dx) = f(a).

Let

%sc(x) ..=
1

2π

√
(4− x2)+

be the semicircle density. The famous Wigner semicircle law asserts that

µ
w−→ %sc (6.1)

almost surely. The above convergence holds in two layers: the almost sure convergence is w.r.t. the
randomness of µ, and “

w−→” denotes the weak convergence of probability measures. Equivalently,
we can write that for any bounded continuous function f ,∫

R
f(x)µ(dx)→

∫
R
f(x)%sc(x)dx

almost surely.

Another way to formulate the convergence (6.1) is through Stieltjes transforms. For the rest of
Section 6, we write

z = E + iη , η > 0 .

The Stieltjes transforms of µ and %sc are given by

s(z) ..=

∫
R

1

x− z
µ(dx) and msc(z) ..=

∫
R

%sc(x)

x− z
dx .

They are well-defined as η > 0. The following is a standard result on Stieltjes transforms.

Lemma 6.1. We have µ
w−→ %sc almost surely, if and only if s(z)→ msc(z) almost surely for any

fixed z ∈ C+.
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Note that

s(z) =
1

N

N∑
i=1

1

λi − z
=

1

N

N∑
i=1

λi − E + iη

(λi − E)2 + η2
, Im s(z) =

1

Nη

N∑
i=1

1(
λi−E
η

)2
+ 1

.

Thus Im s(z) is a control of the empirical distribution of µ smoothed on the scale η. For this reason,
η is called the spectral resolution.

Theorem 6.2. We have s(z)→ msc(z) almost surely for any fixed z ∈ C+.

In Theorem 6.2, z is N -independent, which means we are on the spectral resolution of order 1.
Theorem 6.2 is therefore called the global semicircle law.

A local law is a result that controls s(z)−msc(z) for all η satisfying η � N−1. In other words, η
depends on N . The restriction η � N−1 is obvious, since the N eigenvalues lies roughly on [−2, 2],
and the typical separation of the eigenvalues is of order N−1.

6.2. Statements and consequences of the local law

In order to state the local law, we shall need the following notion.

Definition 6.3 (Stochastic domination). Let

X = (X(N)(u) : N ∈ N, u ∈ U (N)) , Y = (Y (N)(u) : N ∈ N, u ∈ U (N))

be two families of random variables, where U (N) is a possibly N -dependent parameter set, and
Y > 0. We say that X is stochastically dominated by Y , uniformly in u, if for any fixed D, ε > 0,

sup
u∈U(N)

P(|X| > Y N ε) = Oε,D(N−D) .

If X is stochastically dominated by Y , we use the notation X = O≺(Y ), or equivalently X ≺ Y .
We say an event Ω holds with very high probability if for any fixed D > 0, 1− P(Ω) = OD(N−D).

Remark 6.4. (i) Stochastic domination provides a good measurement on the scale of a random

variable. For instance, consider the random variable Y
d
= N (0, 1), whose typical size is of order 1.

But we cannot find C such that |Y | 6 C almost surely. However, we can write Y ≺ 1.

(ii) If Y is deterministic, in practice to prove X ≺ Y , we show that E|X|p 6 CpY
p for any fixed

p. Then given ε,D > 0, choose p large enough such that

P(|X| > N εY ) 6 CpN
−εp 6 N−D .

As the local law is stated via Stieltjes transform, we introduce the Green function

G(z) ..= (H − z)−1 .

We denote the normalized trace G(z) ..= 1
N TrG(z) = 1

N

∑N
i=1

1
λi−z = s(z). The local law controls

G as well as Gij . Fix τ > 0, and define the spectral domain

S ≡ Sτ (N) ..= {z = E + iη : |E| 6 10, N−1+τ 6 η 6 10} . (6.2)

The next result is our main target in Section 6.
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Theorem 6.5 (Local semicircle law). We have

G(z)−msc(z) ≺
1

Nη
(6.3)

and

max
i,j
|Gij(z)− δijmsc(z)| ≺

1

Nη
+

√
Immsc(z)

Nη
(6.4)

uniformly for all z ∈ S.

The local law has several consequences, which we will prove in later parts of Section 6.

Corollary 6.6. We have

number of eigenvalues in [a,b] = Nµ([a, b]) = N

∫ b

a
%sc(x)dx+O≺(1)

uniformly for all [a, b] ⊂ R.

For the eigenvalues λ1 > · · · > λN of H, we denote the typical location of λi by γi, which is
defined via ∫ 2

γi

%sc(x)dx =
i

N
.

The next result is known as the rigidity of eigenvalues.

Corollary 6.7. We have

|λi − γi| ≺ N−2/3(i ∧ (N + 1− i))−1/3

uniformly for all i = 1, 2, ..., N .

Note that
γk − γk+1 ∼ N−2/3

for fixed k, and
γi − γi+1 ∼ N−1

for i ∈ [cN, (1 − c)N ]. In other words, the result of Corollary 6.7 is optimal, subject to the N ε

hidden in the definition of “≺”.
The next result is about the eigenvectors.

Corollary 6.8 (Delocalization). Let u1, ...,uN be the eigenvectors of H associated with λ1 > · · · >
λN . Assume the eigenvectors a normalized, i.e. ‖ui‖2 = 1 for all i. Then

max
16i,k6N

|ui(k)| ≺ N−1/2 .

Proof. Use the uniform version of Theorem 6.5. On the event, holding with very high probability,
on which that law holds and ‖H‖ 6 3, fix j, k and set z = λj + iη with η = N−1+τ . The spectral
decomposition

H = UΛU∗ =
N∑
`=1

λ` u`u
∗
` , G(z) =

N∑
`=1

u`u
∗
`

λ` − z
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gives

ImGkk(z) =

N∑
`=1

η|u`(k)|2

(λ` − λj)2 + η2
>
|uj(k)|2

η
.

The local law yields ImGkk(z) 6 |Gkk(z)| ≺ 1, uniformly in j, k. Hence

max
j,k
|uj(k)|2 ≺ N−1+τ .

Since τ > 0 is arbitrary, this is equivalent to maxj,k |uj(k)| ≺ N−1/2.

6.2.1. Outline of Proof. We first give an outline of how to prove Theorem 6.5. It is easy to see
that

msc(z) =

∫
R

1

2π

√
(4− x2)+

x− z
dx =

−z +
√
z2 − 4

2
.

Here
√
z2 − 4 denotes the branch analytic on C\[−2, 2] and satisfying

√
z2 − 4 ∼ z as |z| → ∞. We

often use that msc(z) is the unique solution of

1 + zm+m2 = 0

satisfying Imm(z) > 0. We show G is close to msc by proving 1 + zG+G2 ≈ 0.
Step 1. The probabilistic estimates. Suppose that for some z ∈ Sτ , we have maxij |Gij(z)| ≺

1 + φ for some φ ∈ [N−1, N τ/10]. For any fixed n ∈ N+, prove that

E|1 + zG+G2|n = O(E1(φ)n) and E|δij + zGij +GGij |n = O(E2(φ)n) ,

and conclude that

1 + zG+G2 ≺ E1(φ) and δij + zGij +GGij ≺ E2(φ) .

Step 1.5. Reflection. The error terms E1(φ) and E2(φ) in Step 1 are small enough if φ 6 N τ/10.
However, it is already non-trivial to establish maxij |Gij | ≺ N τ/10. By spectral decomposition, we
can only get

|Gij(z)| =

∣∣∣∣∣
N∑
k=1

uk(i)uk(j)

λk − z

∣∣∣∣∣ 6 η−1
N∑
k=1

|uk(i)uk(j)| 6 η−1 , (6.5)

which is terribly bad if η � N−τ/10.
Step 2. Initial bound. In our analysis, we consider one particular E, and go down in the

spectral resolution η. We first treat the case when η > 1, where (6.5) gives maxij |Gij(z)| ≺ 1. The
estimates 1 + zG+G2 ≺ E1(1) and δij + zGij +GGij ≺ E2(1) then gives

G−msc � 1 and Gij − δijmsc � 1 ,

which is the global law at η > 1.
Step 3. Finally we perform a “bootstrap” argument and extend our results for all η > N−1+τ .

Suppose we have the local law at z0 = E + iη0. Then we know that

|Gij(z0)| 6 |msc(z0)δij |+ |Gij(z0)− δijmsc(z0)| ≺ 1 .

To reach smaller η, we have the following result.
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Lemma 6.9. Let Γ(z) ..= maxij |Gij(z)|. For any M > 1, we have

Γ(E + iη/M) 6MΓ(E + iη) .

From Lemma 6.9, we know that for all η1 ∈ [η0N
−τ/10, η0),

Γ(E + iη1) 6
η0

η1
Γ(E + iη0) ≺ N τ/10 .

Thus from Step 1 we know that

1 + zG+G2 ≺ E1(N τ/10) and δij + zGij +GGij ≺ E2(N τ/10) .

at z = E + iη1. This will imply local law at E + iη1, and allows us to repeat step 3.

6.3. Proof of Theorem 6.5: probabilistic part

We shall work on the case when H = HT is real and symmetric, which makes Hij real random
variables. The complex Hermitian case works in a similar fashion. The main probabilistic estimate
is the following result.

Proposition 6.10. Let us define

Π(G) ..= I + zG+GG ∈ CN×N .

Let z ∈ Sτ and suppose that maxij |Gij −mscδij | ≺ φ for some deterministic φ ∈ [N−1, N τ/10] at
z. Then

max
ij
|Π(G)ij | ≺ (1 + φ)3

√
Immsc + φ

Nη
(6.6)

and

Π(G) ≺ (1 + φ)6 Immsc + φ

Nη
(6.7)

at z.

6.3.1. Cumulant expansion. For a real random variable h, all of whose moments are finite, the
kth-cumulant of h is

Ck(h) ..= (−i)k
(

dk

dtk
logE[eith]

)∣∣∣∣∣
t=0

.

One easily checks that C1(h) = Eh, C2(h) = Varh, C3(h) = E(h − Eh)3. The cumulants have
the following properties.

(i) Let a ∈ R. Since logEeit(h+a) = ita+ logEeith, we have

Cn(h+ a) = (−i)n
(

dn

dtn
logE[eit(h+a)]

)∣∣∣∣∣
t=0

=

{
C1(h) + a if n = 1

Cn(h) if n > 2 .

(ii) Let h1, h2 be two independent random variables with E|hn1 |,E|hn2 | <∞. Since

logEeit(h1+h2) = log[Eeith1 · Eeith2 ] = logEeith1 + logEeith2 ,

we have Cn(h1 + h2) = Cn(h1) + Cn(h2).
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(iii) Let h
d
= N (µ, σ2), then

logEeith = log eitµ− 1
2
σ2t2 = itµ− 1

2
σ2t2 .

Thus Cn(h) = 0 for all n > 3.

