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0 Introduction
ezt & 710 .

I assume that anyone who reads this lecture notes has already finished the course Probability
Theory (and most preferably, also Measure Theory). It is clear that “Probability Limit Theory”
differs from “Probability Theory” by the additional “limit” in its name. This is what this course
is about.

In a more serious manner, we consider random variables indexed by n, our fundamental large
parameter, and we would like to understand what happens when n gets large. One of the simplest
examples is S,, = X1 + X2 + -+ + X,,, where {X, },>1 are independent, identically distributed
random variables. From the central limit theorem (CLT), we know that under the additional
assumptions EX? < oo and 02 := E[(X] — EX7)?] > 0, we have

Sn— B
ui>/\/‘(0,1) asn — oo,
M,

where M, = o+/n and B,, = n[EX].
0.1. Everything but the CLT

The first natural questions is, what happens if EX? = co? This is the motivation of Section
2. We shall see that, without the existence of the second moment, it is not always possible to find
M, and B,, such that S“M;f” converges to a non-trivial distribution; if it does converge, the limit
might not be Gaussian, but it can only be in a very special class of distributions.

When the second moment is finite, we can without loss of generality, assume that EX; = 0 and

EX? = 1. The CLT says S,/v/n 4N (0,1). This convergence in distribution means

1171;n]P’(Sn/\/ﬁ <z)=PZ

N

x) (0.1)

for all z € R. Here Z denotes the standard normal random variable. The relation (0.1) is qualitative,
which only holds asymptotically as n — co. In Section 3, we shall see a quantitative version of the
CLT, which says under the additional assupmtion E|X3}| < oo, there exists some C' > 0 independent
of n, such that
sup |P(Sy/v/n < z) = P(Z < 2)| < Cn /2 (0.2)
zeR
for all n > 1. Obviously, (0.2) is stronger than (0.1): it gives a rate of convergence.
The CLT estimates the probability that S,, ~ x+/n for bounded z, but it does not tell us what
happens when © — 0o as n — oo. This is another topic that we will be treating in Section 3, called
the large deviation theory, where for x > 1, we estimate the probability

P(S, > xv/n).

The CLT estimates the distribution of S,,/y/n, but it does not tell us anything about S, (w)/v/n
for any particular outcome w € €). In fact, we can deduce for CLT that

Sn.
\/ﬁ

=o00) =1, andanalogusly P(liminf—= =—o00) =1.
) (1t 75 = o)

NG
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In particular, S,,//n diverges almost surely. In Section 4, we will show that

. Sn
lim sup

n  v2nloglogn

which is know as the the law of iterated logarithm (LIL). The LIL tells us about the extreme
asymptotic behavior of S,.

=1 almost surely,

0.2. The Matrix

Almost everything we know about S, has its analogue in random matrices, i.e. matrices with
random coefficients.

Let H = HT € RV*N be a real symmetric random matrix. We assume its upper triangular
entries (H;j)i<;j are independent, EH;; = 0, and EH% = N~L. This is the model of Wigner matrices.
In the random matrix setting, we use N as our fundamental large parameter, and we denote the
(real) eigenvalues of H by A\ = Ag = --- > Ay. It is easy to see that

1 N N
~ Z —ETr H? = Z EH;Hj; = 1.
i=1 i,jzl

In other words, the scaling EHEJ = N~! makes the eigenvalues to have typical size 1. We can
actually show that the empirical eigenvalue density converges weakly to the semicircle law almost
surely, which is equivalent to

}Vi / LI 2 (w)

for any smooth test function f. This can be thought as the law of large numbers for the eigenvalues.
In addition, we can prove that

/ —V4—22f(z N(0, af) (0.3)

Note that scaling is very different from the classical CLT: it does not have the normalizing factor
N~1/2_ This is because the eigenvalues \; > Xo > --- > Ay are highly correlated. We can
furthermore also prove a convergence rate for the CLT (0.3). There are also results on the large
deviations and LIL of the eigenvalues, and some of them just came out recently.

We can also talk about the eigenvectors of H. Since H is real symmetric, we have the spectral

decomposition
N
H = E )\iuiulT,
i=1

where each u; € RY satisfies [|u;||2 = 1. First thing we can prove about u is delocalization, namely,
for any € > 0, we have
max [u; (k)| < CN—1/2+e

with very high probability. In fact, we can further show that

VNu; (k) -4 N(0,1)



for all 7 and k.

Research topics in random matrix theory normally have natural intuitions from classic proba-
bility theory, and the questions are hard enough that we are still working on some of them today.
In this course, if time permits, I will introduce some of the results to you, and hopefully, also give
some ideas of their proofs.



1 Preliminaries

This section recalls some basics in probability theory that we will use later.

1.1. Probability space, random variable, and probability distribution

Recall that the fundamental element in probability theory is the probability space (92, A,P).
Here ) is the sample space, which is the set of all possible outcomes of a random process under
consideration. The elements of 2 are denoted by w. A is a o-algebra on 2, which is a collection of
subsets of () satisfying

(i) Qe A
(ii) If A € A, then A° € A,
(iii) If A; e Aforalli=1,2,..., then U;4; € A.

The elements of A are called events, and A is often referred as the event space. Finally, a function
P: A — Ris a probability measure on A, which satisfies

(i) P(A) >0 for all A € A,
(i) P(Q) = 1;

(iii) For any 4; € A,i=1,2,...,if A;NA; =0 for all i # j, then
]P’(UAi) =Y P(4y). (1.1)
i=1 i=1

Remark 1.1. The property (1.1) is called countable additivity. Tt is a sufficient condition of finite
additivity, which says for any A; € A,i=1,2,...,n,if A;NA; =0 for all i # j, then

IP’( Q Ai) - i]P’(A,»). (1.2)

By setting Ay, = () for all £ > n + 1, one can obtain (1.2) from (1.1).

Exercise 1.2. We say a function P : A — R is upper semicontinuous if for any By O --- D> B, D -
satisfying N;>1B; = 0, then lim,_,, P(B,) = 0. Show that P is countable additive if and only if P
is additive and upper semicontinuous.

Next, X is said to be a random variable on the probability space (€2, .4, P), if it is a function
X :Q — R, and it is measurable w.r.t. A. Let B denotes the Borel set on R, and set Px : B - R
as Px(B) := P{w : X(w) € B}). Then we can induce a new probability space (R,B,Px) from
(Q,AP).

The function F(x) := P(X < x) is the (cumulative) distribution function of the random variable
X. It has the properties

(i) F is non-decreasing, right-continuous;

(i) limy—_oo F(xz) =0, and limy_,o F(x) = 1.



Conversely, if a function F satisfying the conditions (i) and (ii) above, there exists a random variable
X whose distribution function is F.

If two random variables X and Y have the same distribution function, we write X 2y, But
be careful that X and Y do not need to be on the same probability space.

Roughly speaking, there are 3 basic types of random variables. If there is a countable set B € R,
such that P(X = x) > 0 for all x € B, and P(X € B) = 1, then X is a discrete random variable.
If P(X € B) =0 for any set B € R with Lebesgue measure 0, then X is (absolute) continuous; if
there exists a 0-measure set B € R such that P(X € B) =1 and P(X = z) =0 for all z, then X is
stngular.

For an absolute continuous random variable X, its distribution function Fi (z)! is also absolute
continuous. As a result, for all z € R we have

Fx(.r) = /I px(t)dt

—0o0

for some nonnegative function px. Here px is called the density function of X.
By Lebesgue Decomposition Theorem, any distribution function F' can be written as

F(.%') = ClFl(.%') + CQFQ(X) + C'3F3<3?) ,

where C; > 0, Z?:l C; = 1, and I, Iy, F3 are the distribution functions of a discrete, absolute
continuous, singular random variable respectively.

If Xy, ..., X,, are random variables defined on the same probability space, then X = (X7, ..., X;,)
is a random wvector with distribution function

F(z1,...,xy) =P{{X1 <21, ..., Xy <ap}).
The marginal distribution of X; is

Fi(z;) == lim F(z1,..,zy) =P(X; < ).
x;j—00, jFi

Events En, ..., B, € Q are independent if for every 1 < i1 < io < -+ < i < 1, P(ﬂ;?:l E;,) =
H§:1 P(E;;). If for any Borel sets By, ..., B, € R, the events {X; € Bi},....{X, € B,} are
independent, then we say that the random variables X1, ..., X,, are independent. Equivalently,
random variables X1, ..., X, are independent if F(z1,...,z,) = [[}] Fi(zs).

If X4, ..., Xin+n are independent random variables, and f : R™ — R, g : R® — R are measurable,
then f(Xy,..., X;n) and ¢(Xpmt1, ..., Xintn) are independent.

Exercise 1.3. If X; and X» are independent, with distribution functions F; and F5 respectively,
prove that
FXH_XQ(QJ) = P(Xl + X9 < 1’) = / Fl(.%' - u)ng(u)
R
where then RHS of the above is the Riemann-Stieltjes integral. If we further know that X; and X»
have density functions p; and po respectively, then

P45, (&) = /R p1(z — wpa(u)du = py * pa(z).

Here the last notation is the conwvolution of p; and po.

'In the squeal, we shall omit this subscript if the dependence is clear.



1.2. Expectation

Suppose X is a random variable on (2, A,P). If [, |X|dP < oo, then we say the expectation of
X exists, and it is defined as

EX ::/XdIP’:/X+dIP>—/X‘dIP’:/:ndFX(:c).
Q Q Q R

Recall that X := max{X,0} and X~ := max{—X,0}. Here [-dP are Lebesgue integrals, and
[-dF(x) is the Riemann-Stieltjes integral. As expectation is essentially integration, it is linear, in
the sense that for any number a, b, we have

E(aX +bY) = aEX + bEY,

provided that EX,EY exist.
More generally, for measurable g : R — R, if [, [g(X)|dP < oo, then

Eg(X) = /Q g(X)dP = /R g(x)dFx (z).

If X has a density function px, we can further write Eg(X fR g(x x)dz. For k > 1, the k-th
moment of X is denoted as

my, = EX* = /R:L“deX(x).
The variance of X is denoted as
Var(X) := E[(X —EX)? =my —m? > 0.
The next result is a handy formula for calculating the expectation.

Theorem 1.4. Suppose the random variable X is nonegative almost surely (we will abbreviate it
as a.s. in the future). Then EX exists if and only if fooo P(X > z)dzx < o0, and

o
EX:/
0

Proof. As X is nonnegative, it is safe to use Fubini’s Theorem, which gives

EX = /X )dP(w // Lo x (o) da dP(w / / <X () AP )dx—/ P(X > z)dz.

This finishes the proof. O

Exercise 1.5. In the above proof, it is also OK to use the 1, x(,,) in the second step, which leads
to the result EX = fooo P(X > z)dx. Let us discard the proof, and simply compare the two results.
Why does

/ P(X > z)dx :/ P(X > z)dx?
0 0

Corollary 1.6. In general, E|X| < co if and only if fooo P(X > :E)dx,ffoo P(X < z)dx < oo, and

0
EX = / d:v—/ P(X < z)dx.

—0o0



Corollary 1.7. For p € (0,00), E|X[P < oo if and only if 00 | P(|X| > n'/?) < co. It is also
equivalent to > oo nPTIP(|X| > n) < .

Proof. By Theorem 1.4 and the change of variable z = yP, we have

EIXP = /0 PXP > z)de = /O PP 'P(IX] > y)dy

Observe that

/ P(IX| > /) dx—Z/ P(|X| > 2'/P) dx<ZP|X|>n1/P Z]P’(IX|>n1/p)+1
0 n=0 n=1
and
Z/ |X|>$1/p d:r>ZIP’|X|>(n_|_1 1/p Z]P)|X|>nl/p)
n=0 n=1

Thus [(*P(IX[P > z)dx = [[°P(|X| > z1/P)dz < oo is equivalent to Y°° | P(|X| > n'/?) < co. In
addition,

o 00 00
/ yPIP(X| 2 y)dy <> (n+ DPTIP(X| > n) <20 0P 'P(IX| 2 n) + 1
0 n=0 n=1
and
00 ] oo
/ YIP(X| 2 y)dy =D nP T P(X| 20t 1) =) (n— 1) 'P(X] > n)
0 n=0 n=1
o0
=277 P 'P(IX|>n) - 1.
n=1
Hence fooo yP~IP(|X| > y)dy < oo is equivalent to Yoy nP1IP(|X| > n) < oo. O

Lemma 1.8. For any real random variable X, there is al least one m € R such that P(X >
m),P(X <m) > 1/2. In this case m is called a median of X.

Proof. Let z1 :=inf{x : P(X < x) > 1/2}, then by the definition of z1, we have

P(X <=z )—hm]P’( <z)>1/2
rlxy
and
PX <z)=1lmP(X <z) <1/2.
rtxy
Thus P(X > x1) > 1—1/2 =1/2. This makes z; a median of the random variable X. O

Next we introduce the expectation for random vectors (X7, ..., X,). Suppose g : R” — R is
Borel measurable, and the random vector has the distribution function F'(z1,...,2,), then

]Eg(Xl,...,Xn):/ 9(T1, ey p)AF (21, ooy Tp) -

10



For two random variables X;, X, their covariance and correlation are defined by
COV(Xi, X]) = E(XZ — EXZ)(X] — EX]) = E(XZX]) — ]EXJEXJ
and
COV(XZ', XJ)
(Var(X;) Var(X;))!/?
respectively (If at least one of X; and X is deterministic, then their correlation is set to be 0). It

is easy to see that we always have Corr(X;, X;) € [—1,1].
If X; and X; are independent, then for any measurable function f, we have

E[f(Xi)f(X5)] = Ef(X)Ef(X;),

provided that the expectations exist (Quick question: how to generalize the above relation to f(X;)
and ¢(X;)?). In particular, Cov(X;, X;) = 0 for independent X; and X;.
Finally, for a random variable X, recall the moment generating function

Corr(X;, X;) ==

Mx(t) :=EeX .
Its name comes from the identity
my, = EXF = (0f Mx(1))],_,

for all £ > 1. For independent X; and Xj;, we have Mx, x,(t) = Mx,(t)Mx;,(t). The moment
generating function also has the following nice property.

Theorem 1.9. For two random variables X and Y, if there exists ¢ > 0 such that Mx(t) = My (t)
for allt € [—c,c]|, then X Ly.

However, the moment generating function has a huge disadvantage: it does not always exist.

Think about a random variable X with the density function px(z) = Ce™V | where z € R, and
C' is a normalization constant. Then all moments of X exist, but Mx(t) = oo for all ¢ # 0. In
the next session, we recall the mathematical object that is strictly more handy: the Characteristic
function.

1.3. Characteristic function

The characteristic function of a random variable X is defined by

ox(t) = Ee™* = / eimde(l‘).
R

By triangle inequality, |ox ()| = [Eel*X| < E|eX| = 1. In other words, the characteristic function
always exists. We summarize some useful properties of ¢ in the next result.

Theorem 1.10. (i) If X and Y are independent, then pxiy = px - ¢y .
(i) The characteristic function is uniformly continuous on R.

(i4i) For any k > 1, if E|X|F < oo, the kth moment can be represented as

my = EX* = (-i)~ (afSDX(t))}t:O‘

11



(iv) [6, Theorem 3.3.11] For any random variable X and any a < b, we have
1 T e—ita o e—itb 1
Jim o [ S et = (X € (a.0) + 5(B(X € {ab}).

In particular, it implies that ox = py if and only if X 1y (why?).

(v) [6, Theorem 3.3.14] If [, |ox(t)|dt < oo, then X has bounded continuous density function,
which is given by

= — [ e™px(t)dt.
5 | et

(vi) The function log o x (t) is well-defined when t is near 0. For £ > 1, if the {th moment of X
exists, then the first {th derivative of log px s finite near 0. In this case, for k =1,2,....¢,

px(z) = =

we set
Cr(X) := (—i)k . ((9,’fC loggox(t))‘tzo
to be the kth cumulant of X. It is not hard to see that C1(X) =EX and C2(X) = Var X.

Remark 1.11. (i) The converse of Theorem 1.10(i) is not true. If px1yv = ¢x - py, then we say
that X and Y are subindependent. For instance, let X =Y with the density function

(@)= —

P = m(1+22)’

which is the Cauchy distribution of scale 1. Then X + Y = 2X has density function
- 2
o) = v )

One can check that px.y(t) = @x(t) - oy (t) = e 2.

However, if oax1pv = wax - @py for all a,b € R, then X and Y are independent. To see this,
for a random vector X = (X7, ..., X), we define its characteristic function at t = (¢1, ..., tx) by

k
(px(t) = Eexp (i Z tz‘Xi> .
i=1
As an extension of Theorem 1.10 (iv) to higher dimensions, we can show that
ex = ¢y ifand only if X Ly, (1.3)
Now let X’ £ X Y/ 4 Y, and X’,Y’ independent. Then

PaX+bY = PaX - Pby = PaX’ " PbY’ = PaX'+bY'!

for all (a,b) € R2. As a result, (X,Y) < (X, Y").

(ii) Although the moment generating function and characteristic function uniquely determines
the distribution, the same cannot be said for moments. A classical example is the (perturbed)
lognormal distribution X,, which has the density

1 ( (log z)?
o P 27
One can check that, EX* = EX¥ for all a,a’ € [-1,1] and k > 1 (see [6, Section 3.3.5]).

(iii) In part (vi) of Theorem 1.10, it is worth mentioning that it is not possible to define
logz : C\{0} — C that is even continuous. However, if f : R — C is differentiable and f never
vanishes, logof is differentiable. In this case, the log function takes value on the Riemann surface.

pa(r) = )(1 +asin(2rlogz)),z > 0.

12



1.4. Convergence in distribution

Let F, Fy, F5, ..., be the distribution function of X, X, Xo,... respectively. We say that F),
weakly converges to F (write F,, = F), if for any continuous points  of F, we have

liTILn F,(x) = F(z). (1.4)

In this case, we say that X,, converges in distribution to X, and we write X, 24 X,

Remark 1.12. It is important to only require the convergence at continuous points of F'. Consider

random variables X,, uniformly distributed on [0,1/n]. Obviously, X, %4 0 = X. We have
Fx(0) =1, while Fx, (0) = 0 for all n.

Theorem 1.13. The following conditions are equivalent.
(i) X, 5 X.

(ii) For any bounded continuous function f, we have lim, Ef(X,) = Ef(X). Here the continuous
condition can also be replaced with differentiable or smooth.

In reality, the next result is used more often.
Theorem 1.14. Let X1, Xo, ... be random variables with distribution function Fi, Fo, ....

(i) If there exits a random variable X with distribution F, such that F, = F, then lim, @y, (t) =
wx(t) for all t € R.

(i1) If lim, px, (t) exists for allt € R and lim, ¢x,, is continuous at 0, then there exists a random
variable X with distribution function F', such that

limpx, (t) = ox(t), Vt€R and F, > F.

Moreover, (by Arzela—Ascoli) the convergence of p, is uniform on any compact set.

Remark 1.15. (i) Theorem 1.14 (ii) holds in a slightly general form. Let p,, be a sequence of finite
(signed) measures on R with Fourier—Stieltjes transforms

on(t) = /Reimdun(x).

Suppose ¢, converges to ¢, and ¢ is continuous at 0. Then there exists a finite measure on R such
that o(t) = [ e*du(z) and pp % p. This is known as continuity theorem for Fourier-Stieltjes
transforms.

(ii) If we go back to the proof of Theorem 1.14 (ii), the condition that lim, ¢x, is continuous
at 0 is essentially due to the tightness property. As a counter example, let X,, := N'(0,n?). Then
¢x, (t) = exp(—t?n?/2). Obviously, (X,) does not converge, and

1 if ¢t=0
lim goxn(t):{ !

n—00 0 otherwise.

Let us give the proof of Theorem 1.14 (ii) here. We start with the following result.

13



Theorem 1.16 (Helly). Let F,, be a sequence of distribution functions on R. Then there ezists a
subsequence F,, and a right-continuous, non-decreasing function F' on R such that

lilgn Fo,(x) = F(z)

on all continuous points of F.

Lemma 1.17. If a sequence of probability measures pu, on R is tight, i.e.

Ve, 3IM >0, supun([—M,M]C)gg,
n

then any subsequential limit of F,(x) := pun((—00,x]) is a distribution function?.

Proof. Let F satisfy
F(z) = liin F,, (x)

at all continuous points of F'. Since each F,, is non-decreasing, so is F'. In addition, it is easy to see
that F' € [0, 1] and the discontinuous points of F' are at most countable. Suppose F is discontinuous
at wg, which means F(zo—) := sup,,, F'(z) < F(xo+) = infy>, F'(z). Note that we have the
freedom of choosing the value of F' at z¢ (it is not decided by F,, ). Set F(zg) = F(xo+) makes F
right-continuous at zg. Thus F' is always right-continuous and non-decreasing.

Let € > 0 be given. We can find M > 0 such that sup,, un ([—M, M]¢) < e. W.L.O.G. we can
assume that F' is continuous at M. Thus

lim F(z)< F(—-M) = h;?lF"k(_M) <e

T—r—00
and
1—lim F(z) <1-F(M)=1-1lmF, (M)<e.
T—00 k
This implies lim,_, _~ F(z) = 0, and lim,_,~ F(z) = 1. Hence F is a distribution function. O

Proof of Theorem 1.1/ (ii). Let ¢ := lim, ¢x, , and we use p, to denote the probability measure
on R induced by F,.

We first show that {u,} is tight. Let ¢ > 0. Since ¢ is continuous at 0, we can find a small
u > 0 such that

e [ a-pnar= i [ - ey @),

uJ_y U n o J_y

where in the second step we used Dominated Convergence Theorem. There exists ng > 0 such that

1 u
e > lim — (1 —ox, (t))dt
nouf_,

for all n > ng. Note that

. .
/ (1 - ox, () dt—/ / o) dt dF, (z) = /1— PR 4B (@)
u —u R ux

> / - L4 @) > pafe: Jo > 2071
|z|>2u—1 |U’

2As in (1.4), we only require convergence at points where the limit function is continuous.
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Hence 2¢ > pp{z : |x| > 2u~'} for all n > ng. This shows {u,} is tight.
By Theorem 1.16 and Lemma 1.17, there exists a subsequence F;,, that converges to a distri-
bution function F'. Thus

or =limpy, =limpx, =¢.
k n

As ¢ is unique, any subsequent weak limit of F,, must equal to F.
Finally, suppose F;, does not converge to F', then there exists a subsequence F;,, such that at
some continuous point x of F', we have

| Fny(2) — F(2)] > €

for all k£ > 1. In other words, any subsequent weak limit of F;,, cannot be F'. But per Theorem
1.16 and Lemma 1.17, F},, possesses a subsequent weak limit. This contradicts to the previous
paragraph. Hence we must have

F, 5 F and limer, = ¢F.
n

This finishes the proof of the first statement. The uniform convergence of ¢, on compact intervals
is left to the readers as an exercise. O

Let us also mention the multi-dimensional case. Let Fj,(x1,...,2x) be a sequence of distribution
function on R¥. If there exists a distribution F such that

lim F,, (x4, ...,z;) = F(z1, ..., k)
n

on all continuous points of F', then we say F,, weakly converges to F. In practice, we use the
following characterization in high dimension.

Exercise 1.18. Let X,, = (X1, ..., X,,1) be a sequence of random vectors in R¥. If there exists a
random vector X = (X7, ..., Xj) such that

k k
d
ZaiXm- — ZaiXZ-
i=1 i=1
for all (a1, ...,a;) € R*. Use (1.3) to show that X, 4 X,

1.5. Other forms of convergence

Let X, X1, X, ... be random variables defined on the same probability space (2,.4,P). We say
that X,, converges to X almost surely (or a.s.) if

P({w: liTanXn(w) =Xw)}) =1.
The next result gives a more accessible condition for almost sure convergence [11, Page 52,
Theorem 5.2].
Theorem 1.19. X,, — X almost surely if and only if for any € > 0, we have
S P{U =X 2ef) =0
m>=n

As a consequence, if Y P(|X,, — X| > ¢e) < oo for anye >0, or Y E|X, — X|® < oo for some
c> 0, then X,, = X almost surely.

15



Let X, X1, Xo, ... be random variables defined on the same probability space (£2,.4,P). We say
that X,, converges to X in probability (write X, LN X), if

lim P(|X, — X| >¢) =0

n—o0

L
for any € > 0. For p > 0, we say that X,, converges to X in L, (write X,, = X), if

lim E|X, — X|? =0.

n—o0

Theorem 1.20. There are various relations between different types of convergence of random
variables.

(i) X, — X a.s. implies Xy, 5 x.
(i) X 2 X implies X, 5 X
(iii) X, - X implies X, % X.
(i) If X, 4 o for some constant C, then X, Lo

Exercise 1.21. Give examples that the converses of Theorem 1.20 (i) — (iii) are not true. Give

L
examples to show that there are in general no relation between X,, —+ X a.s.and X,, = X.
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2 Infinite divisible distributions and the universality of random
variable sums

Think about a collection of random sequence X1, Xo, ..., where
Xn = (th ---:Xnkn) .