(iv) Cn(ah) = anCn(h).

Note that (i)–(iii) in the above are in general not true for moments. The main tool that we
use in our computation is the following formula by Andrew Barbour [1]. It is a generalization of
Lemma 3.4.

Lemma 6.11 (Cumulant expansion). Let h be a real random variable with moments of all orders,
and let F .. R → C be a smooth function, and denote by F (n) its nth derivative. Then, for every
fixed ` ∈ N, we have

E
[
h · F (h)

]
=
∑̀
k=0

1

k!
Ck+1(h)E[F (k)(h)] +R`+1, (6.8)

assuming that all expectations in (6.8) exist, where R`+1 is a remainder term (depending on f and
h), such that for any t > 0,

R`+1 = O(1) ·
(
E sup
|x|6|h|

∣∣F (`+1)(x)
∣∣2 · E ∣∣h2`+41|h|>t

∣∣)1/2

+O(1) · E|h|`+2 · sup
|x|6t

∣∣F (`+1)(x)
∣∣ .

We start with an elementary inequality.

Lemma 6.12. Let X be a nonnegative random variable with finite moments. Then for any a, b, t >
0, we have

EXaE
[
Xb1X>t

]
6 E

[
Xa+b1X>t

]
.

Proof. It suffices to assume a > 0. Let us abbreviate ‖X‖a ..= (EXa)1/a. For t > ‖X‖a, we have

EXaE
[
Xb1X>t

]
6 E

[
taXb1X>t

]
6 E

[
Xa+b1X>t

]
, (6.9)

which is the desired result. For t < ‖X‖a, we have

EXaE
[
Xb1X6t

]
> E

[
taXb1X6t

]
> E

[
Xa+b1X6t

]
. (6.10)

Jensen’s (or Hölder’s) inequality yields

EXa EXb 6 EXa+b , (6.11)

and the claim follows from (6.10) and (6.11), using 1 = 1X6t + 1X>t.

Proof of Lemma 6.11. Let χ(t) ..= logEeith. For n > 1, we have

∂nt
(
eχ(t)

)
= ∂n−1

t

(
χ′(t)eχ(t)

)
=

n∑
k=1

(
n− 1

k − 1

)
∂kt
(
χ(t)

)
∂n−kt

(
eχ(t)

)
,

hence

Ehn = (−i)n∂nt e
χ(t)
∣∣
t=0

=

n∑
k=1

(
n− 1

k − 1

)
Ck(h)Ehn−k .
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For g(h) = h`, we have

E
[
h · g(h)

]
= Eh`+1 =

`+1∑
k=1

(
`

k − 1

)
Ck(h)Eh`+1−k =

∑̀
k=0

1

k!
Ck+1(h)E

[
g(k)(h)

]
,

and by linearity the same relation holds for any polynomial P of degree 6 `:

E
[
h · P (h)

]
=
∑̀
k=0

1

k!
Ck+1(h)E

[
P (k)(h)

]
. (6.12)

Next, let f be as in the statement of Lemma 6.11, and fix ` ∈ N. By Taylor expansion we can
find a polynomial P of degree at most `, such that for any 0 6 k 6 `,

f (k)(h) = P (k)(h) +
1

(`+ 1− k)!
f (`+1)(ξk)h

`+1−k , (6.13)

where ξk ≡ ξk(h) is a random variable taking values between 0 and h.
By (6.12), (6.13), homogeneity of the cumulants, and Jensen’s inequality we find that the error

term in (6.8) satisfies

R`+1 = E
[
h · f(h)

]
−
∑̀
k=0

1

k!
Ck+1(h)E

[
f (k)(h)

]
= E

[
h · (f(h)− P (h))

]
−
∑̀
k=0

1

k!
Ck+1(h)E

[
f (k)(h)− P (k)(h)

]
=

1

(`+ 1)!
E
[
f (`+1)(ξ0) · h`+2

]
−
∑̀
k=0

1

k!(`+ 1− k)!
Ck+1(h)E

[
f (`+1)(ξk) · h`+1−k]

6 O(1) ·
`+1∑
k=0

E|h|k · E
[

sup
|x|6|h|

∣∣f (`+1)(x)
∣∣ · h`+2−k

]
6 O(1) · E|h|`+2 · sup

|x|6t

∣∣f (`+1)(x)
∣∣+O(1) ·

`+1∑
k=0

E|h|k · E
[

sup
|x|6|h|

∣∣f (`+1)(x)
∣∣ · h`+2−k · 1|h|>t

]
.

The desired result then follows from estimating the last term of the above by Cauchy-Schwarz
inequality and Lemma 6.12.

6.3.2. Proof of Proposition 6.10 (i). A main tool that we use in our estimate is the following
identity.

Lemma 6.13 (Ward). Let G = G(z).Then∑
j

|Gij |2 =
ImGii
η

.

Proof. We have
∑

j |Gij |2 =
∑

j GijG
∗
ji = (GG∗)ii. Here G∗ = (H∗ − z∗)−1 = (H − z̄)−1. For any

convertible matrices A,B ∈ CN×N , we have

A−1(B −A)B−1 = A−1 −B−1 . (6.14)
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Setting A = H − z and B = H − z̄ yields

G(H − z̄ −H + z)G∗ = 2iηGG∗ = G−G∗ .

Hence ∑
j

|Gij |2 = (GG∗)ii =
Gii −G∗ii

2iη
=

ImGii
η

as desired.

The Ward identity sums up N many O(1) quantities, and get a result of order η−1. This gives
an improvement of factor (Nη)−1. Note that our assumption gives us

max
ij
|Gij | ≺ 1 + φ , (6.15)

which will be used to estimate the additional Green functions in our computation. Now we are
ready to prove Proposition 6.10.

Let i, j ∈ {1, 2, ..., N}, and we use the abbreviation

Πij = Π(G)ij = δij + zGij +GGij = (HG)ij +GGij .

Fix n > 1. We have

E|Πij |2n = E((HG)ij +GGij)Π
n−1
ij Π

n
ij = E

(∑
k

HikGkj +GGij

)
Πn−1
ij Π

n
ij

=
∑
k

EHikGkjΠ
n−1
ij Π

n
ij + EGGijΠn−1

ij Π
n
ij =.. (A) + (B) .

Now for each k, we apply Lemma 6.11 with h = Hik and f(H) = GkjΠ
n−1
ij Π

n
ij . As the upper

triangular entries of H are independent, here we first consider the randomness of Hik and Hki in
f(H). Thus

(A) =
∑
k

∑̀
s=0

1

s!
Cs+1(Hik)E∂sik(GkjΠ

n−1
ij Π

n
ij) +

∑
k

R(k)
`+1 =..

∑̀
s=0

Ls +R`+1 ,

where we abbreviate ∂ik
..= ∂

∂Hik
. The Green function is easy to differentiate, i.e.

0 =
∂G(H − z)

∂Hij
=

∂G

∂Hij
(H − z) +G

∂(H − z)
∂Hij

=
∂G

∂Hij
(H − z) +G(∆ij + ∆ji)(1 + δij)

−1 .

Here ∆ij ∈ RN×N satisfy ∆ij
kl = δikδjl. Thus

∂G

∂Hij
= −G(∆ij + ∆ji)(1 + δij)

−1G

in the matrix sense, which implies

∂Gkl
∂Hij

= −(GkiGjl +GkjGil)(1 + δij)
−1 . (6.16)
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Recall that C1(Hij) = EHik = 0, and C2(Hik) = EH2
ik = N−1(1 + O(δik)). For simplicity, here we

assume EH2
ik = N−1(1 + δik), i.e. the diagonal entries of H have variance 2/N . Thus L0 = 0, and

L1 =
∑
k

N−1(1 + δik)E∂ik(GkjΠn−1
ij Π

n
ij)

=
∑
k

N−1(1 + δik)E(−(GkiGkj +GkkGij)(1 + δik)
−1Πn−1

ij Π
n
ij) +

∑
k

N−1(1 + δik)EGkj∂ik(Πn−1
ij Π

n
ij)

=.. L1,1 + L1,2 .

Now,
L1,1 = −N−1E(G2)ijΠ

n−1
ij Π

n
ij − EGGijΠn−1

ij Π
n
ij ,

and we get our key cancellation

L1,1 + (B) = −N−1E(G2)ijΠ
n−1
ij Π

n
ij .

Thus

E|Πij |2n = (A)+(B) =
∑̀
s=0

Ls+R`+1 +(B) = L1,2 +
∑̀
s=2

Ls+R`+1−N−1E(G2)ijΠ
n−1
ij Π

n
ij . (6.17)

Let us look at the last term on RHS of (6.17). By Lemma 6.13, we have

|(G2)ij | 6
∑
k

|GikGkj | 6
(∑

k

|Gik|2
)1/2

·
(∑

k

|Gkj |2
)1/2

=
(ImGii ImGjj)

1/2

η
,

and thus ∣∣∣N−1E(G2)ijΠ
n−1
ij Π

n
ij

∣∣∣ 6 1

Nη
E
(
(ImGii ImGjj)

1/2|Πij |2n−1
)
.

We can deduce stochastic domination from moment estimates, and we can also use stochastic
domination to assist moment estimates. More precisely, by maxij |Gij −mscδij | ≺ φ, we have

ImGii 6 Immsc + |Gii −msc| ≺ Immsc + φ .

Let D = 100n, and for any fixed ε > 0, we can find C ≡ CD,ε such that

P(Eε) ..= P((ImGii ImGjj)
1/2 > (Immsc + φ)N ε) 6 CN−D

for all N . Hence

1

Nη
E
(
(ImGii ImGjj)

1/2|Πij |2n−1
)

=
1

Nη
E
(
(ImGii ImGjj)

1/2|Πij |2n−1(1Eε + 1Ecε )
)

6
(Immsc + φ)N ε

Nη
E|Πij |2n−1 +

1

Nη
E
(
(ImGii ImGjj)

1/2|Πij |2n−11Eε
)

6
(Immsc + φ)N ε

Nη
E|Πij |2n−1 + P(Eε) ·N10n ,

where in the last step we used the deterministic bound maxij |Gij | 6 η−1 6 N . Since ε is arbitrary,
we arrive at ∣∣∣N−1E(G2)ijΠ

n−1
ij Π

n
ij

∣∣∣ 6 1

Nη
E
(
(ImGii ImGjj)

1/2|Πij |2n−1
)

6 Cn,εN
ε Immsc + φ

Nη
(E|Πij |2n)

2n−1
2n +O(N−90n) .

(6.18)

We aim for the following estimate.
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Lemma 6.14. For every fixed n, ε > 0, and D > 0, for all sufficiently large N ,

E|Πij |2n 6 N ε
2n∑
a=1

Ea(E|Πij |2n)
2n−a
2n +N−D, E ..= (1 + φ)3

√
Immsc + φ

Nη
.

Young’s inequality applied to Lemma 6.14 yields the usual high-moment bound E|Πij |2n 6
NCεE2n +N−D; since n is arbitrary, Markov’s inequality gives (6.6).

By (6.18), the last term on RHS of (6.17) is good. Let us look at other terms in (6.17). There
are several terms in L1,2. For instance, we have∣∣∣∑

k

N−1(1 + δik)EGkj∂ik(zGij)Πn−2
ij Π

n
ij

∣∣∣
6C

∑
k

N−1(1 + δik)E
∣∣Gkj(GiiGkj +GikGij)(1 + δik)

−1Π2n−2
ij

∣∣
6CN−1

∑
k

E(|GkjGiiGkj |+ |GkjGikGij |)|Π2n−2
ij |

6 Cn,εN
ε(1 + φ)

Immsc + φ

Nη
(E|Πij |2n)

2n−2
2n +N−D .

Here in the second last term we used (6.15) and Lemma 6.13. Other terms in L1,2 works in a similar
way. We have

|L1,2| 6 Cn,εN
εE2(E|Πij |2n)

2n−2
2n +N−D . (6.19)

We have finished the estimates of L1, which corresponds to the second cumulant of Hik.

The higher cumulant terms are easier to estimate: recall our assumption

E|
√
NHij |s 6 Cs

which implies

|Cs(
√
NHij)| 6 Ĉs and |Cs(Hij)| 6 ĈsN

−s/2 .

Here in the last step we used Cs(aHij) = asCs(Hij). One readily sees that

|Ls| 6 CsN
−(s+1)/2

∑
k

E|∂sik(GkjΠn−1
ij Π

n
ij)| 6 Cn,s,εN

ε

(s+1)∧2n∑
a=1

Ea(E|Πij |2n)
2n−a
2n +N−D

for all s > 2. A complete proof requires the corresponding Ward-identity bookkeeping for every
derivative term and a uniform estimate ofR`+1; we omit those technical details. Thus the argument
above is a proof sketch of (6.6).

6.3.3. Idea of the Proof of Proposition 6.10 (ii). For (6.7), note that the summation in
Π(G) = 1

N

∑
i Πii gives rise to one more Ward Identity. We omit the details here.

6.4. Proof of Theorem 6.5: deterministic part

Let z = E + iη. In this section, we always consider the same E ∈ [−10, 10].
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Step 1. We first consider η ∈ [2, 10]. In this case, |Gij | 6 η−1 6 1/2. Since |msc| 6 1, the
hypothesis of Proposition 6.10 holds with the deterministic choice φ = 2. By (6.7),

1 + zG+G2 ≺ (1 + φ)6 Imm+ φ

Nη
≺ 1

Nη
,

and thus

G = − 1

z +G

(
1 +O≺

( 1

Nη

))
.

Note that Im(z +G) = η + ImG > η > 2, and 1 + zmsc +m2
sc = 0 implies msc = − 1

z+msc
. Hence

G−msc = − 1

z +G

(
1 +O≺

( 1

Nη

))
+

1

z +msc
=

G−msc

(z +msc)(z +G)
+O≺

( 1

Nη

)
,

which implies G−msc ≺ (Nη)−1. This proves (6.3). To prove (6.4), we need the following input.

Lemma 6.15. Recall the definition of S from (6.2), and let z ∈ S. Suppose at z we have
maxij |Gij −mscδij | ≺ φ, φ ∈ [N−1, N τ/10], and G−msc ≺ θ for some θ 6 N−τ/10. Then

max
ij
|Gij −mscδij | ≺ θ +

√
Immsc

Nη
+

1

Nη
.

Proof. By (6.6), we know that

δij + zGij +GGij ≺ (1 + φ)3

√
Immsc + φ

Nη
.

Since
1

z +G
=

1

z +msc +G−msc
=

1

z +msc
+O≺(θ) = −msc +O≺(θ) ,

we get

Gij −mscδij ≺ θ + (1 + φ)3

√
Immsc + φ

Nη
.

In other words, we have

max
ij
|Gij −mscδij | ≺ θ + (1 + φ)3

√
Immsc + φ

Nη
(6.20)

provided that maxij |Gij − mscδij | ≺ φ. Iterating (6.20) finitely many times yields the desired
result.

Now for η > 2, the condition of Lemma 6.15 holds, with G−msc ≺ 1
Nη =.. θ. Thus

max
ij
|Gij −mscδij | ≺

√
Immsc

Nη
+

1

Nη
,

which proves Theorem 6.5 for η > 2.
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Step 2. Let us consider the general case η > N−1+τ . Recall that Lemma 6.9 states Γ(z) ..=
maxij |Gij(z)|. For any M > 1, we have Γ(E + iη/M) 6MΓ(E + iη).

Proof of Lemma 6.9. Fix E and write Γ(η) = Γ(E + iη). For h small enough,

|Γ(η + h)− Γ(η)| 6 max
ij
|Gij(E + i(η + h))−Gij(E + iη)| = |h|max

ij
|(G(E + i(η + h))G(E + iη))ij |

6 |h|max
ij

∑
k

|G(E + i(η + h))ik||Gkj(E + iη)| 6 |h|

√
Γ(η + h)Γ(η)

(h+ η)η
,

where in the second step we used (6.14) and in the last step we used Lemma 6.13. The above
implies Γ is locally Lipschitz continuous, and its almost everywhere exists derivative satisfies∣∣∣dΓ

dη

∣∣∣ 6 Γ

η
.

Thus d
dη (ηΓ(η)) > 0, which implies the desired result.

To proceed the proof, we need one more result.

Lemma 6.16. Let ∆ : S→ [0,∞) be a function such that

1 + zG+G2 ≺ ∆ .

Suppose ∆ ∈ [N−2, N−ε], and ∆ ≡ ∆(z) is Lipschitz continuous with Lipschitz constant N . More-
over, assume that for each fixed E, the function η 7→ ∆(E + iη) is non-increasing. Then

G−msc ≺
∆

Immsc +
√

∆
.

The proof of Lemma 6.16 is in fact quite technical (and non-trivial), as the square root
√
z is

unstable when Im z is close to 0. It can be found in e.g. [4, Lemma 4.5].
Now let us decompose {E} × [N−1+τ , 10] = ∪nk=0Wk, where W0

..= {E} × [2, 10], and Wk
..=

{E} × [2N−δk, 2N−δ(k−1)] for k > 1. Here δ ..= τ/100, and n = O(δ−1). In particular, n = O(1).
The following result will finish the proof of Theorem 6.5.

To apply Lemma 6.16 rigorously at each stage, the displayed deterministic error bounds below
must be replaced by non-increasing Lipschitz majorants and checked to lie in the range required
by the lemma. This standard envelope and finite-net regularization is omitted; accordingly, the
remainder of this subsection is a bootstrap proof sketch.

Lemma 6.17. For k = 1, 2, ..., n. Suppose Theorem 6.5 holds for all z ∈ Wk−1, then it also holds
for all z ∈Wk.

Proof. Let bk
..= E + i2N−δ(k−1) be the upper edge of Wk (and the lower edge of Wk−1). Since

max
i,j
|Gij − δijmsc| ≺

1

Nη
+

√
Immsc

Nη

at bk, we know that maxij |Gij | ≺ 1 at bk. By Lemma 6.9, maxij |Gij | ≺ N δ for all z ∈Wk. Thus

max
ij
|Gij − δijmsc| ≺ N δ
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for all z ∈Wk. Now pick z ∈Wk. By Proposition 6.10,

1 + zG+G2 ≺ (1 +N δ)6 Immsc +N δ

Nη
,

and Lemma 6.16 shows

G−msc ≺
1

(Nη)1/4
.

Now suppose G−msc ≺ θ, θ 6 N−τ/10. Lemma 6.15 shows

max
ij
|Gij −mscδij | ≺ θ +

√
Immsc

Nη
+

1

Nη
=.. φ .

Applying Proposition 6.10 yields

1 + zG+G2 ≺ Immsc

Nη
+

1

(Nη)2
+

θ

Nη
=.. ∆ .

By Lemma 6.16, we get

G−msc ≺
∆

Immsc +
√

∆
≺ 1

Nη
+

√
θ

Nη
,

provided that G −msc ≺ θ. Iterating the above yields G −msc ≺ 1
Nη . Finally, applying Lemma

6.15 with θ = 1
Nη , we get

max
ij
|Gij −mscδij | ≺

√
Immsc

Nη
+

1

Nη
.

This finishes the bootstrap sketch.

Remark 6.18. Theorem 6.5 proves the local law for individual z. In fact, the result can be easily
strengthened to

sup
z∈S

Nη |G(z)−msc(z)| ≺ 1, sup
z∈S

maxi,j |Gij(z)− δijmsc(z)|
(Nη)−1 +

√
Immsc(z)/(Nη)

≺ 1 . (6.21)

Obviously, by the definition of Stochastic domination, the local law is true if we take the supremum
over a N−3-net of S. One can then prove (6.21) by observing that

|Gij(z)−Gij(z + δ)| 6 |δ||(G(z)G(z + δ))ij | 6 N2|δ|

whenever z, z + δ ∈ S. The analogous deterministic continuity bounds for msc(z) and for the
comparison scale on the right-hand side of (6.21) complete the passage from the net to all z ∈ S.

6.5. Applications of the local law

6.5.1. Proof of Corollary 6.6. We shall also use the following result in complex analysis.
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Lemma 6.19 (Helffer–Sjöstrand formula). Let f ∈ C2
c (R). Let f̃ be the almost analytic extension

of f defined by
f̃(x+ iy) = f(x) + iyf ′(x). (6.22)

Let χ ∈ C∞c (R) be a cutoff function satisfying χ(0) = 1, and by a slightly abuse of notation we
write χ(z) ≡ χ(Im z). For any λ ∈ R, we have

f(λ) =
1

π

∫
C

∂z̄(f̃(z)χ(z))

λ− z
d2z .

Here ∂z̄ = 1
2(∂x + i∂y) is the antiholomorphic derivative.

Proof. Exercise (it is essentially Cauchy integral formula and Green’s theorem).

Fix ε > 0 and let η = N−1+ε. Let I ⊂ [−10, 10] be given. Choose f ∈ C∞c (R) such that
f(x) = 1 for x ∈ I, f(x) = 0 for dist(x, I) > η, ‖f ′‖∞ = O(η−1), and ‖f ′′‖∞ = O(η−2). Let f̃ be
as in Lemma 6.19. Then∫

R
f(x)µ(dx) =

1

N

∑
i

f(λi) =
1

N

∑
i

1

π

∫
C

∂z̄(f̃(z)χ(z))

λi − z
d2z =

1

π

∫
C
∂z̄(f̃(z)χ(z))G(z) d2z ,

and similarly,
∫
R f(x)%sc(x)dx = 1

π

∫
C ∂z̄(f̃(z)χ(z))msc(z) d2z. Thus∫

R
f(x)

[
µ(dx)− %sc(x)dx

]
=

1

π

∫
C
∂z̄(f̃(z)χ(z))(G(z)−msc(z)) d2z

=
1

2π

∫
C

[
(f(x) + iyf ′(x))iχ′(z) + iyf ′′(x)χ(z)

]
(G(z)−msc(z))dz

2 .