We assume that for each n, the random variables X fn), e X ,g::) are independent, and lim,, k,, = oc.

In this section, we are interested in studying the limit of

kn
S, = ZXM . (2.1)
k=1

In Section 2.2, we shall see that under mild conditions, if S, converges, the limit always lies in a
special class of distributions that are “infinitely divisible”. Thus in Section 2.1, we first introduce
properties of infinitely divisible distributions. In Section 2.3, we consider the special case k, = n,
and completely characterize the possible limiting distributions of 5,.

2.1. Infinite divisible distributions

A characteristic function ¢ is infinitely divisible, if for any n > 1, there exists a characteristic
function ¢, such that

p(t) = (en(t))" (2.2)

for all t € R. In this case, the corresponding distribution F' of ¢ is called an infinitely divisible
distribution. In other words, a random variable X is infinitely divisible, if for any n > 1, we can

find i.i.d.random variables X1, ..., X, such that X 4 Xo1+ - Xon-
Example 2.1. The following class of random variables are infinitely divisible.

(i) A degenerate random variable X that only takes value at point ¢, i.e. P(X = ¢) = 1. Then
SOX(t) _ eict _ (ei%t)" ]

(i) Let X < A(y1,02). Then

2,2 pooo® \yn

px(t) = exp(iut — o“t°/2) = (exp (itﬁ - —)) :

(iii) Let X g Poi()), i.e. Poisson distribution with parameter A. Then

it At "

ex(t) = exp(A(e" 1)) = (exp (S = 1)) )

(iv) Let X be Cauchy-distributed with parameter v > 0, i.e. X has density function px(z) =

1. _ v
- 72+$2,1‘6R. Then

px(t) = e MM = (e=alth)™

Theorem 2.2. (i) If v1,...,0k are infinitely divisible characteristic functions (IDCF), so is @1 - - p.
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(ii) If ¢ is an IDCF, so is |p|.

Proof. (i) Let us prove the case when k = 2; the general case follows by induction.

Let ¢1 and @9 be the characteristic functions of X and Y respectively. W.L.O.G. assume X
and Y are independent. Then 19 is the characteristic function of X + Y. In particular, we see
that the multiplication of characteristic functions is again a characteristic functions.

Let n > 1. Since y1 and (o are infinitely divisible, there exists characteristic functions ¢, ¢
such that ¢1 = ¢7, 2 = ¢5. Then ¢1¢2 is also a characteristic function, with

P12 = (P192)" .

This finishes the proof.

(ii) Let n > 1, then there exits a characteristic function ¢ such that ¢ = ¢?*. If we write
#(t) = Ee™X, then ¢(t) = Ee X = Eeit(_f) is also a characteristic function. By (i), ¢¢ is a
characteristic function, thus |¢| = |¢*"| = (¢¢)" is an IDCF. O

Theorem 2.3. Let ¢ be an IDCF. Then ¢(t) # 0 for all t € R.
Proof. By Theorem 2.2 (ii), |¢| is also an IDCF. Let ¢, be a characteristic function such that

|p| = @', If we examine the proof of Theorem 2.2 (ii), ¢, can be chosen to be the nonnegative nth
root of |¢|. Thus
o(t) := lim ¢, =

i {1 it o) #0 2.3

0 if ¢(t)=0.

As ¢(0) = 1 and ¢ is continuous, ¢(t) is non-zero in a neighborhood of 0. Thus ¢(¢t) = 1 in a
neighborhood of 0. In particular, ¢ is continuous at 0. By Theorem 1.14 (ii), ¢ is a characteristic
function, which implies ¢ is continuous. By (2.3), ¢ can only take value 0,1. Since ¢(0) = 1, we
must have ¢(t) =1 for all t € R. Using (2.3) again, we see that ¢(t) # 0 for all ¢ € R. O

Remark 2.4. In (2.2), it is not instantly clear which phase ¢,, sits among the n possible ones. As
¢ is never 0, we can write p(t) = exp(log (t)), where log ¢(t) takes value in the Riemann surface
and is continuous w.r.t.t. Let ¢, (t) := exp(2 log ¢(t)), where we choose log ¢(0) = log 1 = 0. Then
©n, and ¢, are both continuous, (¢, (t))" = (¢, (t))" for all ¢, and ¢, (0) = ¢,(0) = 1. Define

w(t) == on(t)/Pn(t),

then (w(t))™ =1 for all t. Thus for each t, w(t) = exp(2kni/n) for some k € {0,1,....n —1}. Asw
is continuous and w(0) = 1, we must have w = 1. As a result

on(t) = 6u(t) = exp (- Togip(r))

In the sequel, for a characteristic function ¢ = exp(log¢(t)), we sometime use the notation /"
to denote @'/ (t) := exp (L log ¢(t)), where log ¢(0) = 0.

Theorem 2.5. If a sequence of IDCF (¢m)m>1 converges to the characteristic function o, then ¢
is also infinitely divisible.

Proof. Let n > 1. As ¢, is infinitely divisible, gp,ln/n = exp(% log pm(t)) is also a characteristic
function. Since lim,, ¢, = ¢, lim, gp%n(t) = exp(Zlogp(t))®. As ¢ is a characteristic function,
¢ is continuous near 0, hence exp(Llog(t)) is also continuous near 0. By Theorem 1.14 (ii),

exp(Llog ¢(t)) is a characteristic function. This finishes the proof. O

3The limit is clearly well-defined when ¢(t) # 0; when o(t) = 0, we simply define the limit to be 0
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For the rest of Section 2.1, we shall prove the following result.
Theorem 2.6. The function  is an IDCF if and only if it can be represented as
. ite \ 1+ 22
D =esp (fas [ (e 1- Y 000),
o(t) = exp (1a —i—/R e 211) 2 (z)
where a € R is a constant, and G is a bounded, non-decreasing, right-continuous function. In

addition, for g(x) := (eit“c —1- xét_fl) 1;;”2 , define

t2
9(0) = lim g(z) = -5

so that g is continuous in R.

The next section consists of some preparation work.

2.1.1. Poisson-type representation. Let A > 0, a,5 € R. The random variable X is called
Poisson type random variable, if

for all £ € N. We write X := Poi(\, «, 5). It is not hard to see that
ox(t) = exp{iot + APt — 1)} .

Proposition 2.7. Let ¢ be a characteristic function. It is infinitely divisible if and only if it is the
limit of finite multilpplicaions of the characteristic functions of Poisson type random variables.

Proof. (i) Suppose ¢ = lim,, ¢, where
P (t) = expliaat + A (€7 — D} - expliont + A (e = 1)},

and «;, 8;, \; are parameters possibly depend on m, then by Theorem 2.2 (i), ¢y, is infinitely
divisible. Together with Theorem 2.5, lim,, ¢, is also infinitely divisible.
(ii) Let ¢ be an IDCF. By Theorem 2.3 and Remark 2.4,

1 1
©'/" = exp <glogcp> =1+ ﬁlogap +0(n7?).
Thus for any ¢t € R,

log p(t) = lim n(e"™ —1) = lim n(p, — 1)

n—oo n—oo
m
= lim n/(elm—l)an(a@) = lim n/ (e — 1)dF,(x),
n—00 R n,Mm—00 —m

where @, = gpl/ ™ is a characteristic function, and we denote the corresponding distribution by

Fo. Let —-m = 29 < 21 < --- < &y = m, limymax;(z;41 — x;) = 0. By the definition of
Riemann-Stieltjes integral,

m N-—1
TL/ (1tx_ )dF = lim n 1t:1:] — (x]—l-l) Fn(xj))

N—)oo
—m ]=0

N—
= lim Z lt'Bﬂ —
N—o0 iz



This finises the proof. O

2.1.2. The Lévy-Khintchine representation for infinite divisible characteristic func-
tions. Let a € R, and G(z) is a bounded, non-decreasing, right-continuous function on R. Define

it it \ 1+ 22
(e 1o 1) ——dG(a). (2.4)

£(t) = iat + /

R

The next result proves the “if” part of Theorem 2.6.
Proposition 2.8. The function ¢¢®) is an IDCF.

Proof. By Riemann-Stieltjes integral, we have

oo, it 1 2 m : it 1 2
/ (elm —1- %) LfdG(az) = lim (e‘m -1- ;i) L;UdG(x)
0 zx+1/ =z m—00 /1 /m, zz+1/ =z
N-1 . 2
ST S R
7=0 J J
where 1/m =29 <21 < --- < xy =m, limy max;(zj11 —x;) = 0. Set
1+ .’L‘j2 )\jl‘j
Aj = 2 (G(zjt1) = Glz))), Bi=wj, aj= Tl
then
00 : 2 N-1
. it. i I+ o . . itB;
h '_/o (=1 oq) 0G0 = 2 (it + Aj(e® — 1))
The same can be done for I := ff’oo g(x)dG(z). Note that
2
&)y =idat+ 1 + I» — g[G(O) - G(0-)],
and we conclude the proof by Theorem 2.2 (i) and Proposition 2.7. O

To prove the “only if” part of Theorem 2.6, recall the definition of £ from (2.4), and let us

introduce
* sin 2
A(:U):/_ (1— yy)l;y dG (y) (2.5)
and ) .
A(t):g(t)—/o 5(”}”;5“ Jan, (2.6)
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where A(y) := (1— Sizy) 1;;32 is set to be lim, 0 A(y) = 1/6 when ¢t = 0. Clearly, A(t) is nonnegative
and bounded, which makes A(x)/A(c0) a distribution function. In addition, by Fubini’s Theorem,

1, 2 1 2
A(t) = / / e (1 — cos hx) Lte dG(z)dh = / / e (1 — cos hx) Lt dhdG(z)
0o JR R J0

22 22

_ [ ey sinzy1+a® _ | itz
—/Re (1 . ) 2 dG(:L‘)—/Re dA(z) .

Thus A(t)/A(oc0) is the characteristic function of the distribution A(z)/A(c0).

(2.7)

Lemma 2.9. Let G(—o0) = 0. Then there is a one-to-one correspondence between & and (a,G).
For this reason, we write £ = (a,G).

Proof. Obviously, (a,G) uniquely determines £. Let us prove the other direction. Given a function
&(t), by (2.6), it uniquely determines A(¢). From (2.7) and the inversion formula (Theorem 1.10
(iii)), A(t) determines A(z). Then we can deduce G from A using

2

Gx) ::/2’ (1_siny>fl Y dA(y).

oo Yy 1+ y2

Finally, (2.4) shows that G, £ determines a. This finishes the proof. (Quick question: where did
we use the condition G(—o0) = 07) O

Lemma 2.10. Let

i it \1+2?

En(t) = iant + /

R

where a, € R, Gy, is a bounded, non-decreasing, right-continuous function satisfying G,(—o0) = 0.
(i) If an — a and G,, = G, then &,(t) — £(t) = (a,G).

(11) If &,(t) — &(t) and € is continuous, then there exists constant a and bounded, non-decreasing,
right-continuous G such that &€ = (a,G), an — a, G, = G.

Proof. Part (i) is immediate from Theorem 1.13, and let us prove part (ii).

By Proposition 2.8, exp(&,(t)) is an IDCF. Since exp(&,(t)) is a characteristic function and
exp(£(t)) is continuous at 0, by Theorem 1.14 (ii), exp(£(¢)) is also a characteristic function. Since
exp(&,(t)) is infinitely divisible, by Theorem 2.5, exp(£(t)) is also infinitely divisible. Let I be a
compact interval that contains the origin. By Theorem 2.3, exp(&(¢)) is never 0. Then there exists
an € > 0 such that

min [exp(&(t))] > ¢ (2.9)

Since the sequence of characteristic functions exp(&,(t)) converges to the characteristic function
exp(£(t)), by Theorem 1.14 (ii),

exp(&n(t)) — exp(&(t)) uniformly for ¢t e 1. (2.10)

Combining (2.9) and (2.10) we see that the function

hn(t) := exp(&n(t) — £(1))
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converges uniformly to 1 on I. Thus for n large enough, |h,(t) — 1| < 1/2 for all ¢ € I. On the
disk |z — 1| < 1/2, the logarithm is uniformly continuous and uniquely determined by continuity.
As €,(0) = £(0) = 0, we must have

&n(t) — &(t) uniformly for teTI. (2.11)
As [ is arbitrary, by (2.6), we have
An(t) = A(t) (2.12)

for all t € R. Since ¢ is also continuous, by (2.6), A is also continuous in R.
By (2.12) and the continuity theorem for Fourier-Stieltjes transform (see Remark 1.15 (ii)),
there exists a finite measure A satisfying A(t) = [ €**dA(z) such that

Ay 5 AL (2.13)

Now @ is defined from A via
2

G(x) ::/I (1)),

oo Y 1+ 92

and thus (2.13) implies G, (z) — G(z). Finally, (2.8) we get

N G NG E= )

for all ¢ # 0. As the RHS of the above is independent of ¢t and converges, we define its limit to be
a. This implies a,, — a and finishes the proof. O

Now we are ready to prove the “only if” part of Theorem 2.6. Let ¢(t) be an IDCF. As in the
proof of Proposition 2.7 (ii),

log p(t) = lim n(e/"(t) — 1) = lim n(pn(t) — 1) = li}zn/Rn(eimj — 1)dF,(z)

n—oo n—0o0
itx

. . € itx —. i

where
x 2

€z Y
= —~ _dF, G = ———dF,(y).
(079 n/R ]_+IE2 n(ﬂj)u n(x) n/oo 1+y2 n(y)
As limy, &,(t) = log ¢(t) is continuous, by Lemma 2.10 (ii), there exits (a,G) such that a, — a,
G, — G, and log ¢(t) = (a,G). This finishes the proof of Theorem 2.6.

Example 2.11. Let us see the convergence of a,, and G,, through an example. Consider the Cauchy
distribution with median « and scale 1, which has the distribution function

1 [* 1
F(x)=— — =d
(z) 7r/001—|-(y—a)2 v

which is infinitely divisible with characteristic function ¢(t) = exp(—|t| — iat). Clearly, ¢,(t) =
p!/M(t) = exp(—([t| + iat)/n), and

Fn(a:)zl/z ! dy .

nm J_ oo n 2+ (y —a/n)?
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In other words, it is a Cauchy distribution with median «/n and scale n~!. Thus

Golz) = / Y p(y) = / v ! d—>1/x 4y =6
MR T Y T T (y a2 w12 T T

and

T T 1 1 an
=1 ——dF, =1 — dz =1 - =
a 1711nn/Rl+x2 n(z) lgn/Rl—l—x2n7rn2—|—(m—a/n)2 T 1£nna2+(1+n)2 o

2.2. The sum of independent random variables.

Now let us come back to the original question at the beginning of Section 2, which is

kn,
Sn = Z Xnk )
k=1

where {X,x; k= 1,2, ..., k,} are independent and lim,, k,, = co. Note that for an arbitrary random

d
variable X, if we set X1 2 X and X =0 for all £ > 2, then S,, = X. So if we would like to
produce relevant results, certain restrictions are needed on the random variables. This motivates
the following definition.

Definition 2.12. We say the random variables {X,x;k = 1,2,...,k,} satisfy the infinitesimal
condition, if for any € > 0, we have

: S —o.
nlgqoluggi}}inP(‘X”k‘/g) 0

There are some priori results where we leave the proofs to the reader.
Lemma 2.13. The following conditions are equivalent.
(i) {Xnk} satisfy the infinitesimal condition;

.. 2
(ii) | max Jr Tz k() — 0;

(i1i) For any bounded set S C R, we have  ax |onk(t) — 1| — 0 uniformly fort € S.

hvxxhvn

Lemma 2.14. If { X} satisfy the infinitesimal condition, then for any T,7 > 0, we have

max / " dFy (z) — 0.
k x| <7

The main goal of Section 2.2 is to prove the following result.

Theorem 2.15. Let {X,;} satisfy the infinitesimal condition, and S, := ZIZ’;I Xnk converges.
The limiting distribution class of S, coincides with the set of infinitely divisible distributions.

The proof consists of two steps, and similar to that of Theorem 2.6, one direction is easy.
Step 1. Let F be an infinitely divisible distribution, with characteristic function ¢. Then

/" is also a characteristic function. Set k, = n and ., = @/ for all k = 1,2...,n, and
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we have ¢ = [[, ¢nk. Thus there exists independent random variables { X, }r=12, ., such that
EeXp(itXnk’) = Sonk(t)a and

n

k=1

has the distribution F'. Recall from Theorem 2.3 that ¢(¢) # 0 for all ¢t € R, thus for any bounded
S CR,
max [k (t) — 1| = ln(t) — 1| = "™ (t) =1 = 0

uniformly for all ¢ € S. By Lemma 2.13, {X,x} is infinitesimal. Thus we have proved that any
infinitely divisible distributions is the limiting distribution of some S,, = Zz’;l Xk

Step 2. The proof of the other direction is substantially more complicated. Let {X,;} be
infinitesimal, and S, := Zi;l X, converges to some distribution F. We would like to show
that F' is infinitely divisible. Let ¢, (t) = Eexp(itSy), pnk(t) = Eexp(itX,x), and ¢ denotes the
characteristic function of F'. Clearly lim,, ¢, = . Our goal here is to show that F' is infinitely
divisible. It suffices to show that

itz >1+x2

~ ) e dG(@) + &) (2.14)

kn,
IOg Pn (t) = IOg H Pnk (t) = iayt + / (eim -1
k=1 R

for some a, € R and bounded, non-decreasing, right-continuous function G,,, and &,(t) — 0. More
precisely, Theorem 2.6 implies that &, = (an, Gj) is the logarithm of an IDCF. By (2.14), we have

p(t) = lim gy (t) = limexp(log ¢, (1)) = limexp(&a(t)) - (2.15)

Hence by Theorem 2.5, ¢ is also an IDCF.
Now let us prove (2.14). Let S be a bounded set in R. By Lemma 2.13 (iii) we have (for n large
enough)
10g o (t) = 10g[1 + (£ (t) = 1)] = @nr(t) = 1+ Ong(pni(t) — 1)°

uniformly for ¢t € S. Here 0, € C satisfies |0,,x| € [0,1]. Thus

o
log on(t) = D [nk(t) = 1+ Onk(oni(t) — 1)°]
k'k:nl | .
-3 / (€1~ 1)dFu(x) + 3 Guliomi(t) — 1) (2.16)
k=1"R k=1

E z Z i itx
1 k:l/R 1+ 22 e k:l/R (e 1+ x2> (@) + k=1 k(i () = 1)

Then it is tempting to define

kn kn T 2
T Y
= dF, d Gp(z) = ——dF, .
a kgl/R T2 p(z) and Gp(z) ;;1/ 1+ 2 k(y)

However, it is not necessarily true that the last term on RHS of (2.16) is negligible. Let k, = n.

Inspired by Example 2.11, consider X,,; with Cauchy distribution having median (—1)*n=1/2 and
scale 1/n, i.e.
F(z) = — / ' ! d (2.17)
€Tr) = — . .
T N o i
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Clearly, X,1 + - -+ + X, converges to the Cauchy distribution with median 0 and scale 1. Note
that

_ ] g 1t
Pnk(t) = exp ( - (—1) %> ;
and thus @, (t) =1 — (=1)* \F + O(n~1). This leads to

n

Z(%’f Z ( O(n*1)>2 = 24 0nV?),

k=1 k=1

which is nontrivial. This suggests that we need to shift the median of X, to 0 in our consideration.
As X, is infinitesimal, the median mainly comes from the regime near 0.
In this spirit, fix a small 7 > 0, and define

Onk = /T l’ank(a?), Enk(x) - nk(w + ank) (218)

—T
Let ¢y denotes the characteristic function of F,,;. We have the following result.

Lemma 2.16. Let {X,x} satisfy the infinitesimal condition. Then for any t € R, we have

k71/
> (log pnk(t) — (pnr(t) — 1)) = 0.
k=1

The proof of Lemma 2.16 is technical and we omit here. Interested reader may refer to pages
38-43 of [11].
Exercise 2.17. Verify Lemma 2.16 for X,; given in (2.17).

Now let us continue the proof of (2.14). Note that log 1 (t) = log @1 (t) —icnit. Thus log ¢y, (t)
can be written as

kn kn
log H Sonk Z log (Pnk Z log Spnk ) + Z iankt
k=1 k=1

kn

—Z(pnk —1 +Zlankt+5()
k=1

k” x i 1t:v
=it —~ _dF e _ 1 — dF (1) .
Here &,(t) := >, (log oni(t) — (¢nk(t) — 1)), and Lemma 2.16 implies that &,(t) — 0. Set
kn En x y2
ap, = ; (Oénk —|—/ oo 1dEnk( )) and Gp(z) = ;/_OO . +y2dﬂnk(y). (2.19)

As each Fy is bounded, non-decreasing, and right-continuous, so is G,,. This proves (2.14), and
concludes the proof of Theorem 2.15.
The next result is a natural consequence of Theorem 2.15.
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Lemma 2.18. Let {X,x} satisfy the infinitesimal condition, with ok, Fnk, an, Gp(z) defined
as in (2.18) and (2.19). Let X be a random variable having infinite divisible distribution F, and
characteristic function

o(t) = exp (iat+ /R (e —1- >1+2$2dG(x)>.

S 22+1) 2

Then Sy, =" Xnk 4 x if and only if Gy, = G and a, — a.

Proof. Let ¢, be the characteristic function of S,,. In the proof of Theorem 2.15, one core results
we proved is that if { X} are infinitesimal, then

it itz \1+2?

£n(t) = iant + /

R
for some &,(t) — 0.
(i) Suppose S, 4 X, By (2.20), we see that

lim exp(£,(t)) = lim gy, = (1)

As £,(0) = log ¢(0) = 0, by the continuity argument used in the proof of Lemma 2.10 (ii), we have
&, — log . By Lemma 2.10 (ii), we conclude that G,, = G and a,, — a.
(ii) Suppose that G, = G and a, — a. Using (2.20) we get

. . . : itz 1+ 22

hTILn log on(t) = 117ILn <1ant + /]R (elt’” -1- m) szdGn(x)> = log p(t),
which implies g, (t) = vn(t) = ©(t). This yields S, 4 X as desired. O
Remark 2.19. In the above arguments, as it was always assumed that S, := Z’g’;l X, converges,

we (intentionally) ignore the “mean” of ), X,. Consider the case when
_ 4 -1/2 2 -1
kn=n, Xpu=Nn"1oc"n"").
Then ), X, 4 N (y/n,0?), which does not converges. However, setting b, = n'/? yields

Sp 1= ZXnk — by i/\/'(0,02).
k

In general, let {X,,;} satisfy the infinitesimal condition, and b,, be a sequence of numbers. Assume

kn
S, = Z X,k — bn, (2.21)
k=1

converges. By going through the proofs of Theorem 2.15 and Lemma 2.18, we can get the following
extensions.

(a) The limiting distribution class of \S,, coincides with the set of infinitely divisible distributions.
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(b) Let ay, Gn(x) defined as in (2.18) and (2.19). Let X be a random variable having infinite
divisible distribution F', and characteristic function

¢(t) = exp (iat +/1R (eim -1 it )HlﬂdG(x)> :

241 2
Then Sy, := >, Xpk — by % X if and only if G, = G and a,, — b, — a.

Exercise 2.20. Prove statements (a) and (b) in Remark 2.19.

Theorems 2.6 and 2.15 imply that the characteristic function of the limiting distribution of
> i Xnk is always of the form

o(t) = exp (iat + /R (eitw Lo M ) ! +2$2 dG(x)) .

C22+1) «x

Note that G is not necessarily continuous at 0. Define o2 := G(0) — G(0—) > 0. Since

: itx 1+ a2
li <1tm_1_7>7:_t2 2’
Jimy (e 211 2 /

we can rewrite
2,2 : 2
t : t 1
p(t) = exp (iat -+ / (em —1- ) = dG(m)) :
2 R\{0}

Sometimes, it is more convenient to use

m o H4Gy),  e<o,

o y?

L(x) :=

— f;o 1Z§2dG(y) , z>0.

Thus L is non-decreasing in (—o0,0) and (0, 00), with L(co) = L(—o00) = 0, and

. o?t? i it
o(t) = exp <1at e + /R\{o} <e -1- M)dL(w)) . (2.22)

By Lemma 2.9, there is a one-to-one correspondence between ¢ and (a,0?, L). If L(z) is constant
in (—o00,0) and (0, 00), the limiting distribution of >, X, is N(a,0?).

2.3. The triangular array case

Let us go back to what we are familiar of, i.e. the object
1 n
S, = A ; X —bn, (2.23)

where { X} }r>1 are independent, and M,, > 0. This can be thought as a special case of (2.21), by
setting ky,, = n, and X, = X/M,. In this case, the infinitesimal condition reads

lim max P{|Xy| >eM,} =0. (2.24)

n 1<k<n

for all ¢ > 0. In the sequel, when considering (2.23), we shall always work under the assumption
(2.24).
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Lemma 2.21. If a random variable X satisfy |ox(t)| =1 fort € (=9,5), where § > 0, then X is
degenerate.