(6.23)

Note that in (6.23), we have the freedom of choosing χ to our advantage (it can depend on N if
needed). Let χ(z) = 1 for | Im z| 6 1, and χ(z) = 0 for | Im z| > 2. By Theorem 6.5, we have∫

C+

f(x)χ′(z)(G(z)−msc(z))dz
2 ≺

∫
R

∫ 2

1
|f(x)| 1

Ny
dydx ≺ N−1 , (6.24)

and as |f ′|1 6 ‖f ′‖∞ · | supp(f ′)| = O(1),∫
C+

yf ′(x)χ′(z)(G(z)−msc(z))dz
2 ≺

∫
R

∫ 2

1
y|f ′(x)| 1

Ny
dydx ≺ N−1 . (6.25)

To estimate the last term on RHS of (6.23), we need the following result.

Lemma 6.20. We have

G(z) ≺ N ε

Ny

for all 0 < y 6 η = N−1+ε.

Proof. By Theorem 6.5, we know that

max
ij
|Gij(x+ iη)| ≺ 1 .

Using Lemma 6.9,

max
ij
|Gij(x+ iy)| = Γ(x+ iy) 6

η

y
Γ(x+ iη) =

N ε

Ny
,

which implies the desired result.
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By Lemma 6.20,∫
0<y<η

∫
R
yf ′′(x)χ(z)(G(z)−msc(z))dxdy ≺

∫
0<y<η

∫
R
|yf ′′(x)|N

ε

Ny
dxdy ≺ N ε

N
. (6.26)

In addition,∫
y>η

∫
R
yf ′′(x)χ(z)(G(z)−msc(z))dxdy = −

∫
y>η

∫
R
yf ′(x)χ(z)∂x(G(z)−msc(z))dxdy

= i

∫
y>η

∫
R
yf ′(x)χ(z)∂y(G(z)−msc(z))dxdy

= i

∫
R
ηf ′(x)χ(η)(G(x+ iη)−msc(x+ iη))dx− i

∫
y>η

∫
R
∂y(yf

′(x)χ(z))(G(z)−msc(z))dxdy ≺ N−1 .

Inserting the above and (6.24) – (6.26) into (6.23) yields∫
R
f(x)

[
µ(dx)− %sc(x)dx

]
≺ N−1+ε . (6.27)

Thus for any I ⊂ [−10, 10],

µ(I) 6
∫
fI,η(x)µ(dx) 6

∫
fI,η(x)%sc(x)dx+O≺(N−1+ε) 6 %sc(I) +O≺(N−1+ε) .

Let I ′ ..= {x : dist(x, Ic) > η}. Then

µ(I) >
∫
fI′,η(x)µ(dx) >

∫
fI′,η(x)%sc(x)dx+O≺(N−1+ε) > %sc(I) +O≺(N−1+ε) .

As ε is arbitrary, we conclude that

µ(I)− %sc(I) ≺ N−1 (6.28)

for all I ⊂ [−10, 10]. Note that (6.28) also implies

µ([−2, 2]c) = 1− µ([−2, 2]) = 1− %sc([−2, 2]) +O≺(N−1) ≺ N−1 .

This finishes the proof of Corollary 6.6.

6.5.2. Proof of Corollary 6.7. We shall prove

λi − γi ≺ N−1 (6.29)

for all i ∈ [cN, (1− c)N ]. The edge case is more complicated and we omit here.

Define the eigenvalue counting function Σ : R→ {0, 1, . . . , N} by

Σ(E) ..= |{i : λi > E}| .

Fix ε > 0. We have the duality

{λi < E} = {Σ(E) 6 i− 1}, E = γi +N−1+ε.
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Thus

1

N
Σ(γi +N−1+ε) = µ([γi +N−1+ε,+∞))

=µ([γi +N−1+ε,+∞))− %sc([γi +N−1+ε,+∞)) + %sc([γi,+∞))− %sc([γi, γi +N−1+ε])

=O≺(N−1) +
i

N
− CiN−1+ε .

Thus Σ(γi +N−1+ε) 6 i− 1 with very high probability, which implies

(λi − γi)+ ≺ N−1+ε .

The same can be said for (λi − γi)−. As ε is arbitrary, we get the desired result.

Exercise 6.21. Repeat the above argument near the edge, and show that

(λ1 − 2)− ≺ N−2/3 .

In addition, figure out why we cannot use the same steps to deduce

(λ1 − 2)+ ≺ N−2/3 .

6.6. The complex case

Recall the definition of Wigner matrices from Definition 5.1. The symmetry class of the model
is characterized by the second moment of the off-diagonal entries. More precisely, when H is real
symmetric, we know that

EH2
ij = E|Hij |2 = N−1

for all i 6= j. For the standard complex symmetry class we impose the additional condition

EH2
ij = 0 (6.30)

for all i 6= j. This holds for circular complex Gaussian off-diagonal entries. A general complex
Hermitian Wigner matrix need not satisfy it; its pseudovariance NEH2

ij may be nonzero.
In this section we explain some steps of the proof of Theorem 6.5, under the assumption (6.30).

Our main tool is the following complex version of Lemma 6.11.

Lemma 6.22 (Complex cumulant expansion). Let h be a complex random variable with all its
moments finite. Define its joint cumulants by

C(p,q)(h) ..= cum(h, . . . , h︸ ︷︷ ︸
p times

, h̄, . . . , h̄︸ ︷︷ ︸
q times

),

where cum is defined by the moment–cumulant relations. Let f : C2 → C be a smooth function,
and we denote its holomorphic derivatives by

f (p,q)(z1, z2) ..=
∂p+q

∂z1
p∂z2

q
f(z1, z2) .

Then for any fixed ` ∈ N, we have

Ef(h, h̄)h̄ =
∑̀
p+q=0

1

p! q!
C(p,q+1)(h)Ef (p,q)(h, h̄) +Rl+1 , (6.31)
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given all integrals in (6.31) exists. Here R`+1 is the remainder term depending on f and h, and
for any t > 0, we have the estimate

R`+1 = O(1) · E
∣∣h`+2 · 1{|h|>t}

∣∣ · max
p+q=`+1

∥∥f (p,q)(z, z̄)
∥∥
∞

+O(1) · E|h|`+2 · max
p+q=`+1

∥∥f (p,q)(z, z̄) · 1{|z|6t}
∥∥
∞ .

Let G ≡ G(z) = (H − z)−1 with z ∈ Sτ . Let m,n > 1. For k < l, regard Hkl and Hkl = Hlk as
independent variables in the Wirtinger sense. Then we have the differential rules

∂Gij
∂Hkl

= −GikGlj ,
∂Gij

∂Hkl

= −GilGkj . (6.32)

We can then prove Proposition 6.10 with the aid of Lemma 6.22 and (6.32). The (deterministic)
steps from Proposition 6.10 to Theorem 6.5 are identical to the real symmetric case.

6.7. Outro

In Theorem 6.5, we prove the local semicircle law for the centered model H using Lemma 6.11.
In history, the first proof of Theorem 6.5 was conducted through a more complicated method named
Schur complement, which we will not discuss here. What is only possible with Lemma 6.11 is the
local law for Wigner matrices with arbitrary expectations.

Theorem 6.23. Let H be a Wigner matrix and let A = A∗ be deterministic with ‖A‖ 6 C. Put
W = H +A and G̃ = (W − z)−1, and let M(z) be the solution with positive imaginary part of

I + zM −AM +MM = 0.

On any deterministic spectral domain D on which this matrix Dyson equation is uniformly stable
and ‖M(z)‖ 6 C, for η > N−1+τ we have, uniformly for deterministic ‖B‖ 6 1 and deterministic
unit vectors v,w,

|B(G̃−M)| ≺ 1

Nη
, |〈v, (G̃−M)w〉| ≺ 1

Nη
+

√
ImM

Nη
.

Theorem 6.23 generalizes the local law by allowing test matrices and vectors in the result. In
particular, the second estimate is called the isotropic law, and it controls the matrix G̃−M in the
weak operator sense. For eigenvalues lying in a regular bulk component of the deformed density,
the isotropic law implies

|〈ui,v〉| ≺ N−1/2

for every deterministic unit vector v. This conclusion does not in general hold for outlier eigenvec-
tors created by A.

Beyond the isotropic law, strong-operator convergence must fail on very small scales. For GOE,
take a bulk E and N−1+τ 6 η � N−1/2. With probability tending to one, among the O(Nη)
eigenvalues in [E − η,E + η] there is an index i with |〈ui,v〉| > cN−1/2. Hence

‖(G̃−M)v‖ > c√
N η
−O(1),

which shows that strong-operator convergence fails on such scales.
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To prove Theorem 6.23, the key step is showing

I + zG̃−AG̃+ G̃ G̃ ≈ 0 .

The proof is in fact surprisingly similar to that of Proposition 6.10, as

I + zG̃−AG̃+ G̃ G̃ = HG̃+ G̃ G̃ .
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7 Fluctuations

Let H be a Wigner matrix as in Definition 5.1. Unlike the local law, when we study the eigenvalue
fluctuations, the symmetry class will play a role in the result. For this reason, we set β ≡ β(H) = 1
if EH2

ij = N−1 for all i 6= j (real symmetric case), and β = 2 if EH2
ij = 0 for all i 6= j (complex

Hermitian case).

7.1. Linear eigenvalue statistics

In Sections 7.1 – 7.2, we further assume that H11
d
= · · · d= HNN and Hij

d
= Hi′j′ for all i < j

and i′ < j′. Set

a2 = NEH2
11 , a3 = N3/2EH3

11 , and s4 = N2C4(H12) .

We have the following result.

Theorem 7.1. Let f ∈ C2
c (R) and assume σf > 0. Then

Tr f(H)− µf
σf

d−→ N (0, 1) .

Here

µf
..=N

∫ 2

−2
f(x)ρsc(x)dx− 1

2π

( 2

β
− 1
)∫ 2

−2

f(x)√
4− x2

dx+
1

4

( 2

β
− 1
)

(f(2) + f(−2))

− a2 − 2β−1

2π

∫ 2

−2
f(x)

2− x2

√
4− x2

dx+
s4

2π

∫ 2

−2
f(x)

x4 − 4x2 + 2√
4− x2

dx

(7.1)

and

σ2
f

..=
1

2βπ2

∫ 2

−2

∫ 2

−2

(f(y)− f(x))2

(x− y)2

4− xy
√

4− x2
√

4− y2
dxdy

+
a2 − 2β−1

4π2

(∫ 2

−2
f(x)

x√
4− x2

dx
)2

+
s4

2π2

(∫ 2

−2
f(x)

2− x2

√
4− x2

dx
)2
.