Proof. |px(t)] =1 means px(t) = exp(if(t)) for some real function f. Then
| exp(itX) — exp(if ()] = 2 — Eexp(itX) - exp(~if (1)) — Eexp(—itX) - exp(if () = 0,

which implies
tX = f(t) (mod 27)

almost surely. Be careful that although f(¢) is deterministic, mod 27 might not be. We can find
a rational number p and an irrational number s in (0,6) such that pX = f(p) + 27k(p, X) and
sX = f(s) + 2mwk(s, X). Note that

g@ﬂgﬁﬁb@}

& p

contains at most one point. Thus X must be degenerate. O

Lemma 2.22. If (2.23) converges in distribution to a non-degenerate random variable X, then
M,, — oo and M, 1/M, — 1. In addition, b,/n — 0.

Proof. Suppose M,, /~ oo, then there exists a subsequence of M, that converges, i.e.lim, M, =
M € R. For t € R, set t,, = M,/t. Since {X}/M,} is infinitesimal, by Lemma 2.13, we have

ox, () = ex,m,, (Mpt) — 1.
As the LHS of the above is independent of n, we get ¢x, =1 for all k. Thus

%w:mﬂm%<—mﬂmw4 e ithn
k=1

which contradicts to the fact that lim,, S,, is non-degenerate.
From (2.24), we see that X,,11/Mp+1 — 0 in probability, thus

d
n+l — Sn+1 - Xn+1/Mn+1 — X

Note that
Set u,, := M,,/M, 1 and v, := b, M,,/My4+1 — bp41, then
Sp = gn/un — /U, .
There exists subsequences u,/, v, such that lim, u, = u € Ryo U {oo} and lim, v,y = v €

R U {£o00}. Suppose u = oo, then

lox (£)] =

hnrln #3 (t/wn ) exp(—itvp [un)| = [ox (0)] =1

lg/n gOSn’ <t) ‘ = hnr/n Sogn, /un/—vn//un/ (t) ‘ =
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for all t. This contradicts to the fact that X is non-degenerate. Similarly, we can also show that
u # 0. In addition, for ¢ in a small neighborhood of 0,

g, (t/un) exp(—itv /) |, _ex(®)
pg ,(t/un) px(t/u)’

exp(—itvy [uy ) =

which implies v = lim, v, € R. Then the above shows

1 = |exp(—itv/u)| = '@X(t)

px(t/u)

Suppose u # 1, then we can iterate (2.25) and show that |px| = 1 in a small neighborhood of

0, which contradicts to the fact that X is non-degenerate. Thus we must have u = 1. Note that

the above argument shows that each converging subsequence of u, must converges to 1. Thus
lim,, u, = 1.

Note that the above argument also shows v, = b, M,, /M, 11 —bp+1 — 0. Together with M,, — oo

and M 4+1/M, — 1, we can show that b,/n — 0 (exercise). This finishes the proof. O

. (2.25)

2.3.1. The i.i.d. case. Now let us further assume in (2.23) that {X,,} have identical distributions,
and consider

1 n
S, = T ; X5 — by, . (2.26)

We denote the class of limiting distributions of (2.26) by S. We start with the following definition.

Definition 2.23. Let X, Xo,... be independent copies of a non-degenerate random variable X.
We say that X (equivalently its distribution F') is stable, if for any a;,ay > 0, there exists a > 0,
B € R such that

d
a1 X1+ aXo=aX + 0.
In other words, a distribution is said to be stable if a linear combination of two independent
random variables with this distribution has the same distribution, up to location and scale param-

eters. It is easy to check that X is stable if and only if if for any aq,as > 0, there exists a > 0,
B € R such that

ox(aat) - px(ast) = eiwgpx(at) .

If X is degenerate, then obviously X belongs to S. If X is stable and non-degenerate, then let
X1, Xo, ... be independent copies of X. By induction we have, for any n > 1,

X1+ 4+ X0 L M, X + B,

for some M,, > 0, B,, € R. Thus by defining b,, := B,,/M,,, we have
1 <« d
Sn:Mn;Xk—bn:X.

In particular, S,, — X in distribution. To show that X belongs to S, we still need to prove the
infinitesimal condition (2.24).
Note that we have

lox (" = |ox (Mnt)]
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for all t € R. Suppose M,, # oo, then for some subsequence M, , we can find M > 0 such that
maxy My, < M. As ¢x is continuous, let [—4, 6] be a small neighborhoods of 0 such that

. 2.2
ter[mglé lox (t)| >0 (2.27)

Let t, € [—0/M,0/M] such that |px(ts)| < 1. This is always possible as X is non-degenerate.
Then
lim | (Mn, t.)| = lim |ox (£:)[™ =0,

which contradicts (2.27). Thus we must have M,, — oo, which leads to lim, max;<g<, P{|Xx| >
eM,} =0.

To sum up, stable distributions always belongs to §. By Theorem 2.15, stable distributions are
infinitely divisible.

The above argument proves the “if” part of the next result.

Proposition 2.24. A distribution F is in the class S if and only if it is stable.

Proof of the “only if” part. Let F € S be the limit of (2.26). As degenerate distributions are stable,
we W.L.O.G. assume that F' is non-degenerate. Let X be a random variable with distribution F’,
and let X1, X, ... be independent copies of X. Fix a3 > as > 0. Let

my, =max{j: j < n,M; < aaM,/oq}.
As Lemma 2.22 implies M,, — oo and M, +1/M,, — 1, we can show that
my, — oo and My, /M, — as/a; .

Let ]\7” = M, /a1, En = (Mpb, + anbmn)/ﬂn. Consider

n+mnq n+mnq

( Zkab) ( Z X — ) Z Xy — by (2.28)
M, k= M, o
It is not hard (exercise) to show that
M n+mn
( ZXk—b>—>a1X m( Y Xi-b >—>a2X,
My, m" k=n+1
and
n+mq 1 n+mnyn _
= 3 Xy —by = Eimn ( X = busm, ) + Mutmn g, — B
s e & .
M, M ~
= G A b — Dy (2.29)
n Mn

So now we know that the RHS of (2.29) converges in law, and S, ., converges to the non-
degenerate random variable X. Thus the coefficients on RHS of (2.28) must also converge (you can
prove this by the “subsequent argument” as in the proof of Lemma 2.22). Set

M M,
o= lim —£™%  and B = lim P by — b -
n M,

n n

Taking limit in (2.28) yields a1 X7 + aoXo 2L aX + B as desired. This finishes the proof. O
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Recall the representation (2.22) of the IDCF. The final goal of Section 2 is the following result.

Theorem 2.25. An infinitely divisible random variable X (with characteristic function @) is in S
if and only if its L and o? satisfy (i) L(x) = 0; or (i) 0®> =0 and

a1 /|z?%, r <0,
L(z) :{ o
—co/x”, x>0

for some o € (0,2), c1,c2 = 0. In case (it), if we in addition have c¢1 + c2 > 0, we say that L is
a-stable.

Proof. Let us prove the “only if” part. The proof of the other direction is a simple verification. Let
X € S with the characteristic function e, where ¢ = (a, 02, L) according to Lemma 2.9 and (2.22).
Let X1, X5, ..., X,, be independent copies of X, and Y,, := X1 +---+ X,,. Then

o’nt? - ite
1 t) =1 1 x, (1) = né = iant — (““”—1— )dL :
o8, (1) = log ox, s, () =g =iomt = T | (o1 i)

Since X € 5, by Proposition 2.24 we know that Y, 4 anX + Bn, and thus

o2a’t? ; itapx
1 t) =i n+ Bt — n + 1tan:1:_1_ n dL
owon, 1) = (o0 + i =504 [ (e ) dL()

o2a’t? . itx
=i(aan + Bn + Yn)t — LR / (eltz —1- )dL(w Qan),
2 o VA

where
anT

T
fyn::/ ———dL(z/ap —/ dL(x).
R\{0} $2+1 ( / ) R\{0} .’L‘2+1 ( )

As the representation (2.23) for the characteristic function of Y;, is unique, we must have

an = aoy, + By + T

2, _ 2 2
o‘n = oo,

ndL(z) = dL(z/ay,) .
Case 1. If 6% # 0, then o, = n'/2. By ndL(z) = dL(x/ay,) we have

L(x) = {cl/xQ, x <0,

—co/2?, x>0

for some c¢1,co = 0. As
2
Jr BEAG) <0,

oo y?

L(z) := (2.30)
— > 1;§2dG(y), z>0.

and G is bounded, we must have lim,_,o#?L(x) = 0 (since G is monotone and bounded, this can
be proved via e.g. integration by parts). Thus ¢; = c2 = 0, which makes L(z) = 0.
Case 2. If 02 = 0, then by ndL(z) = dL(x/ay,) we have

I B Cl|x|—logn/logan’ z <0,
(z) = “logn/1
—cog~ logn/logan, x>0

By (2.30), and the fact that L is non-decreasing and independent of n, we must have logn/log a,, =
€ (0,2). This finishes the proof. O
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2.3.2. Domain of contraction. The remaining question is, for which distributions of X,, does
the i.i.d.sum X; + ... + X,, converge?

To answer this question, we introduce the terminology of slowly varying function, which is a
positive, measurable function V' : (0,00) — (0, 00) such that for any fixed a > 0,

. Viaz)
1 =1.
00 V(z)

In other words, V(x) changes so slowly at infinity that multiplying its argument by a constant

factor a doesn’t change its asymptotic behavior (up to lower-order terms). Examples of the slow

varying function are any function that grows (or decays) slower than any power law X, no matter

how small € > 0. For example, log z, loglog z, (log )P for any real p, or even a constant function.
We state the next result without giving the proof.

Theorem 2.26. Let X1, Xo, ... be a sequence of i.i.d. random variables with distribution function

(i) There exists My, > 0 and b, € R such that
1 n
3 2 Xk = ba
k=1

converges to the limiting distribution (a,c?,0) with o > 0, if and only if

lim 22/ dF(J:)// 22dF(z) =0 (2.31)
200 x| =2 lz|<z

(ii) There exists My, > 0 and b, € R such that
L&
7 k; Xi — by
converges to limiting distribution (a,0, L), where L is a-stable with a € (0,2), if and only if

Fz) = (e + o(1)) 2|~V (|])

as x* — —oo, and
1—F(x) = (ca+o0(l))z"*V(x)

as x — o0. Here c1,c0 20, and V is a slow-varying function.
Remark 2.27. The condition (2.31) can be met in two scenarios.
m EX? < oco. In this case we recover the classic central limit theorem, i.e.
X1+ + X, —nEX
L A ZREAL dy Ar(0, Var(Xy)).
vn

m EX? = oo, and P(|X1] = 7) = (1 + o(1))|z| 72V (x) for some slow varying function V. Then
we have

Xi+---+X,—nEX; g4
N(0,1).
7o) —NOD
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Here f(n) satisfies the implicit form

f) v (x
f(n)w\/Qn/l Vi)dx.

For instance, if V.= C, then f(n) = /Cnlogn; if V(z) = logz, then f(n) = /nlogn; if
V(z) =1/logz, then f(n) = +/2nloglogn.
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Homework 1
Question 1. Are the following distribution infinitely divisible?

(i) P(X =k)=d*(1+a)"1a>0k=0,1,2,..;

(i) po=P(X =0) = (1 +a))~* a,A >0, and

A Ve(l+a)---(14(kE—1a)
P(X =k) =
(X =F) <1+a)\> ! po
fork=1,2,..;
(iii) The density function f(x) = m, z eR.

Question 2. Let ¢ be a characteristic function. Suppose there is an integer sequence ny, satisfying
limg_ oo ng = oo such that for every £ > 1, there exists a characteristic function ¢ satisfying
© = (vr)™. Show that ¢ is infinitely divisible.

Question 3. Compute the Lévy-Khintchine representation for the follow characteristic functions.
(i) o(t) = QA —it/B)"% a,B>0;
(ii) o(t) = e 0 > 0;

(iii) @(t) = (1 + %)L

Question 4. Let X and Y be independent, infinitely divisible random variables. If X + Y has
Normal distribution, show that X and Y also have Normal distributions.

Question 5. Let {X,i}n>1,1<k<n be independent random variables having distributions
P(X,k =k/n) =P(Xpx = —k/n)=1/n and P(X,;=0)=1-2/n.
Let Sy, := > Xnk. Show that
(i) For any n > 1, S,, is not infinitely divisible.

(ii) There exists a non-Normal, infinitely divisible random variable S such that S, 4.
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3 Around the central limit theorem

3.1. Three approaches to CLT
We shall give three different proofs for the following result.

Theorem 3.1 (Central limit theorem). Let {Xj}r>1 be a sequence of i.i.d. random variables, with
EX; = p and Var X7 = 02>0. Let S;, .= X1+ -+ X,,. Then

Sp—np 4
WHN(O,:{).

Note that by setting X! = (X;—u)/o and S}, := X|+- - -+ X/, we have EX{ = 0 and Var X] = 1.

In this case, Theorem 3.1 is equivalent to
S
Vn

Thus we shall W.L.O.G. assume that p = 0 and o2 = 1.

—L, N(0,1).

3.1.1. Proof 1: the classic method. As we already have the Levy-continuity theorem, Theorem
1.14, we can prove Theorem 3.1 rather simply.
Let o(t) := Eexp(itX;). As EX? = 1 < oo, the function ¢ is twice-differentiable at 0, and by

Taylor expansion we have
2

ot) =1- 5 +o(t?)

2
as t — 0. Thus for any fixed t € R, we have
Eexp(itS,/v/n) = [ Eexp(itXy/v/n) = e(t/v/n)" = (1 - o(n_l))
i=1

2

= exp (o (1= 3+ o)) = exp (n( — .-+ ol + 072 ).

which converges to e /2 as n — co. By Theorem 1.14, we conclude Sy /v/n 4 N(0,1) as desired.

Remark 3.2. In the above argument, it is important that the variables {X}}x>1 have identical
distributions, so that the error o(n~!) in (1 — % + o(n=1))" is uniform.

The next two proofs do not reply on Theorem 1.14, and as we shall see, the methods are also
of independent interest. In fact, these ideas are still being used in current (as of January 2026)
research of probability theory.

3.1.2. Proof 2: Lindberg replacement method. This approach starts with the observation
that, for two independent random variables with distributions N (u1,0%) and N (2, 03), their sum
has the distribution N (u1 + p2, 0% + 02). Let {Y,} be a sequence of i.i.d. random variables with
distribution N (0, 1), then

T =Y+ -+ Y, £ N(0,n). (3.1)

In other words, T, /+/n 4 N(0,1). The central limit theorem simply state that, a sum of i.i.d. random
variables is close to the sum of i.i.d. Gaussian, as long as the second moment exists.
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Let us perform one modification before starting the proof. For ¢ > 0, let )ka(c) = Xi1lx,|<c
for all k. Denote

i(c) =EX1(c), &%(c)=VarXi(c), and Sp(c):=X1(c)+ -+ Xn(c).

Lemma 3.3. If for any fized ¢ > 0 (implicitly, here we choose ¢ large enough so that )N(k(c) 18
non-degenerate, and thus 52(c) > 0), we have

Si(e) = nfi(c)

d
v P = N(0,1), (3.2)
then Theorem 3.1 holds.
Proof. Consider N N
£(0) o e _ Bale) —nii(e) _ Su = (Su(e) = mii(e)
vn vn vn '
We have
2 1 ¢ SRR 2 2
BEX ) =E{ 7 > (Xl ze — EXil ) | == 0 (BIXG x5 — E[XG L, )
k=1 k=1

=E[X{1x, ¢ — E[X11)x, 5% =i h(c).

By dominated convergence theorem, h(c) > 0 satisfies lim. 1 h(c) = 0. Fix ¢ > 0 and let = € R.
By Markov inequality we have P(|€(c)| > ¢) < h(c)e™2, which implies

P(W <z—c) = )2 < P(Sy/Vn <) < P(S"(C)}W <ate)+h()e2.

Thus

Sp(c) —nji(c)  x—e¢ h(e)e2 e Sn(c) —nji(c)  xz+e o)e-2
IP’( N0 <3(6)> h(c)e™ < P(Sp/vn < )gIP( < >+h()s :

Let @ be the distribution function of N'(0,1). By (3.2), we have

T+e
a(c)

(I)<L_€) — h(c)e™? < liminf P(S, /v/n < x) < limsup P(S,/v/n < z) < <I>(

5 )+ hle)e?

As lime00 0(c) = 1, we get

O(x —¢) < liminf P(S,/vn < z) < limsupP(S,/vn < z) < ®(z +¢).

Hence lim,, P(S,/v/n < z) = ®(x) for all x € R, which finishes the proof. O

Lemma 3.3 implies that we can W.L.O.G. assume the random variables {Xj}x>1 in Theorem
3.1 are bounded. Let f be a smooth function in R with bounded derivatives. By Theorem 1.13
and (3.1), it suffices to show that

mES(Sn/v/n) = imEf(T,/v/n). (3.3)
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For k € {1,2,...,n}, define

R := Ln(ylﬂL"'ﬁLYk—l+Xk+1+"‘+Xn)-
Then
B (Sn/vn) = Ef (R + \)/(%) Ef(RY + f) +Ef(RY + f) —Ef (R + \}//%)

- Ef(Rn2) + f/(%) +Ef<R$}> f/(%) Ef<R<1 3;%)

—Ef(R + X—:L) + ; (Ef(R( )+ 5%) ~Ef (R + j’%))

= Ef(T,/v/n) + ]:1 (Ef(Rﬁf) + \XF) Ef( )+ \2)) . (3.4)
As f is smooth and bounded,

Xk

7(R® + 5%) = f(RY) + (f/(%)f (B +3 (57%)%(2)(1%55)) " é(\/ﬁ

where &, takes value between 0 and Xj. As Xj, and f®) are bounded, taking expectation in the
above yields

) FORD + 6,

Ef(RY + ‘j/(ﬁ) Ef(RU“)JrE(f)Ef( )+2E{<f/(f> [Er@®RE) + 0=/,
Similarly,
Ef(RY + 5’%) Ef(R(k)JrIE(\f)Ef( )+;E[<3//'i> [EFO(RE) + 0372
As X}, and Y} have identical first two moments, we have
Ef(RY + f) Ef(R ’“>+\/ﬁ)=0(n*3/2)

uniformly for all k. Inserting the above into (3.4) yields
Ef(Sn/vn) =Ef(To/Vn) + O(n™'72).
This proves (3.3) and finishes the (2nd) proof of Theorem 3.1.
3.1.3. Proof 3: Stein’s method.
Lemma 3.4 (Stein’s lemma). A random variable X is standard normal distribution, if and only if
EXf(X) =Ef'(X)

for any f € CYH(R) satisfying limg o0 f(x)e—fb‘Q/? = limy_ o f(x)e_x2/2 —0.
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Proof. Let X L N(0,1), and f € CH(R) satisfying limy oo f(2)e %72 = lim,_,_oo f(x)e /2 = 0.
Then the integration by parts formula implies

L e 24y =

1
Vor Vor Je
_L / —x2/2 . /
m/Rf(m)e de =Ef(X).

This proves the “only if” part.

BXF(X) = [ af@): f(@)(e 2 da

To prove the “if” part, let Y 4 N(0,1), and let g be a smooth function on R with compact
support. It suffices to show that Eg(X) = Eg(Y). Consider the function f satisfying the ODE

F(@) = 2f(@) + g(x) — Eg(Y). (3.5)

It is easy to see that the solution is of the form

o) =2 [ e gt - Egay+ ).

Setting C' = 0 makes f a smooth function satisfying || f|lcc + || f/llcc + ||/ |cc < 00. Setting x = X
in (3.5) and taking expectation, we have

0=Ef(X) ~ EX[(X) = Eg(X) — Eg(Y)
as desired. ]

Lemma 3.5. Let .
fla) = &2 / V2 (g(y) — Eg(Y))dy,

—00
. . d / 1"
where g is smooth with compact support, and Y = N(0,1). Then || flloo + |/ loo + |/ [0 < o0.

Proof. Let ®(z) =P(Y <2)= [* -1 e~**/2dz. For large x, we can show that

—00 Vo
2 2
re T /2 e T /2
————— < 1-®(z) < ;
(1+ 22)V/2m (=) x\/ 21
which implies
x

< 612/2\/ﬂ(1 —P(z)) <

8=
—
«w
o)
N—

14 22

As g has compact support, for x large enough, we have

fla)=es/? / eV 2g(y)dy — " /2 Bg(Y) / " ey = *2/am(1 - B (a))Eg(Y),
R

—00

and limg_, | f(z)| = 0 follows from (3.6). Similarly, lim,_,_~ |f(x)] = 0. This proves || f|lec < 00.
For x large enough, we have

f'(z) = of(x) + g(a) — Bg(Y) = 2™ /*v/27(1 — &())Eg(Y) — Eg(Y),

and lim, o | f/(2)] = 0 follows from (3.6). Similarly, lim,_,_ o | f'(z)| = 0. This proves || f/||cc < 00.
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In addition, note that
f(z) = (@f(2) + g(x) —Eg(Y))' = f(z) + zf'(z) + ¢'(z)
= (1+2%)f(2) + zg(x) — 2Bg(Y) = (1 + 2®) f(x) — 2Eg(Y) .

As ||f]loo < 00, it suffices to show that 22 f(x) — 2Eg(Y) is bounded. We have, for z large enough
that

2 f(2) — 2Eg(Y) = 22" /*V/2r(1 — &(2))Eg(Y) — 2Eg(Y)
= Eg(Y) - (22”/2V27(1 — ®(z)) — ) = 0,

where the last step again follows from (3.6). We can also prove the analogue for x — —oo. This
finishes the proof. O

The Stein operator A is defined as
(Af)(z) = f'(z) —af(z).
From Lemma 3.4, a random variable is standard Gaussian if and only if E(Af)(X) = 0.

Lemma 3.6. Let {X,,},>1 be a sequence of random variables, with EX,, = 0 and sup, EX?2 < oo.
Then X, % N(0,1) if and only if

E[Xnf(Xn)] - Ef (Xn) = 0
for any f € CYR) with || flco + || f']lcc < 0.

Proof. (i) Suppose X, 4 N(0,1) and we denote Y’ L N(0,1). Let f € CYR) with || flloo+ £ llec <
oo. Then (why?)

Xuf (Xn) 2 YI(Y), f(Xa) =5 S1(Y).
As sup,, EX2 < oo, then {X,},>1 is uniformly integrable (recall that this means for any € > 0,

there exits K such that sup, E[X,1 x,>x| < €). As f is bounded, { X, f(Xn)}n>1 is also uniformly
integrable. Then (why?)

lmE[X, f(X,)] =E[Yf(Y)], and HmEf/(X,)=Ef/(Y).

AsE[Yf(Y)] =Ef'(Y), we conclude the “only if” part of the proof.
(ii) Suppose
E[an(Xn)] - Ef/(Xn) -0

for any f € CY(R) with ||f|lsc + ||f/[lec < 00. Let Y £ A(0,1), and let g be a bounded smooth
function on R. As in the proof of Lemma 3.4, and consider the function f satisfying the ODE
f(@) =2f(x) + g(x) — Eg(Y). Then

Eg(Xn) —Eg(Y) = Ef'(Xn) — E[X5f(Xn)] = 0.
By Theorem 1.13, we have X, 4 x4 N(0,1). This finishes the “if” part of the proof. O

Exercise 3.7. (i) Work out the two “(why?)” in the proof of Lemma 3.6.
(ii) Given a counter example that Lemma 3.6 fails if we drop the condition || f||oc < 00.
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Now we prove Theorem 3.1 using Lemma 3.6. By Lemma 3.3, it suffices to assume that {X,,}>1

are uniformly bounded. Let Sflk) := 5, — X;. Note that X and Sy(Lk) are independent. Let f be a
smooth function in R satisfying || f|loc + ||/ llco + | f”[|cc < 00. We have

(5 (52)) = e (5h) - Som(Zer(5h) - Ba(35)
e [ (5 S
-Se( [ () e [ (5 2 - o (2
T
_ ikﬂm(f'(&(‘;)) +0(n1?), (3.7)

where in the last step we used

)

it

(k)
s [ (B
Similarly, we can also show that
1S () = 135 () o = s(r(5) <o
Combining the above equation with (3.7) yields

221 (5) =B( () + o,

Note that sup,, E(S,/v/n)? = EX? = 1. Together with Lemma 3.6 we conclude the (3rd) proof of
Theorem 3.1.

)d )' ZE( 3/2Hf ) = O,

Remark 3.8. Although Proof 3 is slightly more complicated than Proof 2, Stein’s method has its
own advantages and is applicable in general. For instance, we can take g(x) = 1(_o (), and in
this case Eg(X) —Eg(Y) = P(X < w) — P(Y < w). Although ¢ is not differentiable, we have

= [ (o)~ Egr)e s 20y

// (1 se)(y) — D(w)]e ¥ /2dy = —e*/? / (1 (o) () — B(w)]e ¥ /2dy

:{ 2me/23(2) (1 — D (w))

< w
21 2P (w)(1 — ®(z)) z > w,

which is a smooth function. This can be used to study the convergence rate of CLT, which we will
address in the next section, with a different method.
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3.1.4. Necessary condition and the non-identical case. The following result asserts that
the existence of the second moment is necessary for getting the CLT.