(7.2)

In Theorem 7.1, the leading term of Tr f(H) is N
∫ 2
−2 f(x)ρsc(x)dx, which comes from Wigner’s

semicircle law, and it is of order N . In contrast, the fluctuation of Tr f(H) sits on much smaller
scale 1. In order to reveal it, we also need to identify all O(1) terms on the expectation of Tr f(H).
This leads to the extra terms in µf .

From Lemma 6.19 and (6.23), we see that

Tr f(H)−N
∫
R
f(x)%sc(x)dx =

N

π

∫
C
∂z̄(f̃(z)χ(z))(G(z)−msc(z)) d2z . (7.3)

Using Theorem 6.5 and Lemma 6.20, the contribution from | Im z| 6 N−ε is negligible. Thus it
remains to analyze the fluctuations of G(z)−msc(z) for | Im z| > N−ε.

Here we illustrate on computing the variance for β = 1 (the real symmetric case). As 1+zmsc+
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m2
sc = 0, we have

E|G−msc|2 = E[−msc((z +msc)G+ 1)(G∗ −m∗sc)] = −mscE(HG+mscG)(G∗ −m∗sc)

= −mscN
−1
∑
ij

EHijGji(G
∗ −m∗sc)−m2

scEG(G∗ −m∗sc)

= −mscN
−1
∑̀
s=1

1

s!

∑
ij

Cs+1(Hij)E∂sij(Gji(G∗ −m∗sc))−m2
scEG(G∗ −m∗sc)

=..
l∑

s=1

L(1)
s −m2

scEG(G∗ −m∗sc) ,

(7.4)

where in the third step we used Lemma 6.11 and we ignored the remainder term. Now L
(1)
1 =

−mscN
−1
∑
ij

1 + δij + δij(a2 − 2)

N
E
[
− (1 + δij)

−1
(
(GiiGjj +GjiGji)(G

∗ −m∗sc) + 2GjiN
−1(G∗2)ji

)]
= mscN

−2
∑
ij

E
[(

(GiiGjj +GjiGji)(G
∗ −m∗sc) + 2GjiN

−1(G∗2)ji
)]

+ (a2 − 2)mscN
−2
∑
i

E(2G2
ii(G

∗ −m∗sc) + 2N−1Gii(G
∗2)ii) =.. L

(1)
1,1 + L

(1)
1,2 .

We have

L
(1)
1,1 −m

2
scEG(G∗ −m∗sc)

= mscE(G2 +N−1G2)(G∗ −m∗sc) + 2mscN
−2EGG∗2 −m2

scEG(G∗ −m∗sc)
= mscEG|G−msc|2 +mscN

−1EG2(G∗ −m∗sc) + 2mscN
−2EGG∗2

= m2
scE|G−msc|2 +mscm

′
scN

−1E(G∗ −m∗sc) + 2mscN
−2E

[
G−G∗

(z − z∗)2
− G∗2

z − z∗

]
+O(N−3+10ε)

= m2
scE|G−msc|2 +mscm

′
scN

−1E(G∗ −m∗sc) + 2mscN
−2E

[
msc −m∗sc
(z − z∗)2

− m′sc
z − z∗

]
+O(N−3+10ε)

=.. m2
scE|G−msc|2 + L

(1)
1,1,1 + L

(1)
1,1,2 +O(N−3+10ε)

Here in the second step we used a cancellation between the first and last term, and in the third
step we used (6.17) and

G2 −m′sc ≺
1

Nη2
,

which is an easy consequence of Theorem 6.5 and Cauchy integral formula. Similarly, by Theorem
6.5 we have

L
(1)
1,2 = (a2 − 2)

(
m3
scN

−1E(G∗ −m∗sc) +N−2m2
scm

′
sc

)
+O(N−5/2+10ε)

=.. L
(1)
1,2,1 + L

(1)
1,2,2 +O(N−5/2+10ε)

Plugging in the results for L
(1)
1,1 and L

(1)
1,2 into (7.4) yields the self-consistent equation

E|G−msc|2 = (1−m2
sc)
−1
(
L

(1)
1,1,1 + L

(1)
1,1,2 + L

(1)
1,2,1 +O(N−5/2+10ε) +

l∑
s=2

L(1)
s

)
= (1−m2

sc)
−1
(
L

(1)
1,1,1 + L

(1)
1,1,2 + L

(1)
1,2,1 +

l∑
s=2

L(1)
s

)
+O(N−5/2+11ε) ,

(7.5)
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where in the second step we used

|1−m2
sc|−1 6

1√
|E2 − 4|+ η

.

In (7.5), L
(1)
1,1,1 corresponds to the second and third term on RHS of (7.1), L

(1)
1,1,2 corresponds to

the first term on RHS of (7.2), L
(1)
1,2,1 corresponds to the fourth term on RHS of (7.1), and L

(2)
1,2,2

corresponds to the second term on RHS of (7.2).

The term L
(1)
2 is negligible for linear eigenvalue statistics, as by (6.16), the indices i and j will

appear odd many times in all the resulting terms, which leads to smaller bounds. Vaguely speaking,
we have ∑

ij

G2
ij = TrG2 ∼ N while

∑
ij

G3
ij ∼

∑
i,j

δij = N .

Of course, to prove that L
(1)
2 is indeed small needs some work (which means more expansions). We

omit the details here.
In L

(1)
3 , there will be terms that only contain the diagonal entries of G, i.e.Gii and Gjj . These

are again leading terms which contribute to the last terms on (7.1) and (7.2).

Remark 7.2. (i) By far we have talked about how to compute E|G − msc|2, but actually the
argument works for E(G −msc)

n(G∗ −m∗sc)m for all m,n > 1. If we can computed, then we get
Nη(G −msc) converges to a complex Gaussian random variable (complex Gaussian distributions
are uniquely determined by moments).

(ii) One can then further use (7.3) and compute the arbitrary moment of the linear statistics,
and conclude the proof of Theorem 7.1. This would bring an extra difficulty of involving Green
functions with different z. Nevertheless, the computation follows the same spirit.

(iii) We will give no more details for how to prove Theorem 7.1. One reason is that to not make
the whole thing too computational-oriented. A more important reason is, if you are interested,
with the information we provide in Section 6, and Section 7 so far, you can actually proceed the
computation yourself: although it is about some current research topic, the tool we have been using
are quite elementary (calculus, linear algebra, complex variables...). I trust that motivated readers
have the ability to go on their own.

You are also encouraged to try computing E|G−msc|2 for the complex case β = 2 using Lemma
6.22, and see how the variance depends on β.

7.2. Convergence rate

Let us discuss the convergence rate of the linear statistics. Before diving into the details, let us
look at a few examples. For a random variable X, we abbreviate 〈X〉 ..= X − EX. Let

hij ..=
√
NHij ,

so that (hij)16i,j6N are order 1 random variables.

Example 7.3. Recall the Kolmogorov-Smirnov distance ∆ from (3.9).

(i) Let f(x) = x. Then

Tr f(H) = TrH =
h11 + · · ·+ hNN√

N

d→ N (0, σ2
1) =.. Z1 .
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By Theorem 3.11,
∆(Tr f(H), Z1) = O(N−1/2) .

From Remark 3.19, we know that the above rate is sharp. However, one may argue that it is
a special case, as only the diagonal entries of H are involved.

(ii) Let f(x) = x2. Then

Tr f(H) = TrH2 =

N∑
ij=1

h2
ij

N
.

After summing only over the independent upper-triangular entries, this is a sum of order N2

independent terms. Provided the limiting variance is nonzero (in particular, the off-diagonal
squares are not deterministic), the CLT and Berry–Esseen heuristic lead to

〈Tr f(H)〉 ..= Tr f(H)− ETr f(H)
d→ N (0, σ2

2) =.. Z2 , and ∆(〈Tr f(H)〉, Z2) = O(N−1) .

So one may think that only the trivial case gives a weak rate O(N−1/2), and all other cases
have the stronger rate O(N−1). However, this is not the case.

(iii) Let f(x) = x3. Then

Tr f(H) = TrH3 = N−3/2
∑
ijk

hijhjkhki = N−3/2
∑
ij

hijhjihii + · · ·

Note that uniform-moment concentration gives N−1
∑

j hijhji = 1 + oP(1); thus TrH3 con-

tains contributions proportional to N−1/2
∑

i hii = TrH, which converges to Z1 with rate
O(N−1/2). In fact, this slow rate appears in all TrH2k+1 for k ∈ N.

The above example shows that there is a “trace part” of the linear statistics which contributes
to the slow convergence rate O(N−1/2). We are then motivated to identify this slow converging
part explicitly and remove it, in order to get a universal rate O(N−1).

For a test function f , define

τf
..=

1

π

∫ π

−π
f(2 cos θ) cos θdθ =

1

π

∫ 2

−2

f(x)x√
4− x2

dx ,

and we set the parameter

X ≡ X (f, γ,H) ..=

{
0 if (1− γ)τfEh3

11 = 0

1 otherwise .
(7.6)

Recall µf , σf from (7.1) and (7.2), and define the refined centering

µ
(N)
f

..= µf +
a3

4π
√
N

∫ 2

−2
f(x)

x3 − 2x√
4− x2

dx.

For fixed γ ∈ R, put

σ2
f,γ

..= σ2
f +

a2

4

(
(1− γ)2 − 1

)
τ2
f .

Recall the Kolmogorov-Smirnov distance from (3.9).
Since the result for linear function f(x) = ax + b follows from Theorem 3.11, we exclude this

trivial case from our discussion. We have the following result.
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Theorem 7.4. Fix γ ∈ R. Let f ∈ C5(R) be independent of N , have admissible growth, and be
non-linear. Define

Zf,γ ..=
Tr f(H)− µ(N)

f − 1
2γτf TrH

σf,γ
. (7.7)

Let Z ∼ N (0, 1). Then for every fixed ε > 0,

∆(Zf,γ , Z) 6 Cf,γ,ε
(
XN−1/2+ε +N−1+ε

)
.

Remark 7.5. The definition of X in (7.6) singles out three cases. If γ = 1, the full diagonal
component 1

2τf TrH is removed and the rate is O(N−1+ε). If γ 6= 1 but τf = 0, the same rate holds;
this includes the toy case f(x) = x2. Finally, if (1 − γ)τf 6= 0, the remaining diagonal component
generally produces the slower O(N−1/2+ε) rate. When Eh3

11 = 0, the smoothing supplied by the
off-diagonal component improves the rate again to O(N−1+ε).