Theorem 3.9. Let {X,,},>1 be a sequence of i.i.d. random variables, and S, = X1 + -+ + X,,.

Suppose

j’% —L N(0,1), (3.8)

then EX? < co. In addition, we have EX; = 0 and Var X; = 1.

Proof. The proof of EX? < oo is technical and we omit it here. The readers may refer to [11, pages
62-63].

Assuming that EX? < oo is true, by Jensen’s inequality, we get (EX;)? < EX? < oo. This
implies p := EX; and 02 := Var X; = EX? — (EX;)? exist. Moreover, as the limit of S, is
non-degenerate, so is X;. This implies 02 > 0. Using Theorem 3.1, we get

Sp—np 4
——— — N(0,1).
o (0,1)
Comparing the above with (3.8), we must have z = 1 and 02 = 1. This finishes the proof. O

With certain effort, Theorem 3.1 can be generated to the case where the distributions of X,, are
not identical. In fact, we can even assume X,, have different means and variances. Here we state a
simple version of this type of result; for the general case, one may refer to [11, page 64].

Exercise 3.10. Let { X, },,>1 be a sequence of independent random variables, where inf,, Var X,, > ¢
and suan|X;§| < C for some constants C,c > 0. Denote S, := X7 +---+ X,, and U,% = Var X,,.
Use the Lindeberg replacement method to show that

Sp —ES,

o +---+ok

4 N(0,1).

3.2. The convergence rate

A natural problem to study after Theorem 3.1 is, how fast does the convergence happen, in terms
of n. To make the question mathematical rigorous, for two random variables X, Y (or equivalently
two random variables), we define their Kolmogorov-Smirnov distance by

AX)Y) = sgg IP(X <z)-P(Y <) (3.9)

We shall prove the following result*.

Theorem 3.11 (Berry-Esseen). Let {X,,},n>1 be a sequence of i.i.d. random variables, with EX, = 0
and EX? = 1. Suppose that L := E|X}| < co. Denote S, := X1+---+ X, and Y 4 N(0,1). Then

A(Sp/vn,Y) < CL/vn

for some universal constant C' > 0.

“The proof we present here is based on notes by Jordan Bell [3]. You may also read the recent exposition by
Vershynin [13]
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Remark 3.12. The Berry-Esseen theorem actually holds under more general assumptions, in terms
of the distribution and variance profile of {X,,}. For simplicity, we do not pursue it here.

The starting point is the following result.

Lemma 3.13. Let F' and G be two distribution functions. Assume G is differentiable with M :=
|G'||loo < 0. Abbreviate § := 51 A(F,G). Then there exists a € R such that for all T > 0, we have

11— 1-— T
TMém — 6T Mo ﬂda} < / w(F(x—l—a) —G(x+a))dz
T T R x

Proof. As lim,_, 1 |F(z) — G(x)| = 0, there exists a compact interval K such that

2M§ = sup |F(z) — G(z)| = sup |F(z) — G(x))|.
T€R zeK

By definition, there exists a sequence {z,} C K such that lim, |F(z,) — G(z,)| = 2M¢. Since
K is bounded, there exists a subsequence {u,} of {z,} that converges. Since K is compact,
u := lim,, u, € K. Then either there is a subsequence {u,} of {u,} with lim, @, | u, or there is a
subsequence {u,} of {u,} with lim,, %, T u. In the first case we have

F(u) — G(u) =2Mé§ or F(u)—G(u)=—-2M¢,
and in the second case we have
Fu—)—G(u) =2Mé§ or F(u—)—G(u)=—-2MJ.
We shall proceed the proof under the assumption
F(u—) — G(u) = —2M9; (3.10)

other cases work in a similar fashion. Let a = u — 4. For |z| <, v +a < § + a = u. Then
0<GW-Gl+a)= [ Gudy=[ Gy <M6-0),
z+a u+x—0
which implies G(z 4+ a) > G(u) — M(§ — x). Since = + a < u, we have
Fz+a)—Gx+a) < Flu—)—Gu)+ M6 —x)=—-M(z+9).

Thus

é é é
1- T 1-— T 1-— T
/ COQSHT(F(:U—Fa)—G(x—I—a))d:Bé—M/ ;O;x(:n+(5)d:v:—2M6/ %dx
-5 x -0 0

On the other hand, as |F(z +a) — G(x + a)| < 2MJ, we have

1- T 1-— T o0 _ T
/ —— L (F(r+a)~G(a+a))dz| < 2M6 Lo oosTe g gngs / L-cosTay
R\[-4,0] x (o) . i .
Hence
1= T 1-— T 1 _ T
/C(;SHC(F(:U—I—CL)—G(w—I—a))dm 2M5/ ﬂd +4M5/ de
R x
= - 2M6/ S e+ 6M5/ — e = ~TMém+6TMS | — " "da.
° ) 0 v TS €
This finishes the proof for the case (3.10). -
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Exercise 3.14. Prove Lemma 3.13 for the three cases other than (3.10).

Lemma 3.15. We adopt the assumptions of Lemma 3.13 and let F,G, M, be as in Lemma 3.13.
In addition, assume

/ |F(z) — G(z)|dz < co.
R

Denote

wr(t) ::/ReimdF(x) and  @a(t) ::/Reide(a:).

Then for any T > 0,

T —_—
A(F,G) < 2/ ler(t) —ec(®)l , | 24M
™ Jo t T

Proof. As F' — G vanishes at +00, an integration by parts formula yields

or(t) —pc(t) = /

[ da(F - G)(w) = it / (F - G)(2)e"da

R

Let a be as in Lemma 3.13, then

@F(’f)_j;"f"(t) eTHUT — ) = (T — t) / (F(z+a) — Gz + a))e*dz.
R

As [p|F(x) — G(x)|dz < oo, by Fubini’s theorem,

Top(t) = oalt) _ya (" ita
/0 pril) = eell) - (T—t)dt—/o (T—t)/R(F(x+a)—G(x+a))et dz dt

T
i 1-— T
- /(F(x +a) =Gz +a) / (T — t)e™dt dz = /(F(x +0) = Gla+a)— 7 —"dr.
R 0 R
Thus
1- T T t) — t T 0 — "
/(F(era) —G(x+a))(:02sxdg;' g/ |or(t) — pal )‘(T—t)dt < T/ lpr(t) —pa)l
R € 0 t 0 t
Together with Lemma 3.13 we get
11— T lop(t) — oal(t
TMém —6TMS | —Tdu < T/ lpr(t) —pc)l ,,
Té x 0 t
As
orMs [ LT corms [ Sde = 12M
76 z TS T
we have
T —_—
TMér —12M < T/ lor(t) t pat)l
0
This implies the desired result. 0
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To prove Theorem 3.11, let F}, be the distribution of S,,/v/n, and let ® be the distribution of
Y. By Markov inequality, for x < 0 we have

S2 1 1 o 1
Fal@) = B(Su/vi < 7)< 5EB(T) = 1 @) =P(Y <#) < pE(V?) = .
Similarly, for z > 0

L= Fofa) =P(S,/Vii > 2) < o, 1-9() <

x?’

Thus |F,,(x) — ®(z)| < 1/2? for all # € R (why there is no factor 2 in the bound?). Hence

1
1

/|F )d:c—/ 2dx+/ —dz < oco.
-1 lz|>1 L

As a result, we are allowed to use Lemma 3.15 with F' = F,, and G = ®. Note that M = ||®/|| - =
%. Thus Lemma 3.15 implies

Aty < 2 [ 0o eellly, 2

r (3.11)
2 /T |or, (t) — e/ 24 '
== dt +
T Jo t V2rrT

Abbreviate ¢, = ¢, . Our main task is estimating |¢n(t) — e /2| for t € [0,T]. To get the rate
n~12 as in Theorem 3.11, we would have to set T ~ /1.
The following is an easy consequence from Taylor expansion.

Lemma 3.16. Forn > 1 and |z| < 1, we have

| 2"
8t Z n(l— )
In particular, when |z| < 1/2, we have
log(1+2) — 2| < |42
Recall that L = E|X}| < co. The next two results estimate the characteristic function on

different scales of t.

Lemma 3.17. If |t| < we have

L1/3 Y
[on(t) — e/ < LoVt
Proof. Let p(t) := Eexp(itX;/y/n). Since EX; = 0 and EX? = 1, by Taylor expansion, we have

o, #00)s_, BEX()
2! 3! 2n 6n3/2

3 (3.12)

for some s between 0 and t. By Jensen’s inequality, L > 1, and thus

-1 <y Lo Lot Lo 1y
4 T 2n  6n3/2 S on 412/3 0 6n3/2 8L T 4n2/3 )
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By Lemma 3.16, we have

t* L% It Lt Lt
_ — —12 < < < .
[log(t) — (o(t) = DI <o) = 1P < 55 + 155 < 71176 + 194037 S 21176

Note that (3.12) also implies |p(t) — 1 + %] < 6];!?/32. Thus |log p(t) + 2n‘ < 1’;“3)2 , which implies

t2

L|t3 1
log ¢n(t) + 5 il

eI = <

where in the last step we used the assumption on ¢. Applying |e? — 1| < |z|el*! with z = log(¢n(t) -
e”/2), we have

3 3
LIE| s LI
1.5n1/2 nl/2

2
[on(t) - /% — 1] < [log(palt) - /) el Ee 2l <
as desired. This finishes the proof. O
Lemma 3.18. If [t| < %2>, then |on(t)] < e /3,
Proof. Let ¢(t) := Eexp(itX;/y/n). Then

lp(t)?] = Eexp(itXl/\/ﬁ) -Eexp(—itXa/v/n) = Eexp(it(X; — X2)/v/n)

it)3
fi(yf?))/zE[(Xl — X2)? exp(is(X1 — X2)/ V)]

SR IE(X - Xo) + (.t)zE(Xl — X)? +
\/ﬁ 2n

for some s between 0 and ¢. Thus

| ()I\l——+ i .8L<exp( t2+4‘t‘3L)<exp(—t2+tZ)zexp(—Qtz)-
6n3/2 3n3/2 n  3n 3n

This implies |¢n(t)] = |o(t)"| < e /3 as desired. O

Combining Lemmas 3.17 and 3.18, it is not hard to deduce that

lon(t) — e /2] < 16Ln~V/2|tPet"/3 (3.13)
for all |t| < %7. Setting T' = "2 in (3.11) and applying (3.13) yields
T | —t2/2
pn(t) —e /7 24
Sh Y dt +
AGs, vy < 2 [ =
nl/2
< 2/ 4L 16Ln_1/2t2e_t2/3dt + ﬂ
T Jo V2rmnl/?

<L.(32/ +2 _t2/3dt+ 96 )
Vn T Jo 2T

This proves Theorem 3.11 with

8

C =

alks

96
26~ 3qt + ~ 35.64 .
/0 \ 27
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Remark 3.19. The order O(n~'/2) in Theorem 3.11 is sharp. Consider the case of Rademacher
random variable, namely P(X; = 1) = P(X; = —1) = 1/2. Suppose n is even. Then

n n! 1

B(8,/vi = 0) = B(5, =0) = (1) (12" = (T o
< vam(3) (vamra(3) )

Here A = B is defined as A = B(1+0(1)). This implies a jump of S,,/+/n at 0, thus it is impossible

to approximate S, +/n by any continuous distribution with a precision better than \/ﬁ. In this

case,
C = \/i ~ 0.389.
2

There was in fact an effort of getting the smallest possible C' in Theorem 3.11. Currently the best
result is 0.4748 [14]. It is believed that the constant cannot be smaller than 0.4097.

3.3. Local limit theorem (good news: no proofs)

Let {X,}n>1 be iid. with EX; = 0 and Var X; = 1. Let S, := X; + --- + X,,. The Central
Limit Theorem, Theorem 3.1, is a qualitative result. It implies that, for any fixed (independent of
n) interval [a,b] C R, we have

b
P(S,/v/7 € [a,]) = / \/12?e_“:2/2dx +o(1).

Here the small o notation means o(1) — 0 as n — co. On the other hand, the Berry-Esseen bound,
Theorem 3.11, is a quantitative result. It implies that for any interval [a, b] € R,

1
V2T

Here the big O notation means, there exists a constant C' > 0, independent of n, such that

|O(n~Y2)| < Cn=/2 for all n > 1. In (3.14), when a is bounded, the estimate is meaningful as
~1/2

e 24y + O(n=4?y. (3.14)

b
B(Sa/ v/ € [a,b]) = /

long as a—b>n
The quantitative result does not involve taking the limit of the fundamental large parameter
(in our case, it is n), and it is generally stronger than the asymptotic, qualitative results.

Now, can we push Theorem 3.11 and (3.14) a bit further, and obtain a meaningful result when
a—b=0(n"1/2)? If so, the most ideal guess would be

h 2
P(Sn/v/n € la,a+ h/v/n = e "2 4pon1/? 3.15
(a1 € la,a-+ b/ Vi) = (w17 (3.15)
for any bounded a, h € R.

However, (3.15) cannot always hold. Consider the example as in Remark 3.19, where P(X; =
1) =P(X; = —1) =1/2. Let n be even. Then

n n! 2

n_ : 1
(n—k)/2>'(1/2) SR (k2 2V

B(S/ Vi = k//) = (
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when k is bounded and even. P(S,,/v/n = k/y/n) =0 if k is odd. Thus

P(Sn/v/n € 0,0+ 0.1/y/m]) = P(S,,//ii = 0) = \/Z . \/02%

which disproves (3.15). The reason of the above is the special structure of X;, which makes S,,/\/n
only takes values in 2Z/+/n.

To distinguish this case, let L(a,\) := a + A\Z. A random variable X is said to have lattice
distribution if there exists constants a € R and A > 0 such that P(X € L(a,\)) = 1. Obviously,
P(X € L(a,\)) = 1 implies P(X € L(a,\/m)) =1 for any m € N;. Let

A :=max{\:3Ja € R,P(X; € L(a,\)) =1}.

The next results links the concept of lattice distribution to the behaviour of the characteristic
function.

Proposition 3.20. Let
te 1= inf{to 1t > 0, |@X(t0)’ =1, |(px(t)’ <1 forallte (O,to)} .
There are three possibilities.

(1) t« € (0,00). Then |ox(t«)| =1 and |px(t)| <1 for allt € (0,t,). In this case X has a lattice
distribution.

(ii) t. = 0o. Then |ox(t)| <1 for allt > 0. In this case, X has non-lattice distribution.
(i1i) t. = 0. Then |px(t)| =1 for all t € R. In this case, X is degenerate.

Example 3.21. Let X; satisfy P(X; = 1) = P(X; = —1) = 1/2. Then ¢x, (t) = (' + ™) =
cost. Then |px, (t)| =1 if and only if ¢t € 7Z. Thus t, =7 and A = 2.

Theorem 3.22. Let {X,}n>1 be i.i.d. with EX7 =0 and Var X7 = 1. Let S, := X1+ -+ X,,.
Suppose there exists constants a € R and A > 0 such that P(X; € L(a,A)) = 1. Then

R At

0 otherwise.

The error term o(n~'/2) is uniform in x.

Theorem 3.23. Let { X, }n>1 be i.i.d. with EX7 =0 and Var Xy = 1. Let S, := X1+ -+ X,,.
Suppose X1 has non-lattice distribution. Then

h

2mn

P(S,/v/n € [a,a + h/v/n]) = e~ %12 4 o(n1/2) (3.16)

T

for any bounded a,h € R. Here the error term o(nfl/z) is independent of a, but it may depend on
h.

We will not prove Proposition 3.20, Theorems 3.22 and 3.23 here. The readers may refer to [8].
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3.4. Large and moderate deviations

Let us go back to the setting of the central limit theorem. We have a sequence of i.i.d. random
variables {X,},>1, with EX; = p and EX? = 02, S, := Xj +--- + X,,. We have seen from
Theorem 3.1 that

Sp—np  Xi+-+ Xy —np
Vno Vn
In other words, S,, — nu is most likely to be on the scale O(y/n). On the other hand, it is still

possible for S, to take larger values, even to the scale O(n). Large deviation theory studies the
quantity

— N(0,1).

P(S, —nu > zn)
for fixed x > 0, while moderate deviation studies the behavior of
P(S,, —npu > zv/n)

for any 1 < z < n'/2.

3.4.1. Large deviation. In this section, we prove the following result.

Theorem 3.24 (Cramér’s theorem). Let {X,,}n>1 be a sequence of i.i.d. random variables, and set
Sp = X1+ -+ X,,. Suppose E(exp(tX1)) < oo fort in a neighborhood of 0. Fort € R, denote
the cumulant generating function by

K(t) :=logE(exp(tX1)) .
Then

! logP(S,, = zn) = —sup(tx — K(t)) + o(1).
n >0

for all fired x > EX;. Equivalently,

P(S,, > zn)Y/™ = exp(— igg(tm —K(1)(1+0(1)) = %EgEeteru +o(1)).

For a random variable X1, its rate function is defined via I(z) := sup;cr(tx — K(t)). Theorem
3.24 implies that
P(Sy, = zn) ~ exp(—nl(z)).

Exercise 3.25. (i) Let X; be a Bernoulli random variable with parameter p, i.e. P(X; = 1) = p,
P(X;=0)=1—p, p€ (0,1). Show that the rate function is

I(x) = x log <z> + (1 —x)log (1_;) . 2 €0,1]

400, otherwise.

(ii) Let X1 < A(0,1). Show that I(z) = 22/2.
We present the proof of Theorem 3.24 given in [5]. For z € R, define
1
s(x) :=sup — log P(S,, > nz).
n>1MN

We have the following duality.
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Proposition 3.26. For allt > 0, we have

K(t)= ilelg (tu+ s(u)) .

Proof. (i) One side of the equality is easy to prove. From the Markov inequality, we have
1 1 1

K(t) =logEexp(tX;) = —logEexp(tS,) > — log (e”t”]P’(etS" > em")) = tu+ —logP(S,, = nu).
n n n

Hence, taking the supremum over n and then over u, we get
K(t) > sup (tu+ s(u)) .
u€R
(ii) In this step we prove the equality for ¢ = 0. Note that for al u € R, we have
1
s(u) = sup — logP(S,, = nu) > loglP(S1 > u) =logP(X; > u).
n>1 T
Letting u — —oo in the above yields
m s(u) > lim logP(X; >u)=0= K(0).

Sups(u) > ugfoo U——00
u

Together with part (i) we proved the proposition for ¢ = 0.
(iii) Now we prove the general result. Let M > 0. Since {X,,},>1 are i.i.d. we have

1 1
log B(e" 11, 1<) = 510gE(et(X1+ XL e L jem) < - log E(e"*" 1|5, |<nr)

1 Sn/n
— logE((e‘”tM —I—/ ntent“du)l‘SnKnM))
n —M

1
< ﬁlog (e_”tM + / E(1_M<u<5n/n1|5nKnM)nte”t“du) :
R

Here in the last step we used the Fubini theorem (it is possible since the integrand is nonnegative).
Since

E (1 r<uss,/nsni<nnr) < E(Ls,sunl-mrcucnr) = B(Sp 2= un)Lycnr < €Ml
we get,
1 M
log E(e"*'1x,<pr) < — log (e‘”tM + / e"s(“)nte”t“du)
n -M
1
< —log (e*"tM + 2Mntexp(nsup(s(u) + tu))) i
n u€eR

By part (ii), we can choose M large enough so that
—tM < sup(s(u) + tu).

u€R

Then

1 1
log E(etX1 1x,1<m) < — log ((1 +2Mnt) exp(nsup(s(u) +tu))> = —log(14+2Mnt)+sup(s(u)+tu).

n u€R n u€R
Taking n — oo yields

log E(etXll‘XlKM) < sup(s(u) + tu) .
u€R

Finally, taking M — oo yields K (t) < sup,ep (tu + s(u)) as desired. O
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To use the above duality, we need to show that s is a concave function.
Lemma 3.27. We have 1
lim — log P(S,, > nx) = s(x) € [—o0, 0]
nn
for all x € R.

Proof. f P(X;1 > x) = 0, then the result is trivially true. Thus can we assume that P(X; > z) > 0.
Fix m > 1. For n > m, write n = mp + ¢, where p > 1, ¢ € {0,1,2,...,m — 1}. Then

P(S, = nz) = P(Sy, = ma)P - P(Sy > qz),
which implies
1 1
—logP(S,, = nx) > p log(P(S,, = mx) + - logP(Sy > qz) .
n n
As lim, 2 = L and lim,, 1 log P(S; > gz) = 0, we have
1 1
liminf —log P(S,, > nz) > — log(P(S,, = mx).
n n m
As the above holds for all m, taking supremum over m yields
1 1
lim inf —log P(S,, > nx) > s(x) > limsup — log P(S,, > nz),
where the last inequality comes from the definition of s(z). This finishes the proof. O

Armed with Lemma 3.27, we can prove the following.
Corollary 3.28. The function s : R — [—00,0] is concave.
Exercise 3.29. Prove Corollary 3.28.
Now we can finish the proof of Theorem 3.24. From Proposition 3.26 we know that

inf(K(t) —tx) = %gg Slelg(t(u — )+ s(u)) (3.17)

t=0

It remains to prove that the (3.17) equals s(x). The result is standard in convex function theory
and known as Fenchel-Legendre duality. Let us give an elementary proof in our setting. The right-
hand side of (3.17) is clearly greater than or equal to s(z): take uw = x. To prove the converse
inequality we set

zy = inf{z : P(X; > ) = 0} € (—o0, 0] .

If x < x,, then s(x) > —oo. Since s is concave, the function

s(x) — s(u)
g(u) == —————
r—u
is non-increasing in R\{z}. Set

—t, := lim g(u) € [—00,0].

U—T —

Then we have s(u) + t«(u — x) < s(x) for all u € R. From this the result follows.
If x > x,, then P(X7 > x,) = lim, 0, P(Xy>2.+¢)=0. Forallt >0 and £ > 0,

K(t) —tx = log Eet()ﬁix) = logE<et(Xlix)(1X1<xf€ + 11‘*6§X1<I*)> < IOg (ErtE +]P)(X1 ZT— 5)) :

Taking minimum over ¢ and sending € — 0, we get

inf (K (1) — t) < log P(X1 > ) = s(r) .

This finishes the proof.
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3.4.2. Moderate deviation. Recall from Theorem 1.10 (iv) that for a random variable X with
all finite moments, its kth cumulant is defined via

Cr(X) := (D) - (8f log E[e"™])
for all k > 1. If E[e'*] < oo when ¢ is near 0, we can also write

Crp(X) := (Gf log E[etX])

=0

=0
We have the following result.
Theorem 3.30. Let { X, }n>1 be a sequence of i.i.d. random variables with EX; = 0 and Var X; =

1. Set S, =X1+---+X,, and Y 4 N(0,1). Suppose EetX1 < oo fort in a small neighborhood of
0. Then for any 0 < x < n'/2, we have

B(S, > yia) <$3)\(x))(1+0<1+x>>.

B(Y > a) Vi \Vn Vi
Here
o Crers(Xa)
Az) == kzzo Wzk ,
and

The proof of Theorem 3.30 is complicated and we omit here. Interested readers may refer to [11]
for the case that X; has a density. We will interpret what the result tells us.

(i) When z > 0 does not grow with n, Theorem 3.30 can be reduced to

P(S, > v/nx) _
m-l%—O(n 1/2).

This is a result that agrees with Theorem 3.11, the Berry-Esseen bound.
(ii) When 1 < # < n'/%, we have

P(S, > /nx) _
PZsa) - 1+ O0(«*n~1?).

Thus the leading contribution of P(S,, > /nx) is still given by the standard Gaussian random
variable.

(iii) When n'/¢ <« 2 < n'/? and C3(X;) = EX} # 0, we have

P(Sh > Vnx) _ coxp)ed/vm —1)2
P(Z>z) (1+O@n™"77).

In this case, the behavior of P(S,, > \/nz) is governed by the third cumulant of Xj.
(iv) When X, < N(0,1), we have E[e'X] = ¢”/2. Thus

1 ifk=2
Cr(X) = (0¥ log E[e!X =
k(X) (t ogEle DL?ZO {0 otherwise .
This makes \(z/y/n) = 0.

(v) From Theorems 3.1, 3.24 and 3.30, we see that when 0 < z < n'/%, the (leading) behavior
of P(S,, > /nz) agree with that of the standard Gaussian, regardless of the distribution of
X1. We can call this a universality result. When z > nl/ﬁ, P(S,, > y/nz) depends on the
distribution of X7, and thus the result is no longer universal.

o1



Homework 2

Question 1. Let {X,},>1 be ii.d.random variables having the uniform distribution on [—1,1].

Show that
Xi+-+Xn 4

> — N(0,1).
VX A+ X2

Question 2. Let {X,},>1 be a sequence of ii.d.random variables with EX; = p > 0 and
Var X; = ¢2. For t > 0, define the random variable

Ny:=sup{n: X3+ -+ X, <t}.
Show that

/1«3/2(Nt —t/p) NV

.y (0,1)

as t — oo.

Question 3. Use the central limit theorem to show that

_n n 1
T
k=0
Question 4. Let Z < A/(0,1). Show that
L(gc‘l —a e T RLP(Z > 1) < L e
V2 h “ T avor

for all x > 0.
Question 5. Solve Exercise 3.25.

Question 6. Let {X,,},,>1 be asequence of i.i.d. random variables, with EX; = 0 and Eexp(tX;) =
oo for all £ > 0. Show that

1
lim —logP(X; +---+ X,, 2 nz) =0
n n

for all fixed z > 0.
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4 Law of large numbers

4.1. The strong law of large numbers

I trust that everyone at this stage can prove the following result.

Exercise 4.1. Let {X,}n,>1 be a sequence of random variables, with EX,, = p for all n, and
sup,, EX2 < co. We assume that the random variables are uncorrelated, i.e.

COV(XZ',X]') = E(Xl — ]EXl)(X] - EX]) =0

for all ¢ # j. Show that
X1+ + Xy L

- (4.1)

as n — oo. In particular, the convergence also holds in probability.

The relation (4.1) is called the weak law of large numbers. In fact, even only given the existence
of the first moment, we can prove the convergence in probability quickly.

Proposition 4.2. Let { X, },>1 be a sequence of i.i.d. random variables, and assume EXy = p. Let
Sni=X1+---+X,,. Then
Sh

P
n
as n — oo.
Proof. Let ¢1(t) := Eexp(itX;). By Taylor expansion,
e1(t/n) =14 iut/n+ o(1/n).
Then

Eexp(itSp/n) = ¢1(t/n)" = (1 + iptn ™t + o(n_l))n = exp (nlog (1 + iptn ™t + o(n_l)))
=exp (n(iptn™" +o(n™"))) = exp(int) + o(1).

By Theorem 1.14, we have S,,/n a4, W, which is equivalent to the desired result. O

Our main goal in Section 4.1 is to prove the following strong law of large numbers (SLLN).

Theorem 4.3. Let {X,}n>1 be a sequence of i.i.d. random variables, and assume EXy = p. Let
Sy i=X1+---+X,,. Then
Sn a.s.

_> /’L

as n — oQ.

Remark 4.4. The SLLN, in the strongest possible form, only requires the sequence {X,},>1 to
be pairwise independent. It is easy to construct pairwise independent random variables that are
not mutually independent. (Think about independent X, Y both having the Bernoulli distribution
with parameter 1/2, and let Z = X +Y (mod 2).)
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The classic proof of Theorem 4.3 (you can find it in [6] for instance) is lengthy and it does not
tell us too much beyond the proof itself. Here we present one shorter alternative.
For a sequence of random variables { X}, },>1, we define

fn = O'()(n7 Xn+1, )

for all n > 1. The definition means, F, is the smallest o-algebra that contains all o(X,)?,
0(Xn+t1),0(Xnt2), ... The asymptotic o-algebra of {X,,} is defined as

e.¢] o0
Fooi= [ Fn= )Xk =n).
n=>1 n=1

Elements of Fo, are called tail events. For example, it contains the set of convergence (in [—o0, o0])
of the series ), -, Xy:

0 = {w €N limianXk(w) = limsupZXk(w)} ,
[ - k=1
since for each m > 1,

0 = {w e: limninf i Xp(w) = limsup i Xk(w)} C Fm,
k=m n

k=m
which implies Q1 € N Frn = Foo-

Lemma 4.5 (Kolmogorov 0-1 law). Let {X,,}n>1 be independent random variables, and let A be a
tail event of {X,}. Then

P(A) € {0,1}.
Proof. Obviously, for any n > 1 the sets (X1, Xs,...X,,) and F are independent, meaning
P(AN B) =P(A)P(B)

for any A € o(X1, Xo,..X,,) and B € Foo. As a result, |72, 0(X1, Xo,...X,) and Fu are also
independent. Fix B € F,, and define

L:={ACQ:P(ANB)=P(A)P(B)}.
It is easy to verify that £ is a A-system, meaning
(i) Qe L;
(i) X e L = X¢eL;

(iii) For pairwise disjoint {X,} in £, we have U, X,, € L.

®The o-algebra generated by a random variable X is the smallest o-algebra containing the set {X~'(U) : U C
R is open} .
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In addition, ;2 o(X1, Xo,...X,,) is a w-system, meaning it is closed under finite intersections.
Recall that the m — A\ theorem® states

“If A is a m-system, B is a A-system, and A C B, then o(A) C B.”
Thus applying the theorem with A = J77, 0(X1, X2, ...X;) and B = L yields

0( G (X1, Xo, ...Xn)> cL.

n=1
Obviously,
Fi =0{o(X1),0(X2),...} C 0’< U (X1, Xo, Xn)> cL.

n=1
Hence P(AN B) =P(A)P(B) for all A € F;. As B is arbitrary, 1 and Fo, are independent. Since
Foo C F1, Foo is independent with itself. Thus for any A € F,, we have

P(A) =P(ANA) =P(A)P(A)
This finishes the proof. O

Corollary 4.6. Let {X,,},>1 be a sequence of independent random variables. Then the probability
that Y 02 | X, converges is either 0 or 1. Similarly, the probability that

1 n
o 2 X
n
k=1
converges is either 0 or 1.

Having Lemma 4.5 at hand, we now present a short proof of Theorem 4.3 found in [7]. The
main step is the following result.

Proposition 4.7. Let {X,}>1 be i.i.d. random variables with EX; > 0. Let S, = X1 + -+ + X,,.
Then

inf S,, > —0
n=1

almost surely. In particular,
S,
liminf = > 0
nn
almost surely.

Let {X,} and S,, be as in Theorem 4.3, with EX; = u. Let ¢ < p. Applying Proposition 4.7

for {X,, — c}n>1, we get
.. .S, —nc
lim inf
n n
almost surely. Thus liminf,, S,,/n > ¢ almost surely. Since ¢ is any number smaller than p, we have

=0

liminf S, /n > p a.s.
n
Applying the same augment to {—X,,} to see that liminf, —S, /n > —u a.s. Thus
limsup S, /n < p  a.s.
n

This finishes the proof of Theorem 4.3.

5The proof is rather abstract and we omit here.
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Proof of Proposition 4.7. Let p = EX; > 0, and J, := min{Sj,...,S,}. Note that each J, is
integrable and n +— J, is non-increasing. We have

Jn = X1 +min{0, Sy — 81,53 — S1, ..., Sp — S1} =: X1 +min{0,J,_},
where J),_; has the same distribution as .J,_1. Therefore
EJ, = p+Emin{0, J,_1}.
Subtracting EJ,_1 from both sides yields

E[Jn — Jn1] =p—EJ .

Telescoping;:
n
Y EJF =np+EMh — Jug] =np.
k=1
Thus
1 n
. . +
hmnlnfﬁ ZEJk, > . (4.2)
k=1
Since n +— EJ;' is non-increasing, we get EJF > p for all n > 1. Write Jy = limJ, =

inf{Sj, So, ....}. By the monotone convergence theorem,
EJL > u.

In particular, P(Joo > —00) = P(Jo > 0) > 0. By Lemma 4.5, we get P(Jx > —o0) = 1 as
desired. O

Theorem 4.3 can be extended to cases where E|X;|P < co. We present the following result
without proof.

Theorem 4.8 (Marcinkiewicz SLLN). Let {X,}n>1 be a sequence of i.i.d. random variables, such
that E| X1 |P < oo for some p € (0,2). Then there exists a € R such that

n~ /P Z(Xk —a) %% 0. (4.3)
k=1

Remark 4.9. (i) For p > 2, (4.3) can no longer hold: it would violate Theorem 3.1 (CLT).

Nevertheless, we have
n

n~1/e Z(Xk —a) ¥%0
k=1
for any a € (0,2).
(ii)) For p € [1,2), a = EX;, and Theorem 4.8 generalizes Theorem 4.3 to smaller scales:

S (Xg — a) is a.s.a point when viewed at the scale n'/P. For p € (0,1), a can be any real
number.
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4.2. The convergence of independent sums
The goal of Section 4.2 is to prove the following result.

Theorem 4.10 (Kolmogorov’s Three-Series Theorem). Let { X, }n>1 be independent random vari-
ables. Let ¢ > 0 and set X; = Xp1|x, |<c- Then Y02 Xy converges a.s. if the following conditions
hold for some ¢ > 0, only if the following conditions hold for any c > 0.

(i) 22021 P(IXn| > ¢) < oo;
(ii) > o2 | EXE converges;
(iii) > o>y Var X& < oco.

Remark 4.11. By Lemma 4.5, the probability that Y > | X,, converges is 0 or 1. Thus if at least
one of (i) — (iii) in Theorem 4.10 does not hold, Y7, X,, diverges a.s.

Example 4.12. Let {Z,}>; be i.i.d.random variables, with P(Z; = 1) = P(Z; = —1) = 1/2. Let
X, = Z,/n® for some a > 0. Set ¢ = 1. Then

(i) 2onzi P(IXn| > 1) = 0;
(i) Yoo, BXG = 3700 EX, = 0;
(iif) Yo7 Var(X5) = 307 Var(X,) = 307 n 2
Thus by Theorem 4.10, 7 ; X,, converges a.s. if and only of o > 1/2.

Let {Ay}n>1 be a sequence of events. Define

o o0 oo [o.¢]
limsup A4,, = m U A, and lirr%inf A, = U m A .
n n=1k=n n=1k=n

Obviously, liminf A,, C limsup A,,. If these two sets are equal, we call it the limit of {4, }, denoted
by lim, A,.

Lemma 4.13 (Borel-Cantelli). (i) If > P(A,) < oo, then P(limsup A,) = 0.
(it) If {An} are independent and ), P(A,) = oo, then P(limsup A,) = 1.

Proof. (i) We have

P(lim sup A,,) = IP’( ﬁ G Ak> < P( G Ak) <Y P(4y)
k=n

n=1k=n k>n

for all n > 1. As the RHS of the above goes to 0 as n — oo, we have P(limsup A,) < 0, which
implies the desired result.
(ii) We have for every n > 1 that

1-2(U 4) = (U 4)) =#( ) 40) = [0 - P

k>n

< H e P(AR) — o= 2k P(AR) —

k>n
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Here in the third step we used independence, and the last step comes from ) P(A,) = co. Thus
P(Ue,, Ag) =1 for all n > 1, which implies

P(lim sup 4,,) ( ﬂ U Ak> = hm]P’( U Ak>

n=1k=n

as desired. O

Lemma 4.14 (Kolmogorov inequality). Let {X,,},>1 be independent random variables, with EX,, =
0 and Var X,, < oo. Let S, = X1+ -+ X,,. Then for any € > 0, we have

1 n
P{ max |Sk| > ¢} < ?ZEX,%.

1<k<n

Proof. Let us first decompose
n n

Ap = Skl = €,19; j<k}= Sk| = €}

U e = Ui > el < for atl <) = {50 > )

Then

n

ESZ > E[S214,] =D E[(Sk + Sn — Si)*14,]
k=1

k=1

> ZE[SlzlAk] + Z2E[Sk(sn - Sk?)]‘Ak] = ZE[SlglAk] (4'4)
k=1 k=1 k=1

> ;gQIP’(Ak) = 521["{11%1&)(” |Sk| =€}

Here in the fourth step we used E[Sk (S, —Sk)14,] = E[Sk14,]E[S,—Sk] = 0. AsES2 =31 EX2
(4.4) yields desired result. O

The Kolmogorov inequality implies the following.

Theorem 4.15. Let {X,,}n>1 be a sequence of independent random variables, with EX,, = 0 and
S (EX2 < oco. Then Y 2% | X, converges a.s.

Proof. We will show that 5, is a Cauchy sequence a.s. For N > 1, define

Wy := sup |Sm — Snl.

mn=>N

As Wy is nonnegative and non-increasing, we have Wy | Wy, as N — oo. It suffice to show that
Wso =0 a.s. For € > 0, since

sup |S;, — Sy| <e = sup |Sp, — Sp| < 2¢
m>N m,n=N

we have

P(Wy > 2¢) < P(sup |Spm — Sn| >¢)= lim P( sup [|Sn —Sn|>¢€).

m>=N M—oo  "Ng<mgM
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Now by Lemma 4.14 (think about why)

M 00
1 1
P( sup |Sm—SN]>s)<€—2 > EX,fgg—Q > EXj.
N<msM k=N+1 k=N+1

Combing the above two relations yields

1 oo
P(Woo > 2¢) SP(Wy > 2¢) < 5 > EX}
k=N+1

for any e > 0 and N > 1. Taking N — oo and then take ¢ — 0 we get P(Wx > 0) < 0. This
finishes the proof. ]

Now let us prove the “if” part of Theorem 4.10; the proof of the “only if” part is more technical
and we omit here. You may refer to [11] if interested.

Suppose conditions (i) — (iii) in Theorem 4.10 hold. Define Y,, := Xt —EXE. Then {Y,, },>1 are
independent, centered, and Y o | EY,2 = 3% | Var X2 < oo. Thus Theorem 4.15 implies o0, Y,
converges a.s. Together with (ii) we know that

@] oo o0
Y Xe=> Y, + ) EX; (4.5)
n=1 n=1 n=1

converges a.s. Thanks to the first lemma of Borel-Cantelli and Condition (i), we have

P(liminf{|X,| < ¢}) =1 — P(limsup{|X,| > ¢c}) =1.
On the set of liminf,, {|X,| < ¢}, it holds that

oo o
ZXn(w) converges <= ZXﬁ converges. (4.6)
n=1

n=1

Hence (4.5) and (4.6) imply Y -2, X,, converges a.s. This finishes the proof.
4.3. The law of iterated logarithm

Once again, let us go back to our classic model. Let {X,} be a sequence of i.i.d.random
variables, with EX; = 0 and EX12 =1. Let S, = X1+ -+ X,,. By Theorems 3.1 and 4.3, we
know that

Sn 4, A0,1) and
\/ﬁ b
The LLN tells us that n grows too quickly relative to S, to retain any useful information about
the deviation as n — oo. CLT does a better job, by showing that S,,/\/n converges to a non-trivial
distribution. However, CLT does not tells us what happens for any particular outcome w. In fact,

for any M > 0, we have

2%0. (4.7)

n
n

P(limnsupj% > M) = lirgnIP(il;pSZ > M) > lirgn’sﬂlipIP(\S/% > M) = lirgnIP’(j% > M) >0,

where in the last step we used the CLT. By Lemma 4.5, we have
]P’(limsu & > M) =1
L -
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for any M > 0. Thus

Sn

vn

In particular, S,,/y/n diverges a.s.
We hope to find a function f(n) with /n < f(n) < n such that we can say something stronger
about the convergence of S,,/f(n). By Theorem 4.8, we have

= oo) =1, and analogusly P(limninf & = —oo) =1.

NG

P < lim sup

Sn a.s.,
n1/2+5 0

for any fixed € > 0. The following law of iterated logarithm (LRL) gives a precise scaling for S,,.

Theorem 4.16 (Hartman-Winter). Let {X,} be a sequence of i.i.d. random variables, with EX, =
0 and EX? =1. Let S,, = X1+ ---+ X,,. Then

. Sn
lim sup

e S—
n  v2nloglogn
almost surely.

The following figure is a plot of S,,/n (red), its standard deviation 1/y/n (blue), and its bound
\/2loglogn/n given by LIL (green). Notice the way it randomly switches from the upper bound
to the lower bound. Both axes are log-transformed.

LAH OF THE ITERATED LOGARITHH
1 T T T T T T

sqrt{1/n)
sqrt{{2 log log n)/n)
X=-bar .

le-6

-1le-6

deviation fron nean

-8.801

-8.01

-0,1 ‘e 1

-.5 - -
I i 1 s 1 N 1 s s s s L P,
18 1608 16k 1le+86 le+l12 infinity

sanple size
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Remark 4.17. (i) By symmetry, we also have
Sh,

liminf ————— = —1

n  /2nloglogn

almost surely.
(ii) Comparing Theorems 3.1 and 4.16, we see that LRL provides the scaling factor where the
two limits become different:

Sn i) 0 while Sn A

- , P O
v2nloglogn v2nloglogn »

In other words, for any given large n, |S,/v/2nloglogn| is less than any predefined ¢ > 0 for
almost all outcomes w; on the other hand, for almost all w, S,/v/2nloglogn will be visiting the
neighborhoods of any point in the interval (—1,1).

Proof of Theorem 4.16: the Gaussian case. Let us further assume that X; 4 N(0,1). In this case,
Sn/v/n 4 N(0,1) for all n. By Question 4 in Homework 2, we know that

1
V2

1
(27! =272 < P(S,/Vn = 1) < - \/ﬁe*”ﬁ/2 (4.8)

for all z > 0.
(i) Fix € > 0. Then (4.8) implies

Sn
P(m>l+s> =P(Sn/vn > (1+¢)y/2loglogn) "

1 2
< (1+ ) /ArToglogn exp(—(1+¢)?loglogn) < (logn)~ (1+¢)

for n > 2. Choose ¢ > 1 such that

e2/(g—1)>2. (4.10)

Choose the subsequence nj, = |¢¥|. We can find an M = M (c) € N such that ny; > 2. This leads

to
oo

- S >
P(¢ > 1 ) < 1 —(1+¢)
Z v2ny loglog ny +e Z (log )

k=M k=M
oo (+1)M-1 )

—Z Z (logng)~ (1+)? <ZMllog2) (149)° < o0,

=1 k=IM =1
Then Lemma 4.13 (i) implies

S
P(limsup{¢ > 1+5}) —0,
k 2n;, log log ny,

which further shows (why?)

P(limsup%>l+€> =0. (4.11)
¢ v2ngloglogng

To handle the terms between each ny, note that we have the reflection principle

IP’( max S, > a) < 2P(Sp, > a) (4.12)

1<m<n
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for all @ € R and n > 1. To prove (4.12), define the stopping time
7 :=min{m: S,, > a}.

Thus 1 > Y7 | 1,—p,, which leads to

P(Sn>a)>zn:IP(Sn>a,T:m): P(S, > alt =m) -P(t = m)

>i;P(T:m):;P(T<n):;P( max Sp, >a)

1<m<n

where in the third step we used {X,, }»>1 are independent and symmetric (w.r.t.0). Applying (4.12)
yields

IF’( max  (Spy — Sp,) > €v/2n loglogny

NESMENE41

= IP’( max Sy, > ev/2ng loglognk> <2

MN1— N

(Snk+1 —ny, > €v/2ny loglog nk)

P
<21P’<5m€>6\/210g10gnk/q—1 < 2(lognyg) —€%/(g-1)
h NT— b ’

where the last step is similar to (4.9). Note that (4.10) guarantees

(e 9]

Z IE”( max  (Spy — Sp,) > ev/2ng loglognk) < 00,

gy NESMENE41

and together with Lemma 4.13 (i) we get

Sm — S
P( limsup max ——e—-"% __>¢]=0. (4.13)
ko mesms<nigi1 4/2ny loglog ng

Combining (4.11) and (4.13) yields

P( Tim sup ———" > 1+2¢) = 0 414
1mnsup v2nloglogn * E) ( )
for any fixed € > 0.
(ii) Fix 6 > 0, and let p € {2,3,...} such that
1-— 2
L=0p 1 aa 2 <5 (4.15)
p—1 VP

Consider the subsequence n; = p* and define the event

Snprs — Sn
A = {Snei1—Sne > (1-6)/2n441 loglog nyi 1} = {M > (1-6)v/2ploglog nyi1/(p — 1)} _
By the first relation of (4.8), we have
/
IP(AIC) 2 %—’6(10gnk+1)7(176)2p/(17p) 2 Cp—ﬁ(lognk_+1)7(176) 2 cp’6 k*(lfﬁ)

log k

V/1oglog ny41 V/1oglogni1

62



for k > 1. Here ¢, 6, c;(s > 0 are constants. This leads to

D P(4) = .
k=1

As {Ay} are independent events, Lemma 4.13 (ii) yields

P(limsup Ag) =1,
k

which yields

S, - S
P(limsup Thil T >1— 5) =1 (4.16)
ko \/2ngq1 loglogng
Note that we can repeat the proof of (4.14) for {—X,,} and {—S,,} to show that
P( 1 S, 2) =0
imsup —————=2>2) =0,
n P v2nloglogn
and thus
IP’(limsu _—Sn < 2) =1
n p\/2n oglogn -
which implies
-5, =S 2
1:P(limsup—nk<2> gIP’(limsup e <—).
r  \/2nyloglog ny, ko \/2npg1loglogngiy /P

Together with the second relation of (4.15) we have

IP’(lim inf St > —5) —1. (4.17)
ko \/2np41loglog ngq
Combining (4.16) and (4.17) yields
]P’(limsupL > 1—25) >P<limsup Sngn > 1—25) -1
n  v2nloglogn - k \/an_H loglog ny+1

Together with (4.14) we conclude the proof. O
Under the assumption of Theorem 4.16, we can also show that

) maxi<k<n | Sk|
limsup ————= =

n v2nloglogn

almost surely. Comparing Theorem 4.16 and (4.18), we see that S,, and maxj<i<y, |Sk| have the
same asymptotic behavior in terms of limsup. For liminf, we have the following result.

(4.18)

Theorem 4.18 (Chung). Let {X,} be a sequence of i.i.d. random variables, with EX; = 0, EX? =
1 and E|X3| < 0o. Let S, = X1+ -+ + X,,. Then

8logl
OOBO8T thax |S| =1

lim inf 5
n nm 1<k<n

almost surely.
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Homework 3

Question 1. Let {X,}n > 1 be i.i.d. random variables, with the uniform distribute on [0, 1]. Let
Yy, := ([T}, Xi)¥/™ > 0. Find a constant a such that

P
Y, —a.

Question 2. Let f,g be L; functions from [0, 1] to (0,00). Suppose there exists C' > 0 such that
f(z) < Cg(x) for all z. Show that

[ V() 44 flon) o f@)da
h%“/o /0 9@+t glam) A= fig(@% '

Question 3. Let {X,},>1 be i.i.d.standard Gaussian random variables. Find a function f(n)
such that

X
limsup —= =1

almost surely.
Question 4. Let {X,,},>1 be pairwise independent random variables, having symmetric distri-

butions and satisfy sup,, EX2 < co. Show that

X1+ + X a-s
n

0.

Question 5. Let {X,,},>1 be i.i.d.random variables with EX; = 0 and EX? < co. Let S, =

X1+ -+ X,. Show that
limninf 57% =0

almost surely.

Question 6. Let {X,}n>1 be ii.d.symmetric random variables with EX? = oco. Let S, =
X1+ -+ X,,. Show that

1111 Sup

n  vnloglogn -

almost surely.
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5 Some stories

From now on, let us move on to the topic of random matrix theory. We start with some motivations.

In 1999, a Czech physicist named Petr Seba took his first trip to Mexico. While riding a bus
in a small town, he noticed something very interesting: at every bus stop, a boy would come up to
the driver and hand him a piece of paper. The driver would look at the paper and then give the
boy some money.

At first, Seba thought this might be related to the mafia or drug dealers. But then he realized
that what was written on the paper was simply the departure time of the previous bus. Because
the buses in Mexico were independently operated for profit, the drivers needed to know the status
of other buses in order to maximize their earnings. If the previous bus had just left, the driver
would slow down to allow more passengers to accumulate at the next stop. But if the previous bus
had left a long time ago, the driver would speed up, since there would already be enough people
waiting at the next stop. By doing this, he could also avoid being caught by the bus behind him.

Because of the presence of these boys, behind the simple event of bus departures was actually
the interaction of all the drivers in the town. Seba found this very interesting and thought it might
relate to something he had seen in physics. So he paid one of the boys for the data he had collected
on bus departure times, and Seba plotted them on a computer.

Now, please look at the image in this link (I cannot include it in this file for copyright reasons),
and think about which of the three patterns corresponds to the bus departure times.

Clearly, the last pattern is deterministic, so it is not our answer. The first pattern is a typical
realization of a Poisson process, which means that the events are independent of each other. More
generally, this also corresponds to what we call a weakly correlated system, meaning that if there
are correlations, they are relatively weak, this is what we would see. For instance, if we look at the
statistics of earthquakes in an area or the floods of a river, this is what we observe.

The second pattern corresponds to what happened with the buses in Mexico. We see that it
walks the fine line between being completely fixed and completely chaotic. This is what we observe
when we look at strongly correlated systems.

400 700 1000
ENERGY (eV)

Seba thought this was very interesting because it related to something he had seen in physics
before. So let us go back a bit in time. In 1955, physicists had experimental data on heavy nuclei
and wanted to understand why the pattern they observed looked the way it did. But theoretically,
this was a very difficult question: the structure of heavy nuclei is extremely complicated, and there
are many interactions occurring within a single atom, including certain relativistic effects. Thus it
was impossible to determine the entire structure of a heavy nucleus and compute its energy levels
explicitly (as could be done for hydrogen, for instance).

Then the physicist Eugene Wigner came forward and suggested that the question could be
approached from another perspective: while it was not possible to compute the energy levels
directly, statistically, this pattern could be modeled by the eigenvalues of random matrices—that
is, matrices with random coefficients.
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The model Wigner considered back then is now known as the Wigner matrix.