We also have a companion result on the lower bound. Define

fγ(x) ..= f(x)− 1

2
γτfx, Z̊f,γ ..=

Tr fγ(H)− ETr fγ(H)√
Var(Tr fγ(H))

.

For the lower bound of the convergence rate, we study the above quantity with mean 0 and
variance 1, instead of Zf,γ in (7.7). Otherwise, one needs to exclude the possibility that the bias of
the centralization or the scaling may be responsible for the lower bound of the convergence rate.

Theorem 7.6. Let us adopt the assumptions of Theorem 7.4. In addition, assume that f is analytic
in a neighborhood of [−2 − δ, 2 + δ] for some δ > 0 and has at most polynomial growth. Assume
also that the diagonal entries match the corresponding GOE/GUE entries through order two and
the off-diagonal entries through order four. We have

EZ̊3
f,γ = (Var(Tr fγ(H)))−

3
2

(
− 1

8
(1− γ)3τ3

fEh3
11N

− 1
2 + τ ′f,γ,βN

−1
)

+O(N−
3
2 ) . (7.8)

Here τ ′f,γ,β is a constant which is non-zero for most f 6. As a consequence, for any fixed ε > 0, we
have

∆(Z̊f,γ , Z) > C ′f,ε

(
XN−1/2−ε + |τ ′f,γ,β |N−1−ε

)
(7.9)

for some constant C ′f,ε > 0.

We will only say a few words about the proof of Theorem 7.4: it makes use of Lemma 3.15, the
Esseen’s inequality. We get the rate of O(N−1+ε) by estimating the characteristic function of Zf,γ
for T = N1−ε. Of course, the detailed computation involves the usual Green function approach,
cumulant expansion, as well as Lemma 6.19. In practice, Theorem 7.4 should hold even with the
rate O(N−1), but we were unable to estimate the characteristic function for t � N .

6The detailed formula of τ ′f,γ,β can be found in [2, Theorem 1.5].
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7.3. Mesoscopic statistics

In Sections 7.1 – 7.2, we consider the object Tr f(H), where f is a function independent of N .
One can imagine that for most of those f , all eigenvalues of H are relevant in the linear eigenvalue
statistics. In other words, Tr f(H) concerns the global spectrum, and it is thus called macroscopic
statistics.

Similar to the local law, we also have the “local” version of the linear statistics. Let f be a
function independent of N , and we assume that f vanishes at infinity. Let E ∈ R and η > 0. The
mesoscopic linear statistics consider the fluctuation of the object

Tr fη(H) ..= Tr f
(H − E

η

)
where η > N−1+τ for some fixed τ > 0. We have the following result.

Theorem 7.7. Fix 0 < τ < 1/2. Let f ∈ C2
c (R). Let E ∈ [−2 + τ, 2− τ ]. Then

Tr fη(H)−
∫
R
Nfη(x)%sc(x)dx

d−→ N
(
0, V (f)

)
(7.10)

for any η ∈ [N−1+τ , N−τ ]. Here

V (f) ≡ V (f, β) ..=
1

2βπ2

∫
R2

(f(x)− f(y)

x− y

)2
dxdy .

Notice that the RHS of (7.10) is independent of η and E: it gives the same result as long as we
are in the mesoscopic scale. To see why this is the case, simply observe that

V (fη) =
1

2βπ2

∫
R2

(f((x− E)/η)− f((y − E)/η)

x− y

)2
dxdy =

1

2βπ2

∫
R2

(f(x)− f(y)

x− y

)2
dxdy = V (f).

Comparing V (f) and σ2
f in Theorem 7.1, we see that in the mesoscopic scale, we no longer have

the contribution from the diagonal entries of the fourth cumulant. In addition, as x and y are very
close in the expression of V (fη), the factor

4− xy
√

4− x2
√

4− y2

in the first term of σ2
f is also gone. You can imitate the argument in Section 7.1 yourself to see

why this is the case.
As a special class of test functions, we also have the CLT for the trace of the Green functions.

Theorem 7.8. Fix τ > 0. Let G(z) = (H − z)−1. Assume z = E + iη, E ∈ [−2 + τ, 2 − τ ], and
η ∈ [N−1+τ , N−τ ]. Then

Nη(G−msc)
d−→ NC

(
0,

1

2β

)
.

There is one more thing that we can talk about in the mesoscopic case. In Theorems 7.7 and
7.8, we cover the cases EH2

ij = N−1 (real symmetric, β = 1), and EH2
ij = 0 (complex Hermitian

case, β = 2). It is then natural consider the case EH2
ij = aN−1 for a ∈ [0, 1]: let H1 be a real

symmetric Wigner matrix and let H2 be an independent complex Hermitian Wigner matrix. What
is the mesoscopic behavior of

H =
√
aH1 +

√
1− aH2?

92



At what value of a will the result transits from GUE statistics to GOE statistics? What happens
at the transition period?

Surprisingly, the next result shows the transition a depends on the scale η at which you look!
It happens sharply at 1− a ∼ η (implicitly, this means a depends on N).

Theorem 7.9. Fix τ > 0. Let f ∈ C2
c (R). Let E ∈ [−2 + τ, 2− τ ] and η ∈ [N−1+τ , N−τ ]. Assume

EH2
ij = aN−1 for all i 6= j, where a ∈ [0, 1]. Suppose

√
4− E2(1− a)

η
−→ b ∈ [0,∞]

as N →∞, then

Tr f
(H − E

η

)
− ETr f

(H − E
η

)
d−→ N

(
0, Vb(f)

)
as N →∞. Here

Vb(f) ..=
1

4π2

∫
(f(x)− f(y))2

(
1

(x− y)2
+

(x− y)2 − b2(
(x− y)2 + b2

)2) dx dy .

For b =∞, the notation means

V∞(f) ..=
1

4π2

∫
R2

(f(x)− f(y))2

(x− y)2
dx dy.

Theorem 7.9 shows that we have the GOE statistics only when 1− a� η, i.e. the matrix H is
very close to a real symmetric one. As long as 1− a� η, we jump to the GUE statistics. This is
quite surprising: the component

√
1− aH2 starts to dominate when

√
1− a� √η.

The underling reason for this phenomenon can be understood from the perspective of Dyson
Brownian Motion. Let (λi(0))Ni=1 be the eigenvalues of a Hermitian matrix H0. Consider the system
of stochastic ODE

dλi =

√
2

Nβ
dBi−

1

2
λidt+

1

N

∑
j 6=i

dt

λi − λj

for i = 1, 2, ..., N , where β = 1, 2, and Bi are standard Brownian motions. In this case, (λi(t))
N
i=1

are the eigenvalues of

Ht
..=
√

e−tH0 +
√

1− e−tV ≈
√

1− tH0 +
√
tV if t� 1 .

Here V is independent of H0, and it is GOE for β = 1, and V is GUE for β = 2. In the case
that H0 is a real symmetric Wigner matrix and V is GUE, at the spectral scale N−1 6 η � 1, the
Dyson Brownian Motion reaches equilibrium whenever t� η.

7.4. Microscopic statistics

I think anyone who reads to this point can imagine that for Wigner matrices, it is very hard to
compute anything about the local eigenvalue statistics, i.e. things happen on scale N−1. However,
more can be done for Gaussian matrices. For the unordered eigenvalues µ1, . . . , µN of GOE/GUE,
the joint eigenvalue density is explicitly given by

pN (µ1, ..., µN ) =
1

Zβ,N

∏
i<j

|µi − µj |βe−
βN
4

∑
k µ

2
k (7.11)
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(as always, β = 1 corresponds to GOE. and β = 2 corresponds to GUE), direct computation is
possible for this special case. Here are a few things that we know about Gaussian Ensembles. The
two-point correlation function is defined as

p
(2)
N (x1, x2) =

N !

(N − 2)!

∫
RN−2

pN (x1, x2, µ3 ..., µN )dµ3 · · · dµN ,

which can thought as the eigenvalue density of the matrix at points x1, x2. As we are interested
the local behavior, we define the 2-point correlation function as

pE(u, v) ..=
1

(N%sc(E))2
p

(2)
N

(
E +

u

N%sc(E)
, E +

v

N%sc(E)

)
.

Theorem 7.10. Fix τ > 0. For GOE and GUE, we have limN→∞ pE(u, v) = Yβ(|u − v|) for all
E ∈ [−2 + τ, 2− τ ], where r > 0 and

Y2(r) ..= 1− s(r)2, Y1(r) ..= 1− s(r)2 − s′(r)
∫ ∞
r

s(v)dv, s(r) =
sinπr

πr
. (7.12)

We can also talk about the fluctuation of individual eigenvalues. Let us start with bulk ones.
From now on, write µ1 > · · · > µN for the ordered Gaussian eigenvalues.

Theorem 7.11. Fix τ > 0. Let γi be the typical location of µi on the semicircle. Then for all
i ∈ [τN, (1− τ)N ], we have

µi − γi√
4 logN

(4−γ2i )βN2

d−→ N (0, 1) . (7.13)

The extra
√

logN in the fluctuation of µi can roughly be understood through the “pushing” of
its massive number of right and left eigenvalues. For edge eigenvalues, we no longer have this extra
factor.

Theorem 7.12. We have

N2/3(µ1 − 2)
d−→ TWβ ,

where TWβ is the Tracy-Widom distribution [12]. Similar results holds for all µk if min{k,N − k}
is bounded.

We also have results on the eigenvalue fluctuations near the edge.

Theorem 7.13. Let i→∞ and i/N → 0 as N →∞. Then

c
µi − γi

(log i)1/2N−2/3i−1/3

d−→ N (0, 1) ,

where c =
√
β (3π/2)1/3.

All the above results are essentially explicit computations based on (7.11). Luckily, we have the
following generalization.

Theorem 7.14. The eigenvalue-fluctuation conclusions of Theorems 7.11–7.13 remain valid for
Wigner matrices in the same symmetry class. The local correlation conclusion of Theorem 7.10
holds weakly: the rescaled two-point correlation measures converge after integration against every
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test function in C∞c (R2). For ensembles whose eigenvalues possess a joint density, this is distribu-
tional rather than automatically pointwise convergence of the corresponding densities.

In addition, if we denote the eigenvalues of a Wigner matrix by λ1 > . . . > λN . Fix τ > 0. For
all i ∈ [τN, (1− τ)N ] and f ∈ C∞c (R), we have

lim
N→∞

[
Ef
(
N%sc(γi)(µi − µi+1)

)
− Ef

(
N%sc(γi)(λi − λi+1)

)]
= 0 .

The actual formula of the gap distribution is quite nasty and we omit here. You can think that
they are approximately πs

2 e−πs
2/4 for β = 1 and 32s2

π2 e−4s2/π for β = 2.7

We conclude this Section on some rough ideas about how Theorem 7.14 was proved. Let H be
a real symmetric Wigner matrix with eigenvalues λ1 > · · · > λN . The proof goes in three steps.