Definition 5.1. Let H = H* = (H;; : 1 <i,5 < N) € CV*¥ be a N x N Hermitian matrix. We
say H is a Wigner matrix, if H;;(i < j) are independent random variables satisfying

EH;; =0, E[H}=N"'1+0(6;)), and E[HE| <CN*?

for all £ > 3. Here C}, > 0 are constants.

If H;; are real Gaussian random variables, H is the Gaussian Orthogonal Ensemble (GOE). If
H;j(i < j) are complex Gaussian random variables and Hj; are real Gaussian random variables, H
is the Gaussian Unitary Ensemble (GUE).

In the random matrix setting, IV is our fundamental large parameter, and we are interested in
the properties of the model when N gets large. The famous Wigner’s semicircle law asserts that
the empirical eigenvalue density converges to the semicircle law when N — oco.

As far as our heavy nuclei (and the buses in Mexico) are concerned, the more interesting object
is the gap distribution between individual eigenvalues. For GOE and GUE, the joint eigenvalue
density is known, and the gap distribution can be explicitly computed. Roughly speaking, for GOE,
it is given by the Wigner surmise

TS _ .2
L2 ms /4'
2

People in 1955 could already see that the patterns of the heavy nuclei look very similar to the gap
distribution of the GOE, but they could not verify this statistically: every nucleus only has a few
dozens of energy levels, and this number is not enough in the statistical sense.
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In 1982, Bohigas, Haq and Pandey collected the experimental data of 27 different nuclei, and
got more than 1000 data points. This is the nuclear date ensemble (NDE). If we compare the gap
histogram of NDE and the gap distribution of GOE (which is computable), we can see that they
match quite well, even towards the tail. As a comparison, if we look at the gap of the Poisson
process, which has exponential decay, it does not match the gap histogram of the NDE at all.

Let me tell one more example that relates to random matrices. The Riemann Zeta function is
defined as

for all Res > 1, and it can be analytically extended to C\0. We know that ¢ has trivial zeros
at —2, —4, —0,.... The most famous and important open problem in mathematics is the Riemann
Hypothesis, which conjectures that all the non-trivial zeros of the zeta function lies on the critical
line s = 1/2+1iv. Apparently, no one knows how to prove the Riemann Hypothesis, but it has been
checked numerically, that for the first 10!3 zeros, the RH is true.

So what does this have to do with random matrix theory? The thing is, we can consider the
imaginary part of the nth nontrivial zeros of the zeta function, scale it by a elementary function,
and consider the gap of the rescaled zeros.

. ~ 1 ~ ~
7(1/2+17n) =0, Y%= %’Ynlog’)/na On =Yn+1 — Tn -

What people found out in 1999 is, if one goes very high up in the complex plane, then the density
of the rescaled gaps matches perfectly with the gap density of GUE.
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8, among 70 million zeroes beyond the 102°th zero of ¢, verses GUE.

So now we see that things from totally different worlds, the buses in Mexico, the heavy nuclei,
the Riemann Zeta function, all have something to do with random matrix theory. The reason is
quite simple: systems with enough complexity and randomness always show the same pattern. We
study random matrix theory, partially because it is one of the mathematically simplest complex

systems.
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6 Local semicircle law for Wigner matrices

6.1. Global and local law

In Section 6, we consider the N x N Wigner matrix H as in Definition 5.1.

Convention. In random matrix theory, we use N as our fundamental large parameter. We are
interested in the properties of H when N gets large. Most quantities we study shall depend on NV,
thus we almost always omit the explicit argument N from our notation. Quantities are independent
of N will be called a constant (or sometimes fixed), and they are usually denoted by C,c. Every
quantity that is not explicit a constant is in fact a sequence indexed by N.

From Definition 5.1, we see that for fixed k > 3,

| Hijllo < | Hijlle < (Co)YENTY2 < Crl Hijl2 -

This means the entries of a Wigner matrix are light-tailed.
Let Ay > --- > Ay be the eigenvalues of H, and we denote the empirical eigenvalue density by

1 N
p@) = 5 > (@)
=1

Here ¢), is the Dirac measure, meaning

(5>\i(x):{0 oA A /5>\i(x)dx:1.
R

) an
o0 if =M\,

Let gs := %\/ (4 — X?)4+ denotes the semicircle density, and the famous Wigner’s semicircle

law asserts that
I LN Osec (6.1)

almost surely. The above convergence holds in two layers: the almost sure convergence is w.r.t. the
randomness of x, and “——” denotes the weak convergence of probability measures. Equivalently,
we can write that for any bounded continuous function f,

Aﬂ@%ﬂh%AQQMM@M

almost surely.
Another way to formulate the convergence (6.1) is through Stieltjes transforms. For the rest of
Section 6, we write
z=FE+in, n>0.

The Stieltjes transforms of u and gg. are given by

s(2) ::/R M) g0 and  ma(2) ::/RQSC(:U)dx

r—z r—z

They are well-defined as n > 0. The following is a standard result on Stieltjes transforms.

Lemma 6.1. We have jn — 05 almost surely, if and only if s(x) — ms.(2) almost surely for any
fized z € C.
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Note that

Thus Im s(z) is a control of the empirical distribution of ;1 smoothed on the scale 7. For this reason,
7 is called the spectral resolution.

N N
Ai — E +in 1 1
— ————, Ims(z)=— —_—.
"N B

Theorem 6.2. We have s(x) — ms.(z) almost surely for any fived z € C.

In Theorem 6.2, z is N-independent, which means we are on the spectral resolution of order 1.
Theorem 6.2 is therefore called the global semicircle law.

A local law is a result that controls s(z) —ms.(2) for all i satisfying > N~1. In other words, 1
depends on N. The restriction > N ! is obvious, since the N eigenvalues lies roughly on [—2, 2],
and the typical separation of the eigenvalues is of order N 1.

6.2. Statements and consequences of the local law
In order to state the local law, we shall need the following notion.

Definition 6.3 (Stochastic domination). Let
X=XMw):NeNueUM), v=rMw):NeNueUM)

be two families of random variables, where UY) is a possibly N-dependent parameter set, and
Y > 0. We say that X is stochastically dominated by Y | uniformly in wu, if for any fixed D, e > 0,

sup P(|X|=YN®) =0.p(NP).
ucUW)

If X is stochastically dominated by Y , we use the notation X = O<(Y), or equivalently X < Y.
We say an event 2 holds with very high probability if for any fixed D > 0, 1 — P(Q) = Op(N~P).

Remark 6.4. (i) Stochastic domination provides a good measurement on the scale of a random

variable. For instance, consider the random variable Y LY (0,1), whose typical size is of order 1.
But we cannot find C such that |Y| < C almost surely. However, we can write Y < 1.

(ii) In practice to prove X < Y, we show that E|X?| < C,Y? for any fixed p. Then given
e, D > 0, choose p large enough such that

P(|X| > N°Y) < C,N~* < NP
As the local law is stated via Stieltjes transform, we introduce the Green function
G(z):=(H —2)"'.

We denote the normalized trace G(z) := & TrG(z) = + ZZ]L = = s(2). The local law controls
G as well as G;j. Fix 7 > 0, and define the spectral domain

S=S,(N):={z=E+in:|E| <10, N~"7 <5 < 10}. (6.2)

The next result is our main target in Section 6.
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Theorem 6.5 (Local semicircle law). We have

1
G(z) — mge(2) < — 6.3
Gl = mas) < 57~ (63)
and
1 Im mg.(2)
Gii(2) — 0;imge < — | — 6.4
Hllgxy (2) iMse(2)] Ny N7 (6.4)

uniformly for all z € S.
The local law has several consequences, which we will prove in later parts of Section 6.

Corollary 6.6. We have
b b
number of eigenvalues in [a,b] = N/ w(x)dr = N/ osc(z)dx + O<(1)

uniformly for all [a,b] C R.

For the eigenvalues Ay > --- > Ay of H, we denote the typical location of A\; by ~;, which is

defined via
2 i
sc doe = —.
L Osc(z)dz =

The next result is known as the rigidity of eigenvalues.
Corollary 6.7. We have

Ni— | < N3G AN+1—4)71/3
uniformly for all i =1,2,...,N.

Note that
Vo — Yhs1 ~ N72/3
for fixed k, and
Vi — Yip1 ~ N7
for i € [eN,(1 — ¢)N]. In other words, the result of Corollary 6.7 is optimal, subject to the N¢
hidden in the definition of “<”.
The next result is about the eigenvectors.

Corollary 6.8 (Delocalization). Let uy,...,uy be the eigenvectors of H associated with A\y > - -+ >
AN. Assume the eigenvectors a normalized, i.e. ||| = 1 for all i. Then

max |u;(k)| < N~V2.
1<i k<N

Proof. This is a simple consequence of Theorem 6.5. As H is Hermitian, it is also normal (HH* =
H*H). Thus H and G admit the spectral decomposition

N
H=UAU = Z)\iuiu;k, and G(z) =
i=1 i=1
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Choosing z = A; + in, we get

Jui (k)| U s 1 )
Im Gy (A; +in) = Im — = —— | (k)|* = —|w(k)|*.
( ZA_(HW) X e s > k)
As |mg(2)| < 1 and
Im Gpr < |Grk| < |Grk — Mise| + mise < O<<\/T) +1<1,
N
we get
Jui(k)[* < < N7

for any fixed 7 > 0. This finishes the proof. O

6.2.1. Outline of Proof. We first give an outline of how to prove Theorem 6.5. It is easy to see
that

msc(z):/l (4_$2)+d$_ —Z+\2/m'

R2T T —2

Here the branch cut of /- is taken at the positive real axis, meaning
Imyz>0 forall zeC\R.
We often use that ms.(z) is the unique solution of
l+zm+m?=0

satisfying Imm(z) > 0. We show G is close to my. by proving 1+ 2G + G? ~ 0.
Step 1. The probabilistic estimates. Suppose that for some z € S;, we have max;; |Gi;(z)| <
1+ ¢ for some ¢ € [N™1, NT/lo]. For any fixed n € Ny, prove that

Ell +2G + G*" = O(&1(¢)") and  E|6;; + 2Gij + GGy[" = O(E(9)"),
and conclude that
1+2G+ Q2 <& ((z)) and (Sij + ZGij + QGZ] < 52(¢) .

Step 1.5. Reflection. The error terms &1 (¢) and E3(¢) in Step 1 are small enough if ¢ < N7/10,
However, it is already non-trivial to establish max;; |G;;| < N /10, By spectral decomposition, we
can only get

S < S 6

which is terribly bad if n < N~7/10,

Step 2. Initial bound. In our analysis, we consider one particular F, and go down in the
spectral resolution 7. We first treat the case when n > 1, where (6.5) gives max;; |Gj;(2)| < 1. The
estimates 1+ zG + G? < &1(1) and &;; + 2Gij + GGij < E2(1) then gives

G —mg <1 and Gl‘j — (L-jmsc <1,

which is the global law at n > 1.
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Step 3. Finally we perform a “bootstrap” argument and extend our results for all n > N~117,
Suppose we have the local law at zg = E + ing. Then we know that

|Gij(20)] < [mise(20)0i5] + |Gij(20) = dijmse(z0)] < 1.
To reach smaller 1, we have the following result.
Lemma 6.9. Let I'(z) := max;; |G;j(2)|. For any M > 1, we have
['(E+in/M) < MT'(E +1in) .
From Lemma 6.9, we know that for all n; € [noN~=7/10, 1),

T(E +im) < PD(E +in < N¢-T(E +ing) < N7/10
m

Thus from Step 1 we know that

142G+ G2 < E(NTY) and 6 + 2Gij + GGy < E(NT/10).
at z = E +im. This will imply local law at E + in;, and allows us to repeat step 3.
6.3. Proof of Theorem 6.5: probabilistic part

We shall work on the case when H = H7' is real and symmetric, which makes H;; real random
variables. The complex Hermitian case works in a similar fashion. The main probabilistic estimate
is the following result.

Proposition 6.10. Let us define
I(G) =1+ 2G + GG € CV*V |

Let z € S; and suppose that max;; |G;j — mscdij| < ¢ for some deterministic ¢ € [N~1 NT/lo] at
z. Then

I sc +
max TG, | < (1+ )" |2 (6.6)
and I L
6 1M Mg
T(G) < (1+ ) et 6.7)
at z.

6.3.1. Cumulant expansion. For a real random variable h, all of whose moments are finite, the
kth-cumulant of A is

da* ;

— Nk ith
Cr(h) := (1) (dtklogE[e ])
t=0

One easily checks that Ci(h) = Eh, Co(h) = Varh, C3(h) = E(h — Eh)?. The cumulants have
the following properties.

(i) Let a € R. Since log Ee™"*%) = itq + log Ee", we have

: dk i a
Cn(h+a) = (—1)]‘“' <dtk logEle t(h+ )]>

t=0
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ii) Let hq, ho be two independent random variables with E|hY|,E|h}| < co. Since
(i) ) p 1h 2
log EeltM1Hh2) — Jog[Rel™™ . Eei*™?] = log Eel™ + log Belth2
we have Cy,(h1 + h2) = Cn(h1) + C(ha).
(iii) Let h 4 N (p,0?), then

. o1 1
ith _ 10g eltu—EUQtQ — it,u _ 70_2752 )

log E
og Ee 5

Thus C,(h) =0 for all n > 3.
(iv) Cn(ah) = a"Cp(h).

Note that (i)—(iii) in the above are in general not true for moments. The main tool that we
use in our computation is the following formula by Andrew Barbour [1]. It is a generalization of
Lemma 3.4.

Lemma 6.11 (Cumulant expansion). Let F' : R — C be a smooth function, and denote by F™) s
nth derivative. Then, for every fized £ € N, we have

l
E[n- F(h)] = 3 G (MEFO ()] + Re, (6.8)
k=0

assuming that all expectations in (6.8) exist, where Ryt1 is a remainder term (depending on f and
h), such that for any t > 0,

1/2
Roy1 = 0(1) . (IE sup |F(f+1)(x){2 .E ‘h2£+4l|h>t‘> + 0(1) -E\h|“2 - sup ‘F(Hl)(m)‘ )

|lz|<|h| |z|<t
We start with an elementary inequality.

Lemma 6.12. Let X be a nonnegative random variable with finite moments. Then for any a,b,t >
0, we have

EXE[X"1x5¢] SE[XP1ysy].
Proof. Tt suffices to assume a > 0. Let us abbreviate || X ||, := (EX®)Y. For t > || X||,, we have
EXE[X"1x5] < E[t*X 1x5] < E[X“1xs], (6.9)
which is the desired result. For t < || X||,, we have
EXE[X’1x«] > E[t"X 1x«] > E[X " 1yo]. (6.10)
Jensen’s (or Holder’s) inequality yields
EX*EX® < EXH, (6.11)

and the claim follows from (6.10) and (6.11), using 1 = 1x<; + Lx>¢. O
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Proof of Lemma 6.11. Let x(t) := log Ee'*". For n > 1, we have

n

a;’l (eX(t)) _ 82171 (X/(t)ex(t)) — Z <Z 1)ak( ( ))atnfk (ex(t)) ,

k=1

hence

ER" = (_j)natnex(t)|t:0 — Z (Z: i)ck(h)Ehn—k.

k=1

For g(h) = h*, we have

/+1 V4
Elh-g(h)] = EA“ =3 <k ! 1)ck<h>Ehf“"“ =3 LCaMEEI M),
k=1 k=0

and by linearity the same relation holds for any polynomial P of degree < ¢:
¢
E[h- P()] =) Chn(WE[PP ()] (6.12)

Next, let f be as in the statement of Lemma 6.11, and fix £ € N. By Taylor expansion we can
find a polynomial P of degree at most £, such that for any 0 < k < /£,

1

F®(h) = P (h) + [

f(€+1) (gk)thrlfk , (613)

where &, = & (h) is a random variable taking values between 0 and h.
By (6.12), (6.13), homogeneity of the cumulants, and Jensen’s inequality we find that the error
term in (6.8) satisfies

L
Res =E[h- 7(0)] = 3 2 Cen(WE[F®(0)
k=0 """
l
= E[h- (F(n) ~ P(h)] ~ 3 2 Cra (WELF® (1) — P ()]
k=0 """
| ‘ 1 -
prEy A R B DY ey S DL E COR
l+1
1)ZE|h’kE[ sup ‘f Z-‘rl )‘-h£+2_k:|
k=0 |z[<[R|
41
<O(1) - ER|™? - sup | f“D(2)| + O(1 ZEW E[ sup £ ()] B2 1,
|z|<t |z[<[R|

The desired result then follows from estimating the last term of the above by Cauchy-Schwarz
inequality and Lemma 6.12. O

75



6.3.2. Proof of Proposition 6.10 (i). A main tool that we use in our estimate is the following
identity.

Lemma 6.13 (Ward). Let G = G(z).Then
> G = —.

; n

Proof. We have }, G2 = > GijGj; = (GG");i. Here G* = (H™ — z*)~! = (H — z)~!. For any

CN*N | we have

convertible matrices A, B €
AN B-ABl'=4"1-B1. (6.14)
Setting A= H — z and B = H — Z yields
GH—-z—-H+2)G" =2inGG* =G - G*.
Hence
Gy — Gy ImGy
2in o

Y 1Gy? = (GG =

J
as desired. ]

The Ward identity sums up N many O(1) quantities, and get a result of order n~!. This gives
an improvement of factor (Nn)~!. Note that our assumption gives us

max |G| <1+ ¢, (6.15)
ij

which will be used to estimate the additional Green functions in our computation. Now we are
ready to prove Proposition 6.10.
Let 4,7 € {1,2,..., N}, and we use the abbreviation

IL; = I(G)i; = 6i5 + 2G4 + GGy = (HG)i; + GGy .
Fix n > 1. We have

=N

E|IL; " = E((HG)i; + GGi) 1T 'L = E( > HuGij+ QG@'J’)HZAH@']
k

=Y EHyGy 0T I + EGG, I I =: (A) + (B).
k

Now for each k, we apply Lemma 6.11 with h = Hy, and f(H) = ijHZflﬁ?j. As the upper
triangular entries of H are independent, here we first consider the randomness of H;, and Hy; in
f(H). Thus

¢ ¢

1 —17 k

(4) = 22 2 5iCont (Ha)EO(Gig L L) + R =3 Lo+ Regas
ko s=0"" k s=0

where we abbreviate 0, := ﬁak The Green function is easy to differentiate, i.e.

0G(H — 2) oG 0(H — 2) oG
= = H — g
o, om, H AT m T o,

0 (H — 2) + G(AY + AT (1 +6;5) 7 .
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Here A% € RVXN gatisfy AZ = 0;16j. Thus

oG g y
— J Ji o\ —1
o = O+ A 14 0,)6
in the matrix sense, which implies
0G
= —(GriGji + GriGa) (1 + i) " (6.16)
8H¢j

Recall that C1(H;;) = EHy, = 0, and Co(Hix) = EHZ, = N71(1 + O(d;,)). For simplicity, here we
assume EHZ = N~1(1+d;,)7!, i.e. the diagonal entries of H has variance 2/N. Thus Ly = 0, and

ZN (1 + 03k ) EDik (G 1T ')

=13

= Z N7H1 4 6i)EB(—(GriGrj + GraGig) (1 + 63%) T TLE) + > N7H(1 + 83 ) EG; 03 (17 ')
k

=: L1,1 +Lio.

Now,
L1y = —N7'E(G*) 11} 'L — EGGIT T

and we get our key cancellation

L1y + (B) = —N'E(G*),11} ' .
Thus
l l
E[I[*" = (A)+(B) =Y Ls+Rps1+(B) = Lig+ > Le+ Ry — N 'E(G?) 15T . (6.17)
s=0 s=2

Let us look at the last term on RHS of (6.17). By Lemma 6.13, we have

1/2
(@)l < Z‘szka (Z’Qk\) (Z!ij‘ )1/2 (Im Gii Im G5) ’
k

n

and thus

=N

‘N E(GY), I <

1 _

X mE((Im Gu Im ij)1/2|1—[ij|2n 1) .
We can deduce stochastic domination from moment estimates, and we can also use stochastic
domination to assist moment estimates. More precisely, by max;; |Gi; — mscdij| < ¢, we have

Im Gy < Immge + | Im Gy — Imme| < Immge + |Gy — Immge| < Imm + ¢
Let D = 100n, and for any fixed € > 0, we can find C' = Cp such that

P(E.) := P((Im Gy Tm G;)*/? > (Im m. + ¢)N¥) < ON~P

for all N. Hence

1 _ 1 _

WE((Im G Tm G ) (M) = NTyE((Im G Tm G) 2|35 (1, + 1))

< (Immg. + ¢)N®
. (Immge + ¢)N°¢

1

E|Hij|2n71 + ]E((ImG“ Imij)1/2|Hij|2n711Ea)

E|Hij|2n_1 + P(EE) . NlOn ’
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where in the last step we used the deterministic bound max;; |Gi;| < n~! < N. Since ¢ is arbitrary,
we arrive at

1
NT'E(G?) 1T, WE((Im G Tm G 5) |12 )
e Gy ety o-sony o e F 0 gy oy 27 (619
Nn “ Nn .

We aim for the following estimate.

Lemma 6.14.

Immg. + ¢

2n
2n—a
EIL; [ < > EXEIL;[*") 2, where € :=(1+¢)° o

a=1

Apparently, Lemma 6.14 implies E[II;;|>® < £2". As n is arbitrary, we get the desired estimate
(6.4) from Markov’s inequality.

By (6.18), the last term on RHS of (6.17) is good. Let us look at other terms in (6.17). There
are several terms in Lq . For instance, we have

27

‘ Z N (1+ 5119 EGk]aZk(ZG”) Hz’j
<C Z NN+ 644)E|Grj (GuiGrj + GieGig) (1 + 63py) T2

ImmsC + ¢

2n—2
<CN™ 1ZE (IGk;GiiGrjl + |GriGirGis DT 2 < (14 ¢) E|IL; "2 < E2(B|TL; ") =

Here in the second last term we used (6.15) and Lemma 6.13. Other terms in L; » works in a similar
way. We have

2 on 222
Lig < EX(E|IL;|*") 2 . (6.19)

We have finished the estimates of L1, which corresponds to the second cumulant of Hjy.
The higher cumulant terms are easier to estimate: recall our assumption

E|VNH;|* < C

which implies

CS(\/NHU) < 65 and Cs(sz) < asN_S/Q.
Here in the last step we used Cs(aH;j) = a°Cs(H;j). One readily sees that

(s+1)A2n

2n—a
L, _Z st (HuJEO5 (G I3 L) < N™CHI2 Y TR0 (G5 T < ) EB(IL; )

k a=1

for all s > 2. Together with (6.17) — (6.19), and assming that Ry is small enough for large, fixed
{7, we finish the proof of Lemma 6.14. This concludes the proof of (6.6).

"It is generally true that the remainder term is small enough for large ¢, and one can refer to [9, Lemma 4.6 (i)]
for a proof in a slightly different setting.
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6.3.3. Idea of the Proof of Proposition 6.10 (ii). For (6.7), note that the summation in
I(G) = % >, I;; gives rise to one more Ward Identity. We omit the details here.

6.4. Proof of Theorem 6.5: deterministic part

Let z = E + in. In this section, we always consider the same E € [—10, 10].
Step 1. We first consider n € [2,10]. In this case, |G;;| < ™' < 1/2. Since |msc| < 1, we have

(Z) = max |GU — mscéij\ < 2
)

By (6.7),
Imm+ ¢ 1
1 2 1 6 — 7 < —
+2G+G" < (1+9) Nu -<N77’
and thus
6=l o(y))
- Tal Ty
Note that Im(z + Im G) > Im z > 2, and 1 + zm,. + m2. = 0 implies msc:—zﬁnsc.Hence
1 1 1 G—m 1
1 0-() s e o)
= 0 2+ G “\ Ny Z+mee  (z+mse)(z+G)  \Np

which implies G' — mg. < (Nn)~!. This proves (6.3). To prove (6.4), we need the following input.
Lemma 6.15. Recall the definition of S from (6.2), and let z € S. Suppose at z we have
max;j |Gij — Mscdij| < ¢, ¢ € [N=1, N9 and G — mg. < 0 for some § < N~7/10. Then

Im my, 1

Nn ' Np’

max ‘GZ] — mscéij] <60+
ij

Proof. By (6.6), we know that

I SC
dij + 2Gij + GGij < (1 + ¢)3\/ mn;[nJr 2

Z+Q_ Z+mSC+Q_msc B Z+msc+0<(0)__msc+0‘<(6)a

[Immge +
Gij — mscéij <60+ (1 + ¢)3 7]\;; ¢ .
In other words, we have
I
max |Gij — mscdij] <0+ (1+ b)? \— mmsc +9 (6.20)

provided that max;; |Gij — msc| < ¢. Iterating (6.20) finitely many times yields the desired result.
O

Since

we get,

Now for n > 2, the condition of Lemma 6.15 holds, with G — mg. < N =: 6. Thus

Im my, 1

Nn  Np’

mi?x ’GZJ — mscéij] <

which proves Theorem 6.5 for n > 2.
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Step 2. Let us consider the general case n > N~1*7. Recall that Lemma 6.9 states I'(z) :=
max;; |Gij(z)|. For any M > 1, we have I'(E +in/M) < MT(E + in).

Proof of Lemma 6.9. Fix E and write I'(n) = I'(E + in). For h small enough,

IT(n+h) —Tn)| < e |Gij(E +i(n+h)) — Gij(E +in)| = |h] max (G(E +i(n+ h))G(E +in))4]

I'(n+h)'(n)
(h+m)n

)

< [n] Hg.lxz |G(E +i(n + h))ik] |Grj (B + in)| < [h]
k

where in the second step we used (6.14) and in the last step we used Lemma 6.13. The above
implies I' is locally Lipschitz continuous, and its almost everywhere exists derivative satisfies

dr T
7’ <.
dnl = n
Thus 4 (nI'(n)) > 0, which implies the desired result. O

dn

To proceed the proof, we need one more result.

Lemma 6.16. Let A : S — R be a function such that
1+2G+G* < A.

Suppose A € [N72, N~¢], and A = A(z) is Lipschitz continuous with Lipschitz constant N. More-
over, assume that for each fized E, the function n+— A(E +n) is non-increasing. Then

DR S
Immsc%—\/g.

G — My

The proof of Lemma 6.16 is in fact quite technical (and non-trivial), as the square root /z is
unstable when Im z is close to 0. It can be found in e.g. [4, Lemma 4.5].

Now let us decompose {E} x [N=7T1,10] = Up_ Wy, where Wy := {E} x [2,10], and W}, :=
{E} x 2N~% 2N—-9¢=1] for k > 1. Here § := 7/100, and n < 6. In particular, n = O(1). The
following result will finish the proof of Theorem 6.5.

Lemma 6.17. For k =1,2,...,n. Suppose Theorem 6.5 holds for all z € Wy_1, then it also holds
for all z € Wy.

Proof. Let by, := E + 2N %=1 be the upper edge of W}, (and the lower edge of Wj,_1). Since

1 Imm
HZ{E;X ’GU — 6Z~jmsc| < m + anc

at by, we know that max;; |G;;| < 1 at b,. By Lemma 6.9, max;; |G;;| < N° for all z € Wj. Thus
max ‘G” — 6ijmsc’ < Na
i
for all z € Wy. Now pick z € W. By Proposition 6.10,

¢Immge + N°

14+2G+G%<(1+N°
+2G+G° < (1+N°) Nn ,
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and Lemma 6.16 shows
G — < ;
G — my. ) i

Now suppose G — mgs. < 0, 6 < N~7/10, Lemma 6.15 shows

Imm 1

;= dij| < 0 T —=i9.
Hli?X ‘GU Msc zy’ <0+ N7 N7 ¢

Applying Proposition 6.10 yields

Immg.+¢ Immyg 1 0
1+2G+G?< 5 = T = A
Nn Nn  (Nm)> * Nn
By Lemma 6.16, we get
A 1 0

G-—mge < —— < — 4 [,
= T Imme+ VA Np Nn

provided that G — mg. < 0. Iterating the above yields G — mg. < N%? Finally, applying Lemma

6.15 with 8 = &, we get

1
Nn
Immy, 1

Nn  Nn
This finishes the proof. O

n&;xx |Gij — mgeij| <

Remark 6.18. Theorem 6.5 proves the local law for individual z. In fact, the result can be easily
strengthened to

1 1 Imm
up |G — mg| < — and Gij — 0ij < x. 6.21
ieg = sc Nn o ilells) HzH;X‘ Y ”msc, Nn * \/TT] ( )

Obviously, by the definition of Stochastic domination, the local law is true if we take the supremum
over a N~ 3-net of S. One can then prove (6.21) by observing that

Gig(2) — Gij (= + 0)] < JBIG()G(= +8))ig| < N3]
whenever z,z 4+ 6 € S.
6.5. Applications of the local law
6.5.1. Proof of Corollary 6.6. We shall also use the following result in complex analysis.

Lemma 6.19 (Helffer-Sjostrand formula). Let f € C%(R). Let f be the almost analytic extension
of f defined by

fl@+iy) = f(z) +iyf'(z). (6.22)

Let x € C(R) be a cutoff function satisfying x(0) = 1, and by a slightly abuse of notation we
write x(z) = x(Im z). For any X\ € R, we have

Here 0z = (0, +10,) is the antiholomorphic derivative.
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Proof. Exercise (it is essentially Cauchy integral formula and Green’s theorem). O

Fix ¢ > 0 and let n = N~'*°. Let I C [-10,10] be given. Choose f € C°(R) such that
f(x) =1for x € I, f(x) = 0 for dist(z,I) = 1, ||f'|lec = O(n~1), and ||f"|lcc = O(n~2). Let f be
as in Lemma 6.19. Then

/ f<x>u<x>d:c=}v§ijf<x O / FENED 22 2 [ ou(FemanGta) .

and similarly, [; f(2)osc(z)dz = L [ 05 (2))mse(z) d?z. Thus

/ f(z — Ose(® / 0z ( ))(G(z) — mse(2)) d?z
i [(f (@) + iy f (2)ix (2) + iy f" (@) x(2)[(G(2) — mse(2))dz> .

(6.23)

271'

Note that in (6.23), we have the freedom of choosing y to our advantage (it can depend on N if
needed). Let x(z) =1 for [Imz| <1, and x(z) =0 for |Im z| > 2. By Theorem 6.5, we have

2
@)Y (2)(G(2) — mae(2))d2? < /R / |f<x>|]§ydydx<zv—1, (6.24)

Ct

and as | /]y < | f/lse - [supp(f))| = O(1),
/ / 2 2 ! 1 -1
/C W@ C)EE) ~mad)az < /R / IS @) - duda < N7 (6.25)

To estimate the last term on RHS of (6.23), we need the following result.

Lemma 6.20. We have

for all0 <y <n=N"1e,
Proof. By Theorem 6.5, we know that

max |Gij(z +in)| < 1.
ij

Using Lemma 6.9,

: : Ul : N¢
Gis =T < =T = )
max |Gy (z +iy)| = D(z +1y) " (z +in) Ny
which implies the desired result. O
By Lemma 6.20,
1 1 N€ Ns
[ [arox@@e —meesty < [ @i didy <50 (6200
0<y<n JR 0<y<n JR Yy
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In addition,

/M/ uf"()x(2)(G(2) = mae(2))dady = — /y - /R yf'(2)x(2)0:(G(2) — mse(2))dady

=i /y . /R yf'(@)x(2)0y(G(2) — mse(2))dady
=] / G in) — M i Nde —

[ @NGLe+in) e iy
Inserting the above and (6.24) — (6.26) into (6.23) yields

/ F(@)(1(@) — gsele))da < N7 (6.27)

[ A7 @G — ma(e)zdy < N

R

Thus for any I C [-10,10],

D < [ @p@ar < [ Fra@ @itz + 0LV < o) + OL(NH).

Let I' := {x : dist(z, I¢) > n}. Then

D> [t > [ fra@eeds + 0N > gD + 0-(N12).
As ¢ is arbitrary, we conclude that
p(I) = ose(I) < N7* (6.28)
for all I C [—10, 10]. Note that (6.28) also implies
p([=2,2]%) =1 - u([=2,2)) = 1 = 05e([-2,2]) + O<(N"1) < N1,
This finishes the proof of Corollary 6.6.
6.5.2. Proof of Corollary 6.7. We shall prove

Xi—y < N7! (6.29)

for all i € [¢N, (1 — ¢)N]. The edge case is more complicated and we omit here.
Define the eigenvalue counting function ¥ : R — {1,2,..., N} by

N(E) =i A = E}.
Fix € > 0. We have the duality
N <7+ N = (S0 + NTHE) <
Thus
1 _ _
N2+ N7 = pllys + N7 +00))
= /L(h’z + N71+€7 +OO)) - Qsc([Vi + N71+€7 +OO)> + QSC([7i7 +OO)) - Qsc(h/h Yi + N71+E])
_ 1 _
:04N1H7V—QN1%.
Thus X(v; + N~17¢) < i with very high probability, which implies
(N =)+ < N7HF=.

The same can be said for (\; — ;). As ¢ is arbitrary, we get the desired result.
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Exercise 6.21. Repeat the above argument near the edge, and show that
(A1 —2)_ < N72/3,

In addition, figure out why we cannot use the same steps to deduce
(A —2)y < N3,

6.6. The complex case

Recall the definition of Wigner matrices from Definition 5.1. The symmetry class of the model
is characterized by the second moment of the off-diagonal entries. More precisely, when H is real
symmetric, we know that

EH;, =E|H}|=N""

for all 4 £ j. When H is complex Hermitian, we have

2 _
EHZ =0 (6.30)

for all 7 # j. This is because a complex Gaussian random variable Z 4 N (0, N71) satisfy EZ? = 0,
and we have to require the same for H;;, to ensure the matching of the first two moments.

In this section we explain some steps of the proof of Theorem 6.5, under the assumption (6.30).
Our main tool is the following complex version of Lemma 6.11.

Lemma 6.22. (Complex cumulant expansion) Let h be a complex random wvariable with all its
moments exist. The (p,q)-cumulant of h is defined as

p+q

0
(p,9) . (_\pta
CP(h) := (—i) <851’8t‘1

].Og Eeish+it]_1>

s=t=0
Let f : C?> — C be a smooth function, and we denote its holomorphic derivatives by

op+a

(p,9) —
f (21722) T azlpaz2qf(z1’z2)'
Then for any fized £ € N, we have
4
Ef(hih= Y ——COrDmEFPD (h,R) + Riys (6.31)
plq!
p+q=0

given all integrals in (6.31) exists. Here Ryyq is the remainder term depending on f and h, and
for any t > 0, we have the estimate
Rivi = O(1)-Elp‘*2 .1 : (Pa) (5 3
1= 0(1) - E| {Ih)>1} | max [fP9(z,2)]|
O(1) - E|nlft2. PD (5 5.1 )
+O() B max [|f"(z,2) - Lzjc o

Let G = G(2) = (H — z)~! with 2 € S;. Let m,n > 1. Since H is complex hermitian, we have

the differential rule
0Gi;

We can then prove Proposition 6.10 with the aid of Lemma 6.22 and (6.32). The (deterministic)

steps from Proposition 6.10 to Theorem 6.5 are identical to the real symmetric case.

Serens (6.32)
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6.7. Outro

In Theorem 6.5, we prove the local semicircle law for the centered model H using Lemma 6.11.
In history, the first proof of Theorem 6.5 was conducted through a more complicated method named
Schur complement, which we will not discuss here. What is only possible with Lemma 6.11 is the
local law for Wigner matrices with arbitrary expectations.

Theorem 6.23. Let H be as in Definition 5.1, and let A € CN*N be o deterministic, complex
Hermitian matriz. Consider the random matrix W := H + A. Let z € S;, with S; as in Definition
6.2. Consider the Green function G(z) := (W — 2)71, and let M € CN*N be the solution of

I+2zM—AM + MM =0

with positive imaginary part. Let v,w € SV~1, and B € CN*N satisfy |B|| = 1. Then
~ 1

BG — BM < —
- — N

and

(v, Gw) — (v, Mw) < Ni e (6.33)

uniformly for all z € S;.

Theorem 6.23 is stronger than Theorem 6.5 not only in the sense of allowing arbitrary expec-
tations, but also generalizing the local law by allowing test matrices and vectors in the result. In
particular, the estimate of the form (6.33) is called the isotropic law, and it controls the matrix
G — M in the weak operator sense. By repeating the proof of Corollary 6.8, it is not hard to see
that (6.33) implies

max |(u, v)| < N7Y2,
7

where uy, ..., uy are the eigenvectors of W. This is known as the isotropic delocalization.
Beyond the isotropic law, convergence in the strong operator sense must fail:

(G — M)v| = sup |(w, (G — M)WV)| = |(u;, (G- M)v)| > M-@-,Mw :

=
lw|<1 Ai =z

We have [(u;, Mv)| < ||M]| = O(1). On the other hand, for E in the bulk of the spectrum, we can
choose i according to E such that

(wi, v) | _ [{ui, v)]

Ni— 2 Cn

In addition, |(u;, v)| > N~/2 with probability 1 — o(1) (this is easy to see at least for GOE, as u;
is uniformly distributed on the unit sphere). To sum up, we have

1

CvV'Nn

(G~ M)v| >

with probability 1 — o(1).
To prove Theorem 6.23, the key step is showing

I+:G—-AG+GG=D0.
The proof is in fact surprisingly similar to that of Proposition 6.10, as

I+2G—-AG+GG=HG+ GG
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7 Fluctuations
Let H be a Wigner matrix as in Definition 5.1. Unlike the local law, when we study the eigenvalue
fluctuations, the symmetry class will play a role in the result. For this reason, we set § = S(H) =1

if EH% = N~! for all i # j (real symmetric case), and 8 = 2 if EHZQJ = 0 for all i # j (complex
Hermitian case).

7.1. Linear eigenvalue statistics

In Sections 7.1 — 7.2, we further assume that Hqq 4.4 Hyn and Hjj 4 Hy o for all @ < j
and i < j'. Set

ay = NEH? , a3 = N3?EH},, and s4= N2Cy(Hio).
We have the following result.

Theorem 7.1. Let f € C*(R). Then

Te f(H) = 1y ~L N(0,1).

of
Here
=N [ H@patariz - /‘ F& w1 -1)ue+ -2
My Psc p (7 1)
—2 2 — — 422 +2 '
_ag ﬂ / fo :U 34 / fo ac ivx;l— da
and
. / / (@) A-ay o
Uf' 257r2 x—y2 VA — 22 /4 — 2 ey
ag — 2871 2 S4 2 2 — 22 2 (7.2)
— —d .
T 4n? / f@ * 212 (/2‘]0(3:)\/4 — 2 x)

In Theorem 7.1, the leading term of Tr f(H) is N f f(2)psc(x)da, which comes from Wigner’s

semicircle law, and it is of order N. In contrast the ﬂuctuatlon of Tr f(H) sits on much smaller
scale 1. In order to reveal it, we also need to identify all O(1) terms on the expectation of Tr f(H).
This leads to the extra terms in puy.

From Lemma 6.19 and (6.23), we see that

T () =N [ f@ec)is = T [ 0(FENEEE ~man . (13

It is easy to see that by setting x(z) = 1 for |Im z| < 1, using Theorem 6.5 and Lemma 6.20, the
above integration is negligible when |Im z| > N~¢ for any fixed € > 0. Thus the essential step is
obtaining the fluctuation of G(z) — mg.(z), where Imz =n > N .
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Here we illustrate on computing the variance for § = 1 (the real symmetric case). As 1+ zmg.+
m2, = 0, we have
E|G - m86|2 = E[-msc((z + mse)G + 1)(GE — mg.)] = —msE(HG + msG) (G — myg.)
= —meN"' Y EH;Gi(G" —m},) —miEG(G* —m;,)
]
£ A
= e NS 3 Cont (HyBO (GG — mi,) — mEEG(G —my) (T4
l
LY - EG(GE i),

sC

) _

where in the third step we used Lemma 6.11 and we ignored the remainder term. Now Lgl =

14 6;; + 0;5 -2 _ _
—me N1y R +NJ (az )E[ — (1+055) " ((GuGyj + GjiGji) (GF — mk,) +2G;N~HG™) )]

= mgeN Z E[((GiGjj + GjiGji) (G* — m3,) + 2G;N~H(G™) )]

+ (a2 — 2)mee N2 ZE 2GH(G" —mi) + 2N 71 Giu(G)) = Li + LY.
We have
LY - m2EG(G* — m?,)

)

= msB(G* + N7'G*)(G* — m},) + me N *EGG* — m7EG(G* — m},)
= mscEQ|Q - msc|2 + mscN_lEQQ(Q* - m:c) + "nsc]\]_QIECTYG*2
G G* G*2

(z—29)2 z—2*

= m2E|G — mse|* + meem, N TYE(G* — m?,) + mg N~ E[ }4_0(]\7—3—105)

_an* 7
- m E’G msc‘ + mscm NﬁlE(Gi* -—m ) + mscN’ZE Mse ~ Mse - Msc + O(Nf?)flOg)
sc (Z _ Z*)2 5k

= mLEIG — mae* + L)y + LY}, + O(N271%)
Here in the second step we used a cancellation between the first and last term, and in the third
step we used (6.17) and

1
Qz_m _<N27

which is an easy consequence of Theorem 6.5 and Cauchy integral formula. Similarly, by Theorem
6.5 we have

L8 = (a3 = 2) (i NTUE(G" - m) + NPmEml, ) 4+ O(N/20)

= ng,l + ngﬂ +O(N /2710
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Plugging in the results for Lgli and Lglg into (7.4) yields the self-consistent equation

l
_ 1 1 1 — e
E|G — mief? = (1= m2) ™ (L], + L), + LY, + O(Vo/2+10%) 4+ 57 1)

s s
s=2

(7.5)
l
_ 1 1 1 _
0 (£ Y+ £+ 3 ) + 0
s=2
where in the second step we used
1

VIET—4]+n
In (7.5), Lﬁ@ corresponds to the second and third term on RHS of (7.1), L(1{1),2 corresponds to

the first term on RHS of (7.2), ng,l corresponds to the fourth term on RHS of (7.1), and L%,Q
corresponds to the second term on RHS of (7.2).

‘1 - mgc’_l <

The term Lgl) is negligible for linear eigenvalue statistics, as by (6.16), the indices i and j will
appear odd many times in all the resulting terms, which leads to smaller bounds. Vaguely speaking,

we have
ZG?J‘:TYGZNN while ZG%NZ(SU:N'
i ij 2%

(1)

Of course, to prove that L’ is indeed small needs some work (which means more expansions). We
omit the details here.

In Lél), there will be terms that only contain the diagonal entries of G, i.e.Gj; and G;;. These
are again leading terms which contribute to the last terms on (7.1) and (7.2).

Remark 7.2. (i) By far we have talked about how to compute E|G — mg.|?, but actually the
argument works for E(G — mg.)"(G* — m3.)™ for all m,n > 1. If we can computed, then we get
Nn(G — mg.) converges to a complex Gaussian random variable (complex Gaussian distributions
are uniquely determined by moments).

(ii) One can then further use (7.3) and compute the arbitrary moment of the linear statistics,
and conclude the proof of Theorem 7.1. This would bring an extra difficulty of involving Green
functions with different z. Nevertheless, the computation follows the same spirit.

(iii) We will give no more details for how to prove Theorem 7.1. One reason is that to not make
the whole thing too computational-oriented. A more important reason is, if you are interested,
with the information we provide in Section 6, and Section 7 so far, you can actually proceed the
computation yourself: although it is about some current research topic, the tool we have been using
are quite elementary (calculus, linear algebra, complex variables...). I trust that motivated readers
have the ability to go on their own.

You are also encouraged to try computing E|G —my|? for the complex case 3 = 2 using Lemma
6.22, and see how the variance depends on /.

7.2. Convergence rate

Let us discuss the convergence rate of the linear statistics. Before diving into the details, let us
look at a few examples. For a random variable X, we abbreviate (X) := X —EX. Let

hij =V NH;,

so that (hij)i<ij<n are order 1 random variables.
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Example 7.3. Recall the Kolmogorov-Smirnov distance A from (3.9).
(i) Let f(x) = x. Then

hi1+- -+ hNN 4 9
= — N(0,07) =: Z.
\/N ( 1) 1

Trf(H)=TrH
By Theorem 3.11,
A(Tx f(H), Z1) = O(N /).

From Remark 3.19, we know that the above rate is sharp. However, one may argue that it is
a special case, as only the diagonal entries of H are involved.

(i) Let f(z) = 2. Then

N p2
Tr f(H) = Tr H? = -
r f(H) r ijle

It is a sum of O(N?) number of random variables, each of size N~!. Thus we should apply
the CLT and Berry-Esseen bound with n = N2. This leads to

(Tr f(H)) ::Trf(H)—ETI'f(H)i)N(0,0’%)::ZQ, and A(Tr f(H)),Zy) = O(N™1).

So one may think that only the trivial case gives a weak rate O(N -1/ 2), and all other cases
have the stronger rate O(N~!). However, this is not the case.

(iii) Let f(z) = 23. Then

Te f(H) = Tr H> = N™23 " hijhjehg = N~%2 " hijhjihi + -
ijk ij
Note that the SLLN says N ! Zj hijhji 2% 1, thus Tr H® again contains the contribution

N=Y2%" hi = Tr H, which converges to Z; with rate O(N~'/2). In fact, this slow rate
appear in all Tr H?*+1 for k € N.

The above example shows that there is a “trace part” of the linear statistics which contributes
to the slow convergence rate O(N -1/ 2). We are then motivated to identify this slow converging
part explicitly and remove it, in order to get a universal rate O(N~1).

For a test function f, define

I 1 [?
Tp= » f(2cosf)cosfdd = 277/_2 mdx,
and we set the parameter
0 if (1—9)7/Eh3; =0
x=x(fm) =] TR (7.6)
1 otherwise .

Recall pi¢, oy from (7.1) and (7.2). For v € R, define

B a2(1—7)2—a2/2 2 — g2 9 _ag(l—fy)2—a2 /2 x 2
Wiy = 5 _Qf(w)i\/mdx, and o}, = 2 ( B f(x)imdaO .

Recall the Kolmogorov-Smirnov distance from (3.9).
Since the result for linear function f(x) = ax + b follows from Theorem 3.11, we exclude this
trivial case from our discussion. We have the following result.
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Theorem 7.4. Fze v € R. Let f € C5(R) be independent of N and suppose that f is not linear.
Consider the shifted linear statistics

_ Tr f(H) — pgry — %’yrf TrH

Ofn

Zpy (7.7)

Let 7 4 N(0,1). Then for any € > 0, there exists constant Cre > 0 such that
A(Zys. 2) < Cya(XN-V2H | N1

Remark 7.5. From the definition of X in (7.6), the conditions to have the rate O(N—'*¢) is
three-fold. First, the slow rate O(N~1/2%¢) comes from the diagonal part %c{ Tr H of the linear
statistics. Once we fully subtract this term from Tr f(H), i.e. when 7 = 1, the remaining part of
the LES will have a unified O(N~'**) convergence rate.

Second, in case v # 1 but the test function f satisfies c{ = 0, the rate is again O(N~!%¢).
Especially, it recovers the rate for Trf(H) in the toy case f(z) = x°.

Third, if v # 1 and c{ = 0, the diagonal part %c{ Tr H will play a role in the linear statistics.
The object Tr H, is simply a sum of i.i.d. random variable, and in general it has a slow convergence
rate O(N~'/2) towards Gaussian distribution. This is true even if Eh$, = 0, as it was observed for
P(hi; =1)=P(h1; = —1) = % in Remark 3.19. However, Theorem 7.4 shows that if Eh?l =0, the
convergence rate of our shifted linear statistics will still degenerate to O(N~'**). This is due to
the fact that the Gaussianity of the off-diagonal distribution Trf(H) — %c{ TrH can further smooth

out the difference between the distribution of %c{ TrH and Gaussian, as long as EH}; = 0.

We also have a companion result on the lower bound. Let us denote
P Trf(H)—%fyc{TrH—IETrf(H)
fy = :
\/Var(Tr f(H) - %fyc{ Tr H)

For the lower bound of the convergence rate, we study the above quantity with mean 0 and variance
1, instead of Z¢, in (7.7). Otherwise, one needs to exclude the possibility that the bias of the
centralization or the scaling may be responsible for the lower bound of the convergence rate.

Theorem 7.6. Let us adopt the assumptions of Theorem 7.4. We have
s _3 1 _1 _ _3
EZ?N = (Var(Tr f,(H))) 2 ( - g(1 - W)ST?Ehi’lN 2475, 5N 1) +O(N"2). (7.8)

Here T]’c7 5 is a constant which is non-zero for most f8. As a consequence, for any fived € > 0, we
have

A(Z1s2) > Cp(XNTV275 |7 5INTI7F) (7.9)

for some constant C _ > 0.

We will only say a few words about the proof of Theorem 7.4: it makes use of Lemma 3.15, the
Esseen’s inequality. We get the rate of O(N~1%¢) by estimating the characteristic function of Z fy
for T = N'7¢. Of course, the detailed computation involves the usual Green function approach,
cumulant expansion, as well as Lemma 6.19. In practice, Theorem 7.4 should hold even with the
rate O(N~1), but we were unable to estimate the characteristic function for ¢ < N.

®The detailed formula of 7}, 4 can be found in [2, Theorem 1.5].
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7.3. Mesoscopic statistics

In Sections 7.1 — 7.2, we consider the object Tr f(H), where f is a function independent of N.
One can imagine that for most of those f, all eigenvalues of H are relevant in the linear eigenvalue
statistics. In other words, Tr f(H) concerns the global spectrum, and it is thus called macroscopic
statistics.

Similar to the local law, we also have the “local” version of the linear statistics. Let f be a
function independent of IV, and we assume that f vanishes at infinity. Let £ € R and n > 0. The
mesoscopic linear statistics consider the fluctuation of the object

H—E)

Tr f,(H) := Trf( .

where 7 > N~ for some fixed 7 > 0. We have the following result.