(i) Local density law: for all Wigner matrices we have

max
i
|λi − γi| = O(N−c) (7.14)

for some fixed c > 0.

(ii) Let V be a GOE independent of H. Show that for any fixed ε > 0,
√

1−N−1+εH +
N−1/2+ε/2V has the same microscopic statistics as GOE.

(iii) Remove the small GOE component.

Here Step (i) is what we discussed in Section 6. For Step (ii), we consider the Dyson Brownian
motion

dλi(t) =

√
2

N
dBi−

1

2
λi(t)dt+

1

N

∑
j 6=i

dt

λi(t)− λj(t)

for i = 1, 2, ..., N . Here λi(0) = λi. Then (λ1(t), ..., λN (t)) are the eigenvalues of

Ht
..=
√

e−tH +
√

1− e−tV ≈
√

1− tH +
√
tV if t� 1 .

Provided that initially the particles are close to their typical location (7.14), it can be shown that
for spectral statistics at scale η, Ht will reach equilibrium H∞ = V as long as t� η. For t = N−1+ε

this gives H̃ =
√

1−N−1+εH+N−1/2+ε/2V , which has GOE microscopic statistics. Step (iii) then
compares H with H̃ and removes the small Gaussian component.

Step (iii) is a Lindeberg replacement method, similar to the second proof of Theorem 3.1. Recall
in Theorem 3.1, we replaced N random variables X1, ..., Xn one by one by standard Gaussian, using
a matching of their first two moments. Here we need to replace O(N2) many random variables,
namely (Hij)16i6j6N . The replacement works since in addition to the first two moment matching,
we also have

EH̃3
ij = EH3

ij +O(N−5/2+ε) and EH̃4
ij = EH4

ij +O(N−3+ε) .

7This was calculated by Wigner for 2 × 2 matrices. So we are basically claiming something like π is roughly 3,
which is more than 95% accurate.
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8 Collection of other results

8.1. Random graphs

8.1.1. The Erdős-Rényi graph. Arguably the simplest graph model is the Erdős-Rényi graph
G(N, p). It is a simple, undirected graph with N vertices, and every edge is connected with proba-
bility p, completely independent of other edges. Below is a simulation of the model when N = 100
and p = 0.36.

As in the context of random matrix theory, here N is our fundamental large parameter, and we
are interested in the case when N is large. The connecting probability p also could depend on N ,
and as we shall see, the most interesting case is when p→ 0 as N →∞.

Let A = AT = {0, 1}N×N be the adjacency matrix of the graph. For a simple graph, Aii = 0,
while the entries Aij , i < j, are independent and satisfy

Aij =

{
1 with probability p ;

0 with probability 1− p .

For numerical convenience, we consider the rescaled matrix

A ..=
1√

Np(1− p)
A

so that Var(Aij) = N−1. We further write

A = H+

√
Np

1− p
|e〉〈e| −

√
p

N(1− p)
I

so that H is a centered matrix. As VarHij = N−1 for i 6= j, the typical size of Hij is of order
O(N−1/2), while

EAij =

√
p

N(1− p)
� N−1/2
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when p � 1. What is large, when Np → ∞, is the operator norm
√
Np/(1− p) of the rank-one

part of the expectation. It creates one outlier, while Cauchy interlacing controls the remaining
eigenvalues.

Lemma 8.1 (Cauchy interlacing). Let λ̂1 > · · · > λ̂N and λ1 > · · · > λN be the eigenvalues of A
and H respectively. Then

λ̂i+1 + cN 6 λi 6 λ̂i + cN , cN =

√
p

N(1− p)

for all i = 1, 2, ..., N − 1.

Proof. Apply the Courant–Fischer min–max principle to the positive rank-one perturbation A +
cNI = H + f |e〉〈e|, where f =

√
Np/(1− p). It gives λi(A+ cNI) > λi(H) and λi+1(A+ cNI) 6

λi(H), proving the claim.

Lemma 8.1 tells that interlacing controls the non-outlier eigenvalues, and thus in many situa-
tions, studying H already gives us a lot of information about A. Let us examine what properties
the entries of H have. By construction, EHij = 0 and EH2

ij = N−1 for i 6= j, which match the case
of Wigner matrices. However, for p 6 1/2, we have

EHkij = Ok

( 1

N · (Np)(k−2)/2

)
= O

( 1

Nk/2p(k−2)/2

)
for all k > 3. So for p � 1, the higher moments of H decays much slower compared to Wigner
matrices. This is the key new property that we see for sparse random graphs.

Before we proceed further, we need to answer one question: how small can p get? Certainly p
cannot be e−N , where all entries of A will be 0 with very high probability. A slightly more careful
examination shows that the threshold is logN/N : if p 6 (1 − ε) logN/N , then there will be a
probability 1 − o(1) that the graph has an isolated vertex. In this case, a row and column of A
is zero, and A has an eigenvector localized in one atom (see e.g. [10, Proposition 5.9]). This is
fundamentally different from the eigenvector delocalization for Wigner matrices Corollary 6.8, and
the behavior of the eigenvectors also change. In these notes, we consider the supercritical regime
p > (1 + ε) logN/N , or the more restrictive polynomial regime p > N−1+ε. We have the following
result.

Theorem 8.2. Fix ε > 0. When N−1+ε 6 p 6 1/2, the bulk gap statistics of H (and of the non-
outlier spectrum of A) converge to their GOE counterparts. The corresponding rescaled correlation
measures converge weakly against smooth compactly supported test functions; no pointwise joint
density is asserted for the Bernoulli ensemble.

On the other hand, the fluctuations of individual eigenvalues are not universal.

Theorem 8.3. Fix ε > 0 and let N−1+ε 6 p 6 N−ε. If i ∈ [εN, (1/2−ε)N ]∪[(1/2+ε)N, (1− ε)N ],
we have

λ̂i − Eλ̂i
γi

√
1
2EH

4
12

d−→ N (0, 1) . (8.1)

If i/N → 1/2, we have

λ̂i − Eλ̂i√
EH4

12

d−→ 0 .

Analogue results also hold for λi.
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Theorem 8.3 shows that the bulk eigenvalues of sparse matrices fluctuate on the scale
√
EH4

12 �
1

N
√
p . The reason that we have this non-universal contribution is quite simple: 1

N
√
p �

√
logN
N as

long as p 6 N−ε. In other words, the slow decay of higher moments creates a large oscillation that
outscales the

√
logN/N Gaussian fluctuation scale in the GOE bulk.

The edge statistics of sparse matrices are more dedicated and much more important. We have
the following rather trivial estimate on the largest eigenvalue of A.

Lemma 8.4. Fix ε > 0 and let N−1+ε 6 p 6 1/2. We have

λ̂1 =

√
Np

1− p
(1 + o(1))

with very high probability.

In particular, the above result shows that the largest eigenvalue of A sits very far away from the
rest of the spectrum. One of the prominent problem in graph theory is the distribution of λ1− λ2,
the spectral gap, which contains the information of the connectivity of the graph. If λ1 = λ2, the
the graph is disconnected, and if the spectral gap is large, the graph is very-well connected. The
spectral gap if Erdős-Rényi graphs is now well understood after a series of works in 2011-2022.

Theorem 8.5. Fix ε > 0 and let N−1+ε 6 p 6 1/2.

(i) When N−2/3+ε 6 p 6 1/2, we have

N2/3
(
λ̂2 − Eλ̂2

) d−→ TW1 .

In other words, we have edge universality.

(ii) When N−1+ε 6 p 6 N−2/3−ε, we have

λ̂2 − Eλ̂2√
2EH4

12

d−→ N (0, 1) . (8.2)

One might now notice the similarities between (8.1) and (8.2): in fact, they have the same
source. Let

Z ..=
1

N
TrH2 − 1 .

It is not hard to see that, in the sparse range N−1+ε 6 p 6 N−2/3−ε,

Z√
2EH4

12

d−→ N (0, 1) , and
√

EH4
12 �

1

N
√
p
.

What was actually proved is, when N−1+ε 6 p 6 N−2/3−ε,∣∣∣λ̂i − Eλ̂i −
γi
2
Z
∣∣∣ ≺ 1

N1+δ√p
for all i = 2, 3, ..., N . Let us interpret the meaning of Z. Recall thatH was made from the adjacency
matrix A through normalization and centering. So the fluctuation of Z is proportional to that of

TrA2 =
∑
ij

AijAji =
∑
ij

Aij , (8.3)

which is nothing but the total degree of the graph.
Beyond the leading fluctuation, there is still a good interest to identify all the noise random

variables and recover the Tracy-Widom distribution. We have the following result.
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Theorem 8.6. For N−1+ε 6 p 6 1/2, we can find an explicit random variable X such that

lim
N→∞

P
(
N2/3

(
λ̂2 − Eλ̂2 −X

)
6 s
)

= F1(s) .

The first centered correction is the quadratic statistic

Z◦ =
1

N

∑
i,j

(
H2
ij − EH2

ij

)
= Z +

1

N
,

where the last identity uses the zero diagonal convention for H. Higher corrections are explicitly
computable centered polynomials in the entries; their exact formulas depend on the chosen diagonal
convention, so we do not display them here. These corrections occur on successively smaller sparse
scales and can involve graph statistics beyond the degree sequence. When p = N−1+ε with small
ε > 0, finitely many such corrections may remain larger than the Tracy–Widom scale.

Currently, it is still a mystery what X (and also Eλ2) look like when p is close to N−1. However,
there is another graph model that always have the Tracy-Widom law near the edge.

8.1.2. Random regular graph. A d regular graph on N vertices is a simple graph that all
vertices have degree d. Given integers N, d, there are finitely many such graphs. A random regular
graph Gd(N) is an ensemble that takes a uniform probability measure on all d regular graph on N
vertices.

As always, d is a quantity that can depend on N . Naively, we have the range d ∈ {1, 2, ..., N−1}.
For N > 2, a 1-regular graph is disconnected, while a 2-regular graph is a union of cycles and is
typically disconnected; these low-degree cases have special behavior. Such a graph exists only when
Nd is even. Using complementation, it suffices to focus on 3 6 d 6 (N − 1)/2.

We have the following result.

Theorem 8.7. Assume 3 6 d 6 N/2, and let Ã be the adjacency matrix of Gd(N). Let d = λ̃1 >
λ̃2 > · · · > λ̃N be the eigenvalues of Ã. We have(

d(d− 1)

(d− 2)2
N

)2/3( λ̃2 + d/N

(d− 1)(N − d)/N
− 2

)
d−→ TW1

as N →∞.

Theorem 8.7 was proved very recently (December 2024).8 Although the result has a rather
complicated dependence on d, it is at the same time completely explicit and uniform: the fluctuation
is universal as long as d > 3. In addition, one can check that the terms in X that we found out in
Theorem 8.6 are all deterministic for random regular graphs.