Theorem 7.7. Fiz 7 > 0. Let f € C%*(R) and f(z) = O(|z|72) uniformly for all x+ € R. Let
Eec[-2471,2—7]. Then

v f, (H) — /R N1, (@) ose(@)de ~5 N(0,V(f)) (7.10)
for anym € [N~Y*7 N~=7]. Here

VU =V8) = g5 [ (P21 duay.

When E is 2, the same result holds for any n & [N_2/3+T, N—T].

Notice that the RHS of (7.10) is independent of n and E': it gives the same result as long as we
are in the mesoscopic scale. To see why this is the case, simply observe that

Vi) = gy [, (RO I B0 g, 1 [ (HO Iy v

Comparing V (f) and O'J% in Theorem 7.1, we see that in the mesoscopic scale, we no longer have
the contribution from the diagonal entries of the fourth cumulant. In addition, as x and y are very
close in the expression of V(f,), the factor

4 —2xy

Vi—2i— g2

in the first term of a]% is also gone. You can imitate the argument in Section 7.1 yourself to see
why this is the case.
As a special class of test functions, we also have the CLT for the trace of the Green functions.

Theorem 7.8. Fiz 7 > 0. Let G(z) = (H — 2)~!. Assume z = E+in, E € [-2+ 7,2 — 7], and
n € [N N-7]. Then

Nn(G —mye) -5 Ne (07 215) :

When E is 2, the same result holds for any n € [N_2/3+T, N—T].
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There is one more thing that we can talk about in the mesoscopic case. In Theorems 7.7 and
7.8, we cover the cases ]EHEJ = N~! (real symmetric, 3 = 1), and EHZQJ = 0 (complex Hermitian
case, # = 2). It is then natural consider the case IEHEJ = aN~! for a € [0,1]: let H; be a real
symmetric Wigner matrix and let Hy be an independent complex Hermitian Wigner matrix. What
is the mesoscopic behavior of

H:\/5H1+\/1—aH2?

At what value of a will the result transits from GUE statistics to GOE statistics? What happens
at the transition period?

Surprisingly, the next result shows the transition a depends on the scale n you look at! It
happens sharply at 1 — a ~ 7 (implicitly, this means a depends on N).

Theorem 7.9. Fiz 7 > 0. Let f € C%*(R) and f(z) = O(|z|72) uniformly for all x € R. Let
Eec[-2+72—7] andn € [N"H7 N-7]. Assume EHZQJ = aN~! for all i # j, where a € [0,1].

Suppose
V4 —FE?*(1—a)
n

— b € [0, 0]

as N — oo, then
T f(F5) ~ BT (F2) <5 N (0.V()

as N — oco. Here

T — 2 _ 12
W) = g [ = 107 (2 )

Theorem 7.9 shows that we have the GOE statistics only when 1 — a < 7, i.e. the matrix H is
very close to a real symmetric one. As long as 1 —a > 7, we jump to the GUE statistics. This is
quite surprising: the component /1 — aH> starts to dominate when /1 —a > /7.

The underling reason for this phenomenon can be understood from the perspective of Dyson
Brownian Motion. Let (\;(0))X; be the eigenvalues of a Hermitian matrix Hy. Consider the system

of stochastic ODE
2 1 dt
d\i =/ w7dB; — \dt + —
Np + N Xi — A

J#

fori =1,2,...,N, where 8 = 1,2, and B; are standard Brownian motions. In this case, (\;(¢))Y,

are the eigenvalues of

Hy = Ve tHy+ /1 —etV vl —tHy+VtV if t<1.

Here V' is independent of Hp, and it is GOE for f = 1, and V is GUE for 8§ = 2. In the case
that Hy is a real symmetric Wigner matrix and V is GUE, at the spectral scale N~ < n < 1, the
Dyson Brownian Motion reaches equilibrium whenever ¢ >> 7.

7.4. Microscopic statistics

I think anyone who reads to this point can imagine that for Wigner matrices, it is very hard to
compute anything about the local eigenvalue statistics, i.e. things happen on scale N~!. However,
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more can be done for Gaussian matrices. Let 1 > -+ > py be the eigenvalues of GOE/GUE, and
we can show that the joint eigenvalue density is explicitly given by

1 _BN 2
L T e e S (r.11)
BN s

pN(Ml, "'a/LN) =

(as always, = 1 corresponds to GOE. and § = 2 corresponds to GUE), direct computation is
possible for this special case. Here are a few things that we know about Gaussian Ensembles. The
two-point correlation function is defined as

2) N!

Py (21, 22) = (

—_ dus---d
N—2)!/RN2pN($1’$2’”3 s v)dps - - dp

which can thought as the eigenvalue density of the matrix at points z1,x2. As we are interested
the local behavior, we define the 2-point correlation function as

1 (2)( u v
pE(U,v) = ———=pv | F + ,E 4+ )
200 = W@ P Ny 7 Nowl)
Theorem 7.10. Fiz 7 > 0. For GOE and GUE, we have imy_s pe(u,v) = Yz(u —v) for all
E € [-2+ 71,2 — 7|, where

o)

)2, and Yi(u) := —s/(u)/ s(v)dv — s(u)?. (7.12)

u

Ya(u) = —s(u)? =

(sin U
™

We can also talk about the fluctuation of individual eigenvalues. Let us start with bulk ones.

Theorem 7.11. Fix 7 > 0. Let v; be the typical location of p; on the semicircle. Then for all
i € [TN,(1 —1)N], we have
BT 4 Ar(0,1). (7.13)
4log N
(4—~7)BN?

The extra 1/log N in the fluctuation of y; can roughly be understood through the “pushing” of
its massive number of right and left eigenvalues. For edge eigenvalues, we no longer have this extra
factor.

Theorem 7.12. We have
N2B(uy —2) -4 TW,,

where TW g is the Tracy- Widom distribution [12]. Similar results holds for all puy, if min{k, N — k}
is bounded.

We also have results on the eigenvalue fluctuations near the edge.

Theorem 7.13. Leti — o0 as N — oco. Then

Hi =i d
C(log 0)/2N=2/3-1/3 — N(0,1),

where ¢ = (3/2)Y/37B1/2,

All the above results are essentially explicit computations based on (7.11). Luckily, we have the
following generalization.
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Theorem 7.14. Theorems 7.10 — 7.13 remain valid for Wigner matrices having the same symmetry
class. In addition, if we denote the eigenvalues of a Wigner matriz by \1 > ... > Ay. Fix 7 > 0.
For alli € [TN,(1 —7)N] and f € C°, we have

c 7’

Hm E[f(Nose(7i)) (i — pit1) — fF(Nose(vi)(Ai — Ait1))] = 0.

N—o00
The actual formula of the gap distribution is quite nasty and we omit here. You can think that
2
they are approximately %e*”sz/‘l for =1 and ?;r?—ge*‘*SQ/“ for f = 2.7
We conclude this Section on some rough ideas about how Theorem 7.14 was proved. Let H be
a real symmetric Wigner matrix with eigenvalues A\; > --- > An. The proof goes in three steps.

(i) Local density law: for all Wigner matrices we have

max [Ai — i = O(N™°) (7.14)

for some fixed ¢ > 0.

(ii) Let V be a GOE independent of H. How that for any fixed ¢ > 0, v/1 — N-1+¢ H 4+ N~1/2tey
has the same microscopic statistics as GOE.

(iii) Remove the small GOE component.

Here Step (i) is what we discussed in Section 6. For Step (ii), we consider the Dyson Brownian

motion
2 1 dt
dAi(t) =4/ —=dB; — \i(t)dt + — —_—
D=Vx RS DI VoSG

fori=1,2,...,N. Here A\;(0) = A\;. Then (A\1(¢),..., A\n(t)) are the eigenvalues of
Hy:=VetH+\V1—etVaVvI—tH+VtV if t<1.

Provided that initially the particles are close to their typical location (7.14), it can be shown that
for spectral statistics at scale n, H; will reach equilibrium H, =V as long as t > 1. This shows
that H and H := /1 — N-17¢H + N~1/2+¢V/ has the same microscopic statistics.

Step (iii) is a Lindberg replacement method, similar to the second proof of Theorem 3.1. Recall
in Theorem 3.1, we replaced N random variables X1, ..., X, one by one by standard Gaussian, using
a matching of their first two moments. Here we need to replace O(N?) many random variables,
namely (H;;)i<i<j<n. The replacement works since in addition to the first two moment matching,
we also have

EH} = EH} + O(N™°/*™%) and EH}; =EH}; + O(N ).

9This was calculated by Wigner for 2 x 2 matrices. So we are basically claiming something like 7 is roughly 3,
which is more than 95% accurate.
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8 Collection of other results

8.1. Random graphs

8.1.1. The Erdds-Rényi graph. Arguably the simplest graph model is the Erdés-Rényi graph
G(N,p). It is a simple, undirected graph with N vertexes, and every edge is connected with
probability p, completely independent of other edges. Below is a simulation of the model when
N =100 and p = 0.36.

XA

K
/

’ //'\ T
J\‘?‘i
A XY

\Qﬁ(g
N

\

As in the context of random matrix theory, here IV is our fundamental large parameter, and we
are interested in the case when NV is large. The connecting probability p also could depend on N,
and as we shall see, the most interesting case is when p — 0 as N — oo.

Let A = AT = {0,1}V*N be the adjacency matrix of the graph. It has independent upper
triangular entries satisfying

1 with probability p;

Aij = . N
0 with probability 1 —p.

For numerical convenience, we consider the rescaled matrix

1

— A
vV Np(1—p)

so that Var(4;;) = N~!. We further write

N
A=H+ % ) (e]
so that H is a centered matrix. As VarH;; = N~ the typical size of Hij; is of order O(N*1/2),
while

EAjj = ,/—— > N71/2
TN T
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when p < 1. One naturally expect that EA gives a huge change on the spectrum of H. The next
result shows that it does not.

Lemma 8.1 (Cauchy interlacing). Let M= Avand M\ = > Ay be the eigenvalues of A
and H respectively. Then

i1 SN <N\

>)

foralli=1,2,....N — 1.

Proof. Write G(z) = (A—2)", G(z) = (H — z)™}, and f = INT’;. The resolvent identity says

G -G = fGle)(e|G,

which implies (e, Ge) — (e, Ge) = f(e,Ge) - (e, Ge). As a result,

~

(e,Ge) ! — (e,Ge) " = f.

By spectral decomposition,

Thus z € R is a eigenvalue of A if and only if the RHS of the above is f. In addition, the LHS of
the above has NV zeros and N — 1 singularities, and it is decreasing away from the singularities. [

Lemma 8.1 tells that the expectation only shifts the eigenvalues Ao, ..., Axy by a tiny portion,
and thus in many situations, studying H already gives us a lot of information about A. Let examine
what properties the entries of H have. By construction, EH;; = 0 and IE?-[?J- =1 for all 4, j, which
match the case of Wigner matrices. However, for p < 1/2, we have

N- (N;)(k—2)/2> - O<Nk/2pl(k—2)/2)

EH}; = Ox(

for all £ > 3. So for p < 1, the higher moments of H decays much slower compared to Wigner
matrices. This is the key new property that we see for sparse random graphs.

Before we proceed further, we need to answer one question: how small can p get? Certainly
p cannot be eV, where all entries of A will be 0 with very high probability. A slightly more
careful examination shows that the threshold is log /N: if p < (1 — €)log N/N, then there will be
a probability 1 — o(1) that the graph has an isolated vertex. In this case, a row and column of
A is zero, and A has an eigenvector localized in one atom (see e.g. [10, Proposition 5.9]). This is
fundamentally different from the eigenvector delocalization for Wigner matrices Corollary 6.8, and
the behavior of the eigenvectors also change. In this notes, we consider the supercritical regime
p > (1+¢)log N/N, or slightly more relaxing, p > N 175, We have the following result.

Theorem 8.2. Fiz ¢ > 0. When N~'*¢ < p < 1/2, inside the bulk of the spectrum, the gap
distribution and 2-point correlations of H (and A) coincide with those of GOE.

On the other hand, the fluctuations of individual eigenvalues are not universal.
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Theorem 8.3. Fize > 0 and let N~'7¢ <p < N, Ifi € [eN,(1/2—¢)N]|U[(1/2+¢)N, (1—eN)],
we have

B\\i—EX d
T2 A0,1). 8.1
S ) (s.)
Tiy/ 25712
If i/N — 1/2, we have
Ai—EN 4

A RN
VEH],
Analogue results also hold for \;.

Theorem 8.3 shows that the bulk eigenvalues of sparse matrices fluctuate on the scale \/EH7, <

N The reason that we have this non-universal contribution is quite simple: Np > =3 as

long as p < N7¢. In other words, the slow decay of higher moments creates a large oscillation that
outscale the log N/N Gaussian that we see in the GOE case.

The edge statistics of sparse matrices are more dedicated and much more important. We have
the following rather trivial estimate on the largest eigenvalue of A.

Lemma 8.4. Fize >0 and let N~17¢ < p < 1/2. We have

~ Np
A=y —(1 1
1 T p( +0(1))
with very high probability.

In particular, the above result shows that the largest eigenvalue of A sits very far away from the
rest of the spectrum. One of the prominent problem in graph theory is the distribution of A\; — Ag,
the spectral gap, which contains the information of the connectivity of the graph. If A\ = Ao, the
the graph is disconnected, and if the spectral gap is large, the graph is very-well connected. The
spectral gap if Erdés-Rényi graphs is now well understood after a series of works in 2011-2022.

Theorem 8.5. Fize >0 and let N7178 < p < 1/2.
(i) When N~2/3t¢ < p < 1/2, we have
N3 (g —EXg) -5 TW, .
In other words, we have edge universality.
(ii) When N~ < p < N=2/3¢ we have
da—EXy 4

—_—
V2EH],

One might now notice the similarities between (8.1) and (8.2): in fact, they have the same
source. Let

N(0,1). (8.2)

1
Zi= —TrH?-1.
~ H

It is not hard to see that

Z d 1
— N(0,1), and EHE, = ——.
]EH%Q ( ) 12 N\/I?
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What was actually proved is, when N~ < p < N=2/3-¢,
1
N1+5\f

for all ¢ = 2,3,..., N. Let us interpret the meaning of Z. Recall that H was made from the
adjacency matrix A through normalization and centering. So the fluctuation of Z is proportional

to that of
TrA? = ZAz‘jAji = Z.Aij , (8.3)

EX; — ‘

which is nothing but the total degree of the graph.
Beyond the leading fluctuation, there is still a good interest to identify all the noise random
variables and recover the Tracy-Widom distribution. We have the following result.

Theorem 8.6. For N~'7¢ < p < 1/2, we can find an explicit random variable X such that

lim (N3~ By — X) <s) = Fi(s).

N—oo

In the above X, the first two order terms are
v (i -5)

and

e (- she) + 3 T (- )

ij
Recall that Z fluctuates on the scale ﬁ' It is not hard to see that Z5 is on the scale

1 1 1
N3/2p N\/f). VNp'

When p < N—%/6, 2, bigger than the Tracy-Widom law, and thus also relevant. In general, the
kth order term in X is of size

G ()
N \UNp)

If p = N='*¢ for some small € > 0, we need to identify the first O(¢~!) order terms in X'. This
is theoretically possible, but the computation required grows exponentially with k, and by far we
have no closed formula for X.

We can also interpret the graphical meaning of Z5. Let dy,...,dy be the degrees of my graph
G(N,p). Similar to (8.3), the first term of Z, is proportional to the fluctuation of ), d;, the total
degree of the graph. The second term of Z5 is proportional to the fluctuation of

SALAL =D d7.
ijk 7

So one might imagine that the noise random variables might be a function of dy, ..., dy. Unfortu-
nately, this is not the case: the third order term of X contains the contribution

Z H;jHj, Hyy o Z d; Ajrdy
ijkl ik
and it cannot be fully described by the graph degrees.

Currently, it is still a mystery what X (and also E)s) look like when p is close to N~1. However,
there is another graph model that always have the Tracy-Widom law near the edge.
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8.1.2. Random regular graph. A d regular graph on N vertices is a simple graph that all
vertices have degree d. Given integers N, d, there are finitely many such graphs. A random regular
graph G4(N) is an ensemble that takes a uniform probability measure on all d regular graph on N
vertices.

As always, d is a quantity that can depend on N. Naively, we have the range d € {1,2,..., N—1}.
However, the cases d = 1,2 are trivial: the graph is always disconnected. Together with symmetry,
we are interested in the regime 3 < d < N/2.

0101 1000
10 01 0001
000 O0O0T1T1T71
110 0 1 0 0 O
1001 01 00
001 01010
001 00101
011000 1O0

We have the following result.

Theorem 8.7. Assume 3 < d < N/2~, and let A be the adjacency matriz of Gg(N). Let d = Xl >
Ao = -+ = AN be the eigenvalues of A. We have

did—1) \*? Xy + d/N d
<<d—2>2N> ((d—f)(zv—d)/fv”)HTWl

as N — oo.

Theorem 8.7 was proved very recently (December 2024).!9 Although the result has a rather
complicated dependence on d, it is at the same time completely explicit and uniform: the fluctuation
is universal as long as d > 3. In addition, one can check that the terms in X that we found out in
Theorem 8.6 are all deterministic for random regular graphs.

We close the discussion here with some initial ideas of how to handle this model. It is clear that
the cumulant expansion, Lemma 6.11, which can be used for Wigner matrices and Erdos-Rényi
graphs, no longer works for random regular graphs: the entries of A are highly dependent.

The method that overcomes this obstacle is switching, or sometimes called local resampling.
Here we illustrate the method in the regime N7 < d < N2/37 for some fixed 7 > 0. In this regime,
one can show that the empirical eigenvalue density of ./1/ vd — 1 converges weakly to the semicircle
density on [—2,2]. Let us define the Green function via G(z) := (A/v/d — 1 — z)~L. Then

E[dij + 2Gij + GijG]| = Tl_ : ;EAz‘kaj +EG;G.

Similar to the Wigner case, where we needed to compute EH;; F'(H ), where F consists of the Green

0 Technically speaking, the regimes N'/37¢ < d < N?/3%¢ and C <« d < N°¢ is still undone, but we believe that
they can be proved using the techniques developed in the extreme regimes.
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function of H, here we need to compute EEUF(E) It is not hard to show that

~ 1 ~ ~  ~ ~
EA;;F(A — d ZEAU — Ay F(A) = N %:EAij(l — Aip) A F(A)
1 ~
= i ZEAU (1 — Ag)Ap (1 — Ajy)F(A) + error
1 - -
= m Z EAZJ(l - Azk)Akl<1 — A]l)F(A) -+ error.

kl:i,j,k,l distinct

Here in the third step we made use of the bound d < N?/3=7. Now for indices i, j, k, [, we define
the signed adjacency matrices

(Aij)ay = 0iz0jy + iy0jz = Ajj + Ap — ADj — Ay

Z]

Since we are taking the uniform measure on all d-regular graphs on vertices, we can perform the
following switching.

Lemma 8.8. Let i,7,k,l be distinct indices. Let F be a function which depends on the random
graph A, and possibly on the indices i,j,k,l. We have

EA;j(1 — Ay) A (1 — Ay F(A) = EA,(1 — Ajj)Aj(1 — Ay)F(A+ €M,
where £ and x are defined in (2.5) and (2.6) respectively.

Lemma 8.8 is the fundamental formula that we use to generate non-trivial transformations in
our equation, so that the computations concerning the random regular graphs can proceed. To see
why it is true, you can refer to the following picture.

Of course, there is still a long way to go before we can prove Theorem 8.7. We do not pursue
this here.
8.2. Eigenvector distributions

Recall that a GOE can be written as

O+ 0T
V2N

where O € RV*Y ig a matrix with i.i.d.standard Gaussian entries. It is easy to see that GOE is
orthogonal invariant, meaning

o _

BTHoB £ o
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for any orthogonal matrix B. Now let u € SV¥~! be a eigenvector of H°. Then BT u is an eigenvector
of BTH°B. As a result,

d
Bu=u

for all orthogonal matrix B. In other words,

VNu < g (8.4)

for large N, where g denotes the standard Gaussian vector in RY. Now the natural question is,
what happens to a general Wigner matrix?

Theorem 8.9. Let H be a real symmetric Wigner matrix with eigenvalues \y = --- = Ay and
associated eigenvectors uy, ....,uy € SN"1. Then for any i,j € {1,..., N}, we have

VN () -5 N(0,1)
as N — oo.

Beyond entrywise convergence, (8.4) can in fact be verified for Wigner matrices in all determin-
istic directions.

Theorem 8.10. Let us adopt the assumptions of Theorem 8.9. Let v.€ SN='. Then for all
ie€{1,2,... N}, we have

\/N<V, u;) 4, N(0,1)
as N — oo.

We can even go further than Theorem 8.10. Observe

d
(VNu;, v)? = (VNu;, MV Nw;) = N(0,1)?,
where M = vvl € RV*N ig of rank 1. What if M = >k ukvkv;{ is of high rank? In this case

(VNu;, BVNw) = > e (VNu;, vie)?,
K

and the following result, known as fluctuations of quantum ergodicity, gives a CLT of the CLT.

Theorem 8.11. Let us adopt the assumptions of Theorem 8.9. Let M € RN*N be deterministic and
real-symmetric. Suppose Tr M? > N¢||M||?> > 0 and M is traceless. Then for all i € {1,2,..., N},
we have

1 d 1

The assumption Tr M? > N¢||M|[?> > 0 essentially says M has large, even full rank. The
traceless condition on M does nothing but removing the mean (u;, Iu;) = 1.
One can also talk about the eigenvectors of sparse matrices.

Theorem 8.12. Let A,H be as in Section 8.1, with eigenvectors Uy, ..., Uy and u{", ey u?{l, respec-
tively. Suppose that N7 < p < 1/2 for some fized T > 0.

(i) Theorems 8.9 and 8.10 remain valid for ujt, ..., ul.
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(i) Theorem 8.9 remain valid for Uy, ..., aN.

(iii) Let e = N71/2(1,1,...,1) € S¥1 and v € SN~! such that e L v. Then

VN (v, ;) -5 N(0,1)
foralli € 2,3,...,N. In addition,

. 1

max_|{e, ;)| < and 1— (e ,uy) < Nty

1
i=2,...,.N N./p

Theorem 8.12 (iii) shows that, the eigenvectors us,...,uy are almost orthogonal to e. The
reason is quite simple:

EA= | L fe)el

is very large, which makes u; very close to e.
8.3. The non-Hermitian case

By far we have only talked about Hermitian random matrices, and it is generally perfectly
nature to also consider non-Hermitian ones.
Let Q € CN*N be a random matrix with i.i.d. entries, and

EQ; =0, E|Q%4=N"" and E[QK|< CN~*/?

for all £ > 3. Let 04,...,05 be the eigenvalue of (. As the eigenvalues are now in general complex,
we need to compute the joint complex moments in order to extract useful information. However,

> 070 #TrQmQ", TrQmQ™ .

The reason is quite simple: @, Q, @* do not have the same set of eigenvectors.
It took mathematicians many years to figure out how to study the eigenvalues of non-Hermitian
random matrices. In the 1980s, Girko came up with the following simple idea.

Theorem 8.13. For a non-Hermitian matrixz @), let us define its shifted Hermitization by

z._ 0 Q-=z 2N x2N
S'—<Q*—z 0'>€(C
Then for any f € C°(C), we have
i o -
> f:) = 477/@/0 V2f(2) Tr(S* —in) tdnd?z.

Proof. Our starting point is the potential identity V?log |z| = 27dp, and as a result,

/ log |0; — 2|V?f(2)d%z = 27 f(6;) .
C

102



Let us denote the singular values of @) — z by o7. We have

GRSy > log = olV () = 5 -5/ og [0, o9 (2)
/logl_[aZV2 /Zlogazv2 z)d%z
Now notice that the eigenvalues of S* are £o7. Together with

o0 1 1
/ — + —dn = 2ilog o7,
0

z z
o; —in = —of —1in

we have
Zloga / Tr(S% —in)~tdy.

The desired result then follows. O

Theorem 8.13 transfers the study of 6; to something we are familiar of: the Green function of
the Hermitian matrix S?. This Green function

1 z ) —1
5-—ﬁ(5 —in)~,

due to the shift variable z, in general satisfies the cubic equation
s 4 2ins® + (1 —n* — [2*))s +in = 0.

We know many things concerning non-Hermitian models, for instance the following local circular
law, which can be thought as an analogue of Theorem 6.5.

Theorem 8.14. Let ju(z) = N1, 80,(2) be the empirical eigenvalue density of Q. For any ball
B C C, we have

1 _
/B//L(Z)dzz :Aﬂlz|<ld2z+0<(N 1)

We conclude by reminding you that most of the results we stated in Sections 6 — 8 can be proved
using the simple calculus tools we introduced: you are welcome to try if interested. The topics of
random matrices and random graphs are very rich and there are many things one can talk about,
but for the matter of this course we will stop here.
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