8Technically speaking, the regimes N1/3−ε 6 d 6 N2/3+ε and C � d � Nε is still undone, but we believe that
they can be proved using the techniques developed in the extreme regimes.
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We close the discussion here with some initial ideas of how to handle this model. It is clear that
the cumulant expansion, Lemma 6.11, which can be used for Wigner matrices and Erdős-Rényi
graphs, no longer works for random regular graphs: the entries of Ã are highly dependent.

The method that overcomes this obstacle is switching, or sometimes called local resampling.
Here we illustrate the method in the regime N τ 6 d 6 N2/3−τ for some fixed τ > 0. In this regime,
one can show that the empirical eigenvalue density of Ã/

√
d− 1 converges weakly to the semicircle

density on [−2, 2]. Let us define the Green function via G̃(z) ..= (Ã/
√
d− 1− z)−1. Then

E
[
δij + zG̃ij + G̃ijG̃

]
=

1√
d− 1

∑
k

EÃikG̃kj + EG̃ijG̃ .

Similar to the Wigner case, where we needed to compute EHijF (H), where F consists of the Green

function of H, here we need to compute EÃijF (Ã). It is not hard to show that

EÃijF (Ã) =
1

N − d
∑
k

EÃij(1− Ãik)F (Ã) =
1

(N − d)d

∑
kl

EÃij(1− Ãik)ÃklF (Ã)

=
1

(N − d)d

∑
kl

EÃij(1− Ãik)Ãkl(1− Ãjl)F (Ã) + error

=
1

(N − d)d

∑
kl:i,j,k,l distinct

EÃij(1− Ãik)Ãkl(1− Ãjl)F (Ã) + error .

Here in the third step we made use of the bound d 6 N2/3−τ . Now for indices i, j, k, l, we define
the signed adjacency matrices

(∆ij)xy ..= δixδjy + δiyδjx , ξklij = ∆ij + ∆kl −∆ik −∆jl .

Since we are taking the uniform measure on all d-regular graphs on vertices, we can perform the
following switching.

Lemma 8.8. Let i, j, k, l be distinct indices. Let F be a function which depends on the random
graph Ã, and possibly on the indices i, j, k, l. We have

EÃij(1− Ãik)Ãkl(1− Ãjl)F (Ã) = EÃik(1− Ãij)Ãjl(1− Ãkl)F (Ã+ ξklij ) ,

where ξklij is defined in the preceding display.

Lemma 8.8 is the fundamental formula that we use to generate non-trivial transformations in
our equation, so that the computations concerning the random regular graphs can proceed. To see
why it is true, you can refer to the following picture.

Of course, there is still a long way to go before we can prove Theorem 8.7. We do not pursue
this here.
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8.2. Eigenvector distributions

Recall that a GOE can be written as

Ho =
O +OT√

2N
,

where O ∈ RN×N is a matrix with i.i.d. standard Gaussian entries. It is easy to see that GOE is
orthogonal invariant, meaning

BTHoB
d
= Ho

for any orthogonal matrix B. After multiplying each eigenvector by an independent Rademacher
sign, a GOE eigenvector is uniform on SN−1; equivalently,

u
d
=

g

‖g‖2
, (8.4)

where g denotes the standard Gaussian vector in RN . Consequently, any fixed number of coordi-
nates of

√
N u converge jointly to independent standard Gaussians. Now the natural question is,

what happens to a general Wigner matrix?

We henceforth multiply every real eigenvector by an independent Rademacher sign, independent
of the matrix, unless a different sign convention is stated explicitly.

Theorem 8.9. Let H be a real symmetric Wigner matrix with eigenvalues λ1 > · · · > λN and
associated eigenvectors u1, ....,uN ∈ SN−1. For any deterministic sequences i = iN and j = jN in
{1, . . . , N}, we have

√
Nui(j)

d−→ N (0, 1)

as N →∞.

Beyond entrywise convergence, the corresponding one-dimensional projection limit holds for
Wigner matrices in every deterministic direction.

Theorem 8.10. Let us adopt the assumptions of Theorem 8.9. Let v = vN ∈ SN−1 and i = iN ∈
{1, . . . , N} be deterministic sequences. Then

√
N〈v,ui〉

d−→ N (0, 1)

as N →∞.

We can even go further than Theorem 8.10. Observe

〈
√
Nui,v〉2 = 〈

√
Nui,M

√
Nui〉

d
≈ N (0, 1)2 ,

where M = vvT ∈ RN×N is of rank 1. What if M =
∑

k µkvkv
T
k is of high rank? In this case

〈
√
Nui,M

√
Nui〉 =

∑
k

µk〈
√
Nui,vk〉2 ,

and the following result, known as fluctuations of quantum ergodicity, gives a CLT of the CLT.
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Theorem 8.11. Let us adopt the assumptions of Theorem 8.9. Assume in addition that the off-
diagonal entries of H are identically distributed, as are its diagonal entries. Let M = MN ∈ RN×N
be deterministic and real-symmetric. Fix δ ∈ (0, 1/2) and K ∈ N, and let i = iN be deterministic
with either δN 6 i 6 (1− δ)N or min{i,N + 1− i} 6 K. Suppose TrM2 > N ε‖M‖2 > 0 and M
is traceless. Then we have

1√
2 TrM2

〈
√
Nui,M

√
Nui〉

d→ N (0, 1) . (8.5)

The assumption TrM2 > N ε‖M‖2 > 0 essentially says M has large, even full rank. The
traceless condition on M does nothing but removing the mean 〈ui, Iui〉 = 1.

One can also talk about the eigenvectors of sparse matrices.

Theorem 8.12. Let A,H be as in Section 8.1, with eigenvectors û1, ..., ûN and uH1 , ...,u
H
N respec-

tively. Suppose that N−1+τ 6 p 6 1/2 for some fixed τ > 0. Fix δ ∈ (0, 1/2) and K ∈ N, and
define the source-supported index sets

IH ..= {i : δN 6 i 6 (1− δ)N} ∪ {1, . . . ,K} ∪ {N −K + 1, . . . , N},
IA ..= {i : δN 6 i 6 (1− δ)N} ∪ {2, . . . ,K + 1} ∪ {N −K + 1, . . . , N}.

(i) Theorems 8.9 and 8.10 remain valid for uHi for every deterministic sequence i = iN ∈ IH.

(ii) Theorem 8.9 remains valid for ûi for every deterministic sequence i = iN ∈ IA; it does not
apply to the outlying top eigenvector û1.

(iii) Let e = N−1/2(1, 1, ..., 1) ∈ SN−1 and let v = vN ∈ SN−1 be deterministic such that e ⊥ v.
Then √

N〈v, ûi〉
d−→ N (0, 1)

for every deterministic sequence i = iN ∈ IA. In addition,

max
i=2,...,N

|〈e, ûi〉| ≺
1

N
√
p

and 1− 〈e, û1〉 ≺
1

Np
.

In the last estimate the sign of û1 is chosen so that 〈e, û1〉 > 0.

Theorem 8.12 (iii) shows that, the eigenvectors û2, ..., ûN are almost orthogonal to e. The
reason is quite simple:

EA =

√
Np

1− p
|e〉〈e| −

√
p

N(1− p)
I

whose rank-one part is very large; the scalar part does not change eigenvectors. This makes û1

very close to e.

8.3. The non-Hermitian case

By far we have only talked about Hermitian random matrices, and it is generally perfectly
nature to also consider non-Hermitian ones.

Let Q ∈ CN×N be a random matrix with i.i.d. entries, and

EQij = 0, E|Qij |2 = N−1, E|Qij |k 6 CkN
−k/2
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for all k > 3. Let θ1,...,θN be the eigenvalue of Q. As the eigenvalues are now in general complex,
we need to compute the joint complex moments in order to extract useful information. However,∑

i

θmi θ
n
i 6= TrQmQ

n
,TrQmQ∗n .

The reason is quite simple: Q,Q,Q∗ do not have the same set of eigenvectors.
It took mathematicians many years to figure out how to study the eigenvalues of non-Hermitian

random matrices. In the 1980s, Girko came up with the following simple idea.

Theorem 8.13 (Girko Hermitization). For a non-Hermitian matrix Q, let us define its shifted
Hermitization by

Sz ..=

(
0 Q− z

Q∗ − z 0 .

)
∈ C2N×2N

Then for any f ∈ C∞c (C),∑
i

f(θi) =
i

4π

∫
C

∆f(z)

∫ ∞
0

[
Tr(Sz − iη)−1 − 2N iη

1 + η2

]
dη d2z.

Proof. Our starting point is the potential identity ∇2 log |z| = 2πδ0, and as a result,∫
C

log |θi − z|∇2f(z)d2z = 2πf(θi) .

Let us denote the singular values of Q− z by σzi . We have∑
i

f(θi) =
1

2π

∫
C

∑
i

log |θi − z|∇2f(z)d2z =
1

2π

∫
C

log
∏
i

|θi − z|∇2f(z)d2z

=
1

2π

∫
C

log
∏
i

σzi∇2f(z)d2z =
1

2π

∫
C

∑
i

log σzi∇2f(z)d2z .

Now notice that the eigenvalues of Sz are ±σzi . For σ > 0 the convergent, regularized identity is∫ ∞
0

(
1

σ − iη
+

1

−σ − iη
− 2iη

1 + η2

)
dη = −2i log σ.

Summing this identity over the singular values gives∑
i

log σzi =
i

2

∫ ∞
0

[
Tr(Sz − iη)−1 − 2N iη

1 + η2

]
dη.

The subtraction is independent of z, and therefore disappears after integration against ∆f ; it is
nevertheless essential for convergence of the displayed η-integral. The desired result then follows.

Theorem 8.13 transfers the study of θi to something we are familiar of: the Green function of
the Hermitian matrix Sz. This Green function

s ..=
1

2N
Tr(Sz − iη)−1 ,
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due to the shift variable z, in general satisfies the cubic equation

s3 + 2iηs2 + (1− η2 − |z|2)s+ iη ≈ 0 .

We know many things concerning non-Hermitian models, for instance the following global cir-
cular law, which can be thought as an analogue of Theorem 6.2.

Theorem 8.14 (Circular law). Let µN = N−1
∑

i δθi. For every fixed Borel set B ⊂ C whose
boundary has planar Lebesgue measure zero,

µN (B) −→ 1

π
Area

(
B ∩ {z : |z| 6 1}

)
in probability (and, under standard strengthened hypotheses, almost surely).

We conclude by reminding you that most of the results we stated in Sections 6 – 8 can be proved
using the simple calculus tools we introduced: you are welcome to try if interested. The topics of
random matrices and random graphs are very rich and there are many things one can talk about,
but for the matter of this course we will stop here.
